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PREFACE  TO   FIRST  EDITION. 


Any  work  on  Probability  by  a  Cambridge  man  will  be  so 
likely  to  have  its  scope  and  its  general  treatment  of  the 
subject  prejudged,  that  it  may  be  well  to  state  at  the  outset 
that  the  following  Essay  is  in  no  sense  mathematical.  Not 
only,  to  quote  a  common  but  often  delusive  assurance,  will 
*no  knowledge  of  mathematics  beyond  the  simple  rules  of 
Arithmetic '  be  required  to  understand  these  pages,  but  it  is 
not  intended  that  any  such  knowledge  should  be  acquired  by 
the  process  of  reading  them.  Of  the  two  or  three  occasions 
on  which  algebraical  formulae  occur  they  will  not  be  found  to 
form  any  essential  part  of  the  text. 

The  science  of  Probability  occupies  at  present  a  some- 
what anomalous  position.  It  is  impossible,  I  think,  not  to 
observe  in  it  some  of  the  marks  and  consequent  disadvantages 
of  a  sectional  study.  By  a  small  body  of  ardent  students  it 
has  been  cultivated  with  great  assiduity,  and  the  results  they 
have  obtained  will  always  be  reckoned  among  the  most  ex- 
traordinary products  of  mathematical  genius.  But  by  the 
general  body  of  thinking  men  its  principles  seem  to  be 
regarded  with  indifference  or  suspicion.  Such  persons  may 
admire  the  ingenuity  displayed,  and  be  struck  with  the  pro- 
ftindity  of  many  of  the  calculations,  but  there  seeiii^  \)0 
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them,  if  I  may  so  express  it,  an  unreality  about  the  whole 
treatment  of  the  subject.  To  many  persons  the  mention  of 
Probability  suggests  little  else  than  the  notion  of  a  set  of 
rules,  very  ingenious  and  profound  rules  no  doubt,  with  which 
mathematicians  amuse  themselves  by  setting  and  solving 
puzzles. 

It  must  be  admitted  that  some  ground  has  been  given 
for  such  an  opinion.     The  examples  commonly  selected  by 
writers  on  the  subject,  though  very  well  adapted  to  illustrate 
its  rules,  are  for  the  most  part  of  a  special  and  peculiar   . 
character,  such  as  those  relating  to  dice  and  cards.     When  •; 
they  have  searched  for  illustrations  drawn  from  the  practical  -i 
business  of  life,  they  have  very  generally,  but  unfortunately,  | 
hit  upon  just  the  sort  of  instances  which,  as  I  shall  endea-  \ 
vour  to  show  hereafter,  are  among  the  very  worst  that  could   i 
be  chosen  for  the  purpose.     It  is  scarcely  possible  for  any 
unprejudiced  person  to  read  what  has  been  written  about  the 
credibility  of  witnesses  by  eminent  writers,  without  his  ex- 
periencing an  invincible  distrust  of  the  principles  which  they 
adopt.     To  say  that  the  rules  of  evidence  sometimes  given 
by  such  writers  are  broken  in  practice,  would  scarcely  be 
correct ;  for  the  rules  are  of  such  a  kind  as  generally  to  defy 
any  attempt  to  appeal  to  them  in  practice. 

This  supposed  want  of  harmony  between  Probability  and 
other  branches  of  Philosophy  is  perfectly  erroneous.  It 
arises  from  the  belief  that  Probability  is  a  branch  of  mathe- 
matics trying  to  intrude  itself  on  to  ground  which  does  not 
altogether  belong  to  it.  I  shall  endeavour  to  show  that  this 
belief  is  unfounded.  To  answer  correctly  the  sort  of  questions 
to  which  the  science  introduces  us  does  generally  demand 
some  knowledge  of  mathematics,  often  a  great  knowledge, 
but  the  discussion  of  the  fundamental  principles  on  which 
the  rules  are  based  does  not  necessarily  require  any  such 
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atioiL  Questions  might  arise  in  other  sciences,  in 
jr,  for  example,  which  could  only  be  answered  by  the 

arithmetical  calculations.     In  such  a  case  any  one 

admit  that  the  arithmetic  was  extraneous  and  acci- 

However  many  questions  of  this  kind  there  might 

B,  those  persons  who  do  not  care  to  work  out  special 

for  themselves  might  still  have  an  accurate  know- 
►f  the  principles  of  the  science,  and  even  considerable 
itance  with  the  details  of  it.  The  same  holds  true  in 
ility;  its  connection  with  mathematics,  though  cer- 
far  closer  than  that  of  most  other  sciences,  is  still  of 
the  same  kind.  It  is  principally  when  we  wish  to 
ut  results  for  ourselves  that  mathematical  knowledge 
ired;  without  such  knowledge  the  student  may  still 

firm  grasp  of  the  principles  and  even  see  his  way  to 
)f  the  derivative  results. 

B  opinion  that  Probability,  instead  of  being  a  branch  of 
aeral  science  of  evidence  which  happens  to  make  much 
mathematics,  is  a  portion  of  mathematics,  erroneous  as 
las  yet  been  very  disadvantageous  to  the  science  in 

ways.  Students  of  Philosophy  in  general  have  thence 
red  a  prejudice  against  Probability,  which  has  for  the 
>art  deterred  them  from  examining  it.  As  soon  as  a 
;  comes  to  be  considered  *  mathematical '  its  claims 
generally,  by  the  mass  of  readers,  to  be  either  on  the 
nd  scouted  or  at  least  courteously  rejected,  or  on  the 
to  be  blindly  accepted  with  all  their  assumed  conse- 
«.  Of  impartial  and  liberal  criticism  it  obtains  little 
ling. 

e  consequences  of  this  state  of  things  have  been,  I 
disastrous  to  the  students  themselves  of  Probability. 
ence  can  safely  be  abandoned  entirely  to  its  own  devo- 
Its  details  of  course  can  only  be  studied  by  those  who 
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make  it  their  special  occupation,  bat  its  general  pri 
are  sure  to  be  cramped  if  it  is  not  exposed  occasioi 
the  free  criticism  of  those  whose  main  culture  has 
a  more  general  character.     Probability  has  been  veiy 
abanfloned  to  mathematicians,  who  as  mathematicians 
generally  been  unwilling  to  treat  it  thoroughly.     They 
worked  out  its  results,  it  is  true,  with  wonderful  acu 
and  the  greatest  ingenuity  has  been  shown  in  solving 
problems  that  arose,  and  deducing  subordinate  rules. 
this  was  all  that  they  could  in  fBdmess  be  expected 
Any   subject   which   has  been  discussed   by  such   mi 
Laplace  and  Poisson,  and  on  which  they  have  e 
their   powers  of  analj'sis,  could   not   fedl  to  be  pro; 
treated,  so  far  as  it  fell  within  their  province.     But 
province  the  real  principles  of  the  science  have 
been  excluded,  or  so  meagrely  discussed  that  they  had 
have  been  omitted  altogether.     Treating  the  subject 
thematicians  such  writers  have  naturally  taken  it  up 
point  where  their  mathematics  would  best  come  into 
and  that  of  course  has  not  been  at  the  foundations. 
works  of  most  writers  upon  the  subject  we  should 
vain  for  anything  like  a  critical  discussion  of  the 
mental  principles   upon  which   its   rules  rest,  the   c, 
enquiries   to  which   it   is  most  properly  applicable,  or 
relation  it  bears  to  Logic  and  the  general  rules  of  ind 
evidence. 

This  want  of  precision  as  to  ultimate  principles  is 
fectly  compatible  here,  as  it  is  in  the  departments  of 
and  Politics,  with  a  general  agreement  on  processes 
results.  But  it  is,  to  say  the  least,  unphilosophical, 
denotes  a  state  of  things  in  which  positive  error  is  alt 
liable  to  arise  whenever  the  process  of  controversy  fo: 
to  appeal  to  the  foundations  of  the  science. 
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th  regard  to  the  remarks  in  the  last  few  paragraphs, 
lent  exceptions  must  be  made  in  the  case  of  two  recent 
at  least  \  The  first  of  these  is  Professor  de  Morgan's  \ 
I  Logic.  He  has  there  given  an  investigation  into  the 
tions  of  Probability  as  conceived  by  him,  and  nothing 
>  more  complete  and  precise  than  his  statement  of 
»les,  and  his  deductions  from  them.  If  I  could  at  all 
^th  these  principles  there  would  have  been  no  neces- 
»r  the  following  essay,  as  I  could  not  hope  to  add 
Qg  to  their  foundation,  and  should  be  far  indeed  from  j 
ig  his  lucid  statement  of  them.  But  in  his  scheme^^^l 
»ility  is  regarded  very  much  from  the  Conceptualist 
^f  view;  as  stated  in  the  preface,  he  considers  that 
»ility  is  concerned  with  formal  inferences  in  which  the 
es  are  entertained  with  a  conviction  short  of  absolute 
ty.  With  this  view  I  .cannot  agree.  As  I  have  entered 
iticism  of  some  points  of  his  scheme  in  one  of  the 
Qg  chapters,  and  shall  have  occasion  frequently  to  refer 
work,  I  need  say  no  more  about  it  here.  The  other 
lO  which  I  refer  is  the  profound  Laws  of  Thought  of 
e  Professor  Boole,lto  which  somewhat  similar  remarks 
1  part  be  applied)  Owing  however  to  his  peculiar 
ent  of  the  subject,  I  have  scarcely  anywhere  come 
ntact  with  any  of  his  expressed  opinions. 
3  view  of  the  province  of  Probability  adopted  in  this 
iiflfers  so  radically  from  that  of  most  other  writers  on 
>ject,  and  especially  from  that  of  those  just  referred  to, 
have  thought  it  better,  as  regards  details,  to  avoid  all 
m  of  the  opinions  of  others,  except  where  conflict  was 

I  here  speaking,  of  course,  of  History  of  tlie  Theory  of  Probability 

ly  who  have  expressly  treated  being,  as  the  name  denotes,  mainly 

indations  of  the  science.    Mr  historical,  such  enquiries  have  not 

«r'8  admirable  work  on  the  directly  faUen  within  his  province. 


THE 


LOGIC    OF    CHANCE 


PREFACE  TO  SECOND  EDITION. 


principal  reason  for  designating  this  volume  a  second 
ion  consists  in  the  fact  that  the  greater  portion  of  what 
be  termed  the  first  edition  is  incorporated  into  it.     Be- 
various  omissions  (principally  where  the  former  treat- 
has  since  seemed  to  me  needlessly  prolix),  I  have  added 
matter,  not  much  inferior  in  amount  to  the  whole  of 
original  work.     In  addition,  moreover,  to  these  altera- 
in  the  matter,  the  general  arrangement  of  the  subject 
regards    the    successive    chapters    has  been   completely 
ed;   the  former  arrangement  having  been  (as  it  now 
to  me)  justly  objected  to  as  deficient  and  awkward  in 
od. 

After  saying  this,  it  ought  to  be  explained  whether  any 
ige  of  general  view  or  results  will  be  found  in  the  present 
toient. 

He  general  view  of  Probability  adopted  is  quite  un- 
iged,  further  reading  and  reflection  having  only  confirmed 
k  the  conviction  that  this  is  the  soundest  and  most 
1  way  of  regarding  the  subject.  It  is  the  more  ne- 
'  to  say  this,  as  to  a  cursory  reader  it  might  seem 
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otherwise;  owing  to  my  having  endeavoured  to  avoid  i 
needlessly  polemical  tone  which,  as  is  often  the  case  ^ 
those  who  are  making  their  first  essay  in  writing  upon  a 
subject,  was  doubtless  too  prominent  in  the  former  editi 
I  have  not  thought  it  necessary,  of  course,  except  in  one 
two  cases,  to  indicate  points  of  detail  which  it  has  seem 
necessary  to  correct. 

A  number  of  new  discussions  have  been  introduced  up 
topics  which  were  but  little  or  not  at  all  treated  before.  1 
principal  of  these  refer  to  the  nature  and  physical  origii 
Laws  of  Error  (Ch.  ii.);  the  general  view  of  Logic,  and  c 
sequently  of  Probability,  termed  the  Material  view,  adop 
here  (Ch.  x.);  a  brief  history  and  criticism  of  the  varil 
opinions  held  on  the  subject  of  Modality  (Ch.  xii.); 
logical  principles  underlying  the  method  of  Least  Sq 
(Ch.  xiil);  and  the  practices  of  Insurance  and  Gamb 
so  far  as  the  principles  involved  in  them  are  cone 
(Ch.  XV.).  The  Chapter  on  the  Credibility  of  Extrao 
Stories  is  also  mainly  new;  this  was  the  portion  of  the  fo: 
work  which  has  since  seemed  to  me  the  least  satisfi 
but  owing  to  the  extreme  intricacy  of  the  subject  I  a 
from  feeling  thoroughly  satisfied  with  it  even  now. 

I  have  again  to  thank  several  friends  for  the  assis 
they  have  so  kindly  aflforded.     Amongst  these  I  must  p; 
nently  mention  Mr  C.  J.  Monro,  late  fellow  of  Trinity, 
only  the  truth  to  say  that  I  have  derived  more  assistance 
his  suggestions  and  criticisms  than  has  been  consciouslyj 
tained  from  all  other  external  sources  together.    Much  of 
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icism  has  been  given  privately  in  letters,  and  notes  on 
proof-sheets;  but  one  of  the  most  elaborate  of  his  discus- 
is  of  the  subject  was  communicated  to  the  Cambridge 
ilosophical  Society  some  years  ago;  as  it  was  not  published, 
prever,  I  ana  unfortunately  unable  to  refer  the  reader  to  it. 
mght  to  add  that  he  is  not  in  any  way  committed  to  any 
my  opinions  upon  the  subject,  from  some  of  which  in  fact 
more  or  less  dissents.  I  am  also  much  indebted  to 
r  J.  W.  li.  Glaisher,  also  of  Trinity  College,  for  many  hints 
d  references  to  various  publications  upon  the  subject  of 
)ast  Squares,  and  for  careful  criticism  (given  in  the  midst 
much  other  labour)  of  the  chapter  in  which  that  subject  is 

)ate<L 

I  need  not  add  that,  like  every  one  else  who  has  had  to 
icuss  the  subject  of  Probability  during  the  last  ten  years, 
bave  made  constant  use  of  Mr  Todhunter  s  History. 

I  may  take  this  opportunity  of  adding  that  a  considerable 
tttion  of  the  tenth  chapter  has  recently  appeared  in  the 
inuary  number  of  Mind,  and  that  the  substance  of  several 
lapters,  especially  in  the  more  logical  parts,  has  formed  part 
'  my  ordinary  lectures  in  Cambridge;  the  foundation  and 
rical  treatment  of  Probability  being  now  expressly  included 
the  Schedule  of  Subjects  for  the  Moral  Sciences  Tripos. 


March,   1876. 
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present  edition  has  been  revised  throughout,  and  in  fact 
itten.  Three  chapters  are  new,  viz.  the  fifth  (On  the 
eption  of  Randomness)  and  the  eighteenth  and  nine- 
th  (On  the  nature,  and  on  the  emplojnnent,  of  Averages). 
eighth,  tenth,  eleventh,  and  fifteenth  chapters  have  been 
st,  and  much  new  matter  added,  and  numerous  altera- 
s  made  in  the  remaining  portions  \  On  the  other  hand 
te  chapters  of  the  last  edition  have  been  nearly  or 
irely  omitted. 

These  alterations  do  not  imply  any  appreciable  change  of 
¥  on  my  part  as  to  the  foundations  and  province  of 
bability.  Some  of  them  are  of  course  due  to  the  necessary 
nges  involved  in  the  attempt  to  write  up  to  date  upon  a 
jeet  which  has  not  been  stationary  during  the  last  eleven 
re.  For  instance  the  greatly  increased  interest  now 
en  in  what  may  be  called  the  Theory  of  Statistics  has 
lered  it  desirable  to  go  much  more  fully  into  the  Nature 
treatment  of  Laws  of  Error.     The  omissions  are  mainly 

[  have  indicated  the  new  chapters  and  sections  by  printing  them  in 
m  in  the  Table  of  Contents. 

bi 
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due  to  a  wish  to  avoid  increasing  the  bulk  of  this  volume 
more  than  is  actually  necessary,  and  to  a  feeling  that  th( 
portions  treating  specially  of  Inductive  Logic  (which  oc 
cupied  some  space  in  the  last  edition)  would  be  mow 
suitable  to  a  regular  work  on  that  subject.  I  am  at  presen 
engaged  on  such  a  work. 

The  publications  which  I  have  had  occasion  to  notia 
have  mostly  appeared  in  various  scientific  journals.  Thi 
principal  authors  of  these  have  been  Mr  F.  Galton  an( 
Mr  F.  Y.  Edgeworth :  to  the  latter  of  whom  I  am  alsi 
personally  much  obliged  for  many  discussions,  oral  ani 
written,  and  for  his  kindness  in  looking  through  the  pr( 
sheets.  His  published  articles  are  too  numerous  for  sepj 
mention  here,  but  I  may  say  generally,  in  addition  to 
obligations  specially  noticed,  that  I  have  been  consideral 
indebted  to  them  in  writing  the  last  two  chapters.  Tt 
authors  of  works  of  a  somewhat  more  substantial  charact 
viz.  Prof.  Lexis  and  Von  Kries,  only  came  under  my  noti^ 
unfortunately  after  this  work  was  already  in  the  print( 
hands.  With  the  latter  of  these  authors  I  find  myself 
closer  agreement  than  with  most  others,  in  respect  of 
general  conception  and  treatment  of  Probability. 


December,  1887. 
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THE    LOGIC    OF    CHANCE. 


CHAPTER  L 

ON  CERTAIN  KINDS  OF  GROUPS  OR  SERIES  AS  THE 
FOUNDATION  OF  PROBABILITY. 

It  is  sometimes  not  easy  to  give  a  clear  definition  of  a 

mce  at  the  outset,  so  as  to  set  its  scope  and  province  before 

reader  in  a  few  words.     In  the  case  of  those  sciences 

jh   are  more  immediately  and  directly  concerned  with 

are  termed  objects,  rather  than  with  what  are  termed 

this  diflSculty  is  not  indeed  so  serious.     If  the 

ler  is  already  familiar  with  the  objects,  a  simple  reference 

them   will   give   him   a  tolerably  accurate   idea  of  the 

jtion  and  nature   of  his   studies.     Even   if  he  be  not 

liliar  with  them,  they  will  still  be  often  to  some  extent 

lected   and  associated  in    his    mind   by  a  name,  and 

mere    utterance  of  the  name  may  thus  convey  a  fair 

mt   of  preliminary  information.     This  is  more  or  less 

case  with  many  of  the  natural  sciences ;  we  can  often 

the  reader  beforehand  exactly  what  he  is  going  to  study. 

when  a  science  is  concerned,  not  so  much  with  objects 

kly,  as  with  processes  and  laws,  or  when  it  takes  for  the 

;t  of  its  enquiry  some   comparatively  obscure  feature 

n  from  phenomena  which  have  little  or  nothing  else  in 

oon,  the    difficulty   of  giving  preliminary  information 

nes  greater.    Eecognized  classes  of  objects  have  t\ieT^ 

V.  1 
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to  be  disregarded  and  even  broken  up,  and  an  entirely  nc 
arrangement  of  the  objects  to  be  made.     In  such  cases  it^ 
the  study  of  the  science  that  first  gives  the  science  its 
for  till  it  is  studied  the  objects  with  which  it  is  cone 
were  probably  never  thought  of  together.     Here  a  definit 
cannot  be  given  at  the  outset,  and  the  process  of  obtaininj 
may  become  by  comparison  somewhat  laborious. 

The  science  of  Probability,  at  least  on  the  view  tak( 
it  in  the  following  pages,  is  of  this  latter  description, 
reader  who  is  at  present  unacquainted  with  the  scM 
cannot  be  at  once  informed  of  its  scope  by  a  referei 
objects  with  which   he  is  already  familiar.     He  will 
to   be  taken  in  hand,  as  it  were,   and  some   little 
and  trouble  will  have   to  be    expended    in  directing 
attention  to  our  subject-matter  before  he  can  be  exp( 
know  it.     To  do  this  will  be  our  Urst  task. 

§  2.     In  studying  Nature,  in  any  form,  we  are  contini 
coming  into  possession  of  information  which  we  sum 
general  propositions.     Now  in  very  many  cases  these 
propositions  are  neither  more  nor  less  certain  and 
than  the  details  which  they  embrace  and  of  which  theyj 
composed.     We  are  assuming  at  present  that  the  trui 
these  generalizations  is  not  disputed;  as  a  matter  of 
they  may  rest  on  weak  evidence,  or  they  may  be  un< 
from  their  being  widely  extended  by  induction ;   wl 
meant  is,  that  when  we  resolve  them  into  their  com] 
parts  we  have  precisely  the  same  assurance  of  the  trui 
the  details  as  we  have  of  that  of  the  whole.     When  I 
for  instance,  that  all  cows  ruminate,  I  feel  just  as 
that  any  particular  cow  or  cows  ruminate  as  that  the 
clsiss  does.     I  may  be  right  or  wrong  in  my  original 
ment,  and  I  may  have  obtained  it  by  any  conceivable 
in  which  truths  can  be  obtained ;  but  whatever  the 
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B  general  proposition  may  be,  that  of  the  particulars  is 
ither  greater  nor  less.  The  process  of  inferring  the  par- 
mlar  from  the  general  is  not  accompanied  by  the  slightest 
minution  of  certainty.  If  one  of  these  'immediate  infer- 
ices'  is  justified  at  all,  it  will  be   equally  right  in  every 


But  it  is  by  no  means  necessary  that  this  characteristic 
tonld  exist  in  all  cases.  There  is  a  class  of  immediate  in- 
tences,  almost  unrecognized  indeed  in  logic,  but  constantly 
Dftwn  in  practice,  of  which  the  characteristic  is,  that  as  they 
icrease  in  particularity  they  diminish  in  certainty.  Let  me 
ikiinie  that  I  am  told  that  some  cows  ruminate;  I  cannot 
fsr  logically  from  this  that  any  particular  cow  does  so, 
bagh  I  should  feel  some  way  removed  from  absolute  dis- 
4ief,  or  even  indifference  to  assent,  upon  the  subject ;  but 
I  saw  a  herd  of  cows  I  should  feel  more  sure  that  some  of 
Itai  were  ruminant  than  I  did  of  the  single  cow,  and  my 
Imance  would  increase  with  the  numbers  of  the  herd  about 
lich  I  had  to  form  an  opinion.     Here  then  we  have  a  class 

things  as  to  the  individuals  of  which  we  feel  quite  in 
eertainty,  whilst  as  we  embrace  larger  numbers  in  our 
lertions  we  attach  greater  weight  to  our  inferences.  It  is 
th  such  classes  of  things  and  such  inferences  that  the 
ence  of  Probability  is  concerned. 

§  3.      In  the  foregoing  remarks,  which  are  intended  to 

purely  preliminary,  we  have  not  been  able  altogether  to 
Ikid  some  reference  to  a  subjective  element,  viz.  the  degree 
[our  certainty  or  belief  about  the  things  which  we  are 
kposed  to  contemplate.  The  reader  may  be  aware  that 
I  some  writers  this  element  is  regarded  as  the  subject- 
er  of  the  science.  Hence  it  will  have  to  be  discussed 
Wk  future  chapter.  As  however  I  do  not  agree  with  the 
Bdon  of  the  writers  just  mentioned,  at  least  as  xegajt^'^ 

1—^ 
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treating  this  element  as  one  of  primary  importance,  M 
further  allusion  will  be  made  to  it  here,  but  we  will  pass  oa 
at  once  to  a  more  minute  investigation  of  that  distinctive 
characteristic  of  certain  classes  of  things  which  was  intttH 
duced  to  notice  in  the  last  section. 

In  these  classes  of  things,  which  are  those  with  w 
Probability  is  concerned,  the  fundamental  conception  wM 
the  reader  has  to  fix  in  his  mind  a3  clearly  as  possible,  is, 
take  it,  that  of  a  series.  But  it  is  a  series  of  a  peculiar  kim 
one  of  which  no  better  compendious  description  can  be  givi 
than  that  which  is  contained  in  the  statement  that  it 
bines  individual  irregularity  with  aggregate  regularity, 
is  a  statement  which  will  probably  need  some  explana 
Let  us  recur  to  an  example  of  the  kind  already  alluded 
selecting  one  which  shall  be  in  accordance  with  experie; 
Some  children  will  not  live  to  thirty.  Now  if  this  p: 
sition  is  to  be  regarded  as  a  purely  indefinite  or,  as  it  w 
be  termed  in  logic,  'particular'  proposition,  no  doubt 
notion  of  a  series  does  not  obviously  present  itself  in 
nection  with  it.  It  contains  a  statement  about  a 
unknown  proportion  of  the  whole,  and  that  is  all.  But  it' 
not  with  these  purely  indefinite  propositions  that  we 
be  concerned.  Let  us  suppose  the  statement,  on  the 
trary,  to  be  of  a  numerical  character,  and  to  refer  to  a  gi^ 
proportion  of  the  whole,  and  we  shall  then  find  it  difficult 
exclude  the  notion  of  a  series.  We  shall  find  it,  I 
impossible  to  do  so  as  soon  as  we  set  before  us  the  aim 
obtaining  accurate,  or  even  moderately  correct  infe 
What,  for  instance,  is  the  meaning  of  the  statement 
two  new-bom  children  in  three  fail  to  attain  the  age 
sixty-three  ?  It  certainly  does  not  declare  that  in  any 
batch  of,  say,  thirty,  we  shall  find  just  twenty  that 
whatever  might  be  the  strict  meaning  of  the  words, 
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lot  the  import  of  the  statement.     It  rather  contemplates 
r   examination  of  a  large  number,  of  a  long  succession 
instances,  and  states  that  in  such  a  succession  we  shall  k 
id  a  numerical  proportion,  not  indeed  fixed  and  accurate  at  ^ 
st,  but  which  tends  in  the  long  tun  to  become  so.     In^'- 
'ery  kind  of  example  with  which  we  shall  be  concerned  we 
lall   find  this  reference  to  a  large  number  or  succession 
objects,  or,  as  we  shall  term  it,  series  of  them.  J 

A  few  additional  examples  may  serve  to  make  this  plairii 
TLet  us  suppose  that  we  toss  up  a  penny  a  great  many 
mas;  the  results  of  the  successive  throws  may  be  conceived 
>  form  a  series.  The  separate  throws  of  this  series  seem  to 
tour  in  utter  disorder;  it  is  this  disorder  which  causes  our 
Icertainty  about  them.  Sometimes  head  comes,  sometimes 
il  comes ;  sometimes  there  is  a  repetition  of  the  same  face, 
knetimes  not.  So  long  as  we  confine  our  observation  to  a 
W  throws  at  a  time^  the  series  seems  to  be  simply  chaotic. 
It  when  we  consider  the  result  of  a  long  succession  we  find 
marked  distinction;  a  kind  of  order  begins  gradually  to 
lerge,  and  at  last  assumes  a  distinct  and  striking  aspect. 
e  find  in  this  case  that  the  heads  and  tails  occur  in  about 
dal  numbers,  that  similar  repetitions  of  different  faces  do  v 
also,  and  so  on.  In  a  word,  notwithstanding  the  individual 
lorder,  an  aggregate  order  begins  to  prevail,  j  So  again  if 
i  are  examining  the  length  of  human  life,  the  different  lives 
ich  fall  under  our  notice  compose  a  series  presenting  the 
toe  features.  The  length  of  a  single  life  is  familiarly  un- 
rtain,  but  the  average  duration  of  a  batch  of  lives  is  be- 
feiing  in  an  almost  equal  degree  familiarly  certain.  The 
fcer  the  number  we  take  out  of  any  mixed  crowd,  the 
lU^r  become  the  symptoms  of  order,  the  more  nearly  will 
I  average  length  of  each  selected  class  be  the  same. 
few  cases  will  serve  as  simple  examples  of  a  ipro^^T\.^ 
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of  things  "which  can  be  traced  almost  everywhere 
greater  or  less  extent,  throughout  the  whole  field  of  < 
perience.  Fires,  shipwrecks,  yields  of  harvest,  birthi 
riages,  suicides;  it  scarcely  seems  to  matter  what  feat 
single  out  for  observation  \  The  irregularity  of  the 
instances  diminishes  when  we  take  a  large  number, 
last  seems  for  all  practical  purposes  to  disappear. 

In  speaking  of  the  eflfect  of  the  average  in  thus  dii 
ing  the  irregularities  which  present  themselves  in  the 
the  attention  of  the  student  must  be  prominently  dire 
the  point,  that  it  is  not  the  absolute  but  the  relative 
larities  which  thus  tend  to  diminish  without  limit, 
idea  will  be  familiar  enough  to  the  mathematician, 
others  it  may  require  some  reflection  in  order  to  g 
clearly.     The  absolute  divergences  and  irregularities 
from  diminishing,  show  a  disposition  to  increase,  and 
may  be)  without  limit,  though  their  relative  importanc( 
a  corresponding  disposition  to  diminish  without  limit, 
in  the  case  of  tossing  a  penny,  if  we  take  a  few  thro 
ten,  it  is  decidedly  unlikely  that  there  should  be  a  dii 
of  six  between  the  numbers  of  heads  and  tails;  that 

1  The  following  statistics  will  give  (fluctuation  1*85),  and  the 

a  fair  idea  of  the  wide  range  of  ex-  of  pounds  of  manufacturec 

perience  over  which  such  regularity  taken  for  home  consumption 

is  found  to  exist:  **As  illustrations  tion  1'89);  or  out-door  pauj 

of  equal  amounts  of  fluctuation  from  tuation  8*45)  and  tonnage  o 

totally  dissimilar  causes,  take  the  vessels  entered  in  ballast  (fli 

deaths  in  the  West  district  of  London  3*43),  &o. "    [Extracted  fron 

in  seven  years  (fluctuation  13*66),  in  the  Journal  of  the  Statis 

and  offences  against  the  person  (flue-  ciety,  by  Mr  Guy,  March,  1 

tuation  13*61);  or  deaths  from  apo-  'fluctuation*  here  given  is 

plexy  (fluctuation  5*54),  and  offences  sure  of  the  amount  of  irr( 

against  property,   without  violence  that  is  of  departure  from  the 

(fluctuation  5*48) ;  or  students  regis-  estimated  in  a  way  which 

tered  at  the   College  of   Surgeons  described  hereafter.] 
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e  should  be  as  many  as  eight  heads  and  therefore  as  few 
wo  tails,  or  vice  versd.  But  take  a  thousand  throws,  and 
ecomes  in  turn  exceedingly  likely  that  there  should  be 
nuch  as,  or  more  than,  a  difiference  of  six  between  the 
^active  numbers.  On  the  other  hand  the  proportion  of 
ds  to  tails  in  the  case  of  the  thousand  throws  will  be  very 
3h  nearer  to  unity,  in  most  cases,  than  when  we  only  took 
,  In  other  words,  the  longer  a  game  of  chance  continues 
larger  are  the  spells  and  runs  of  luck  in  themselves,  but 
less  their  relative  proportions  to  the  whole  amounts 
olved. 

§  4.  In  speaking  as  above  of  events  or  things  as  to  the 
fidls  of  which  we  know  little  or  nothing,  it  is  not  of  course 
►lied  that  our  ignorance  about  them  is  complete  and  uni- 
sal,  or,  what  comes  to  the  same  thing,  that  irregularity 

Y  be  observed  in  all  their  qualities.  All  that  is  meant  is 
t  there  are  some  qualities  or  marks  in  them,  the  existence 
irhich  we  are  not  able  to  predicate  with  certainty  in  the 
Lviduals.     With  regard  to  all  their  other  qualities  there 

Y  be  the  utmost  uniformity,  and  consequently  the  most 
iplete  certainty.    The  irregularity  in  the  length  of  human 

is  notorious,  but  no  one  doubts  the  existence  of  such 
uis  as  a  heart  and  brains  in  any  person  whom  he  happens 
aeet.  And  even  in  the  qualities  in  which  the  irregularity 
ibserved,  there  are  often,  indeed  generally,  positive  limits 
din  which  it  will  be  found  to  be  confined.  No  person, 
instance,  can  calculate  what  may  be  the  length  of  any 
dcular  life,  but  we  feel  perfectly  certain  that  it  will  not 
ftch  out  to  150  years.  The  irregularity  of  the  individual 
ances  is  only  shown  in  certain  respects,  as  e.g.  the  length 
ihe  life,  and  even  in  these  respects  it  has  its  limits.  The  i 
le  remark  will  apply  to  most  of  the  other  examples  with 
ch  we  shall  be  concerned.     The  disorder  in  fac\)  \a  Tio\» 


8  On  certain  kinds  of  Groups  or  Series,     [chap,  jj 

universal  and  unlimited,  it  only  prevails  in  certain  directk 
and  up  to  certain  points. 

§  5.     In  speaking  as  above  of  a  series,  it  will  hardly 
necessary  to  point  out  that  we  do  not  imply  that  the  obj< 
themselves  which  compose  the  series  must  occur  successii 
in  time;  the  series  may  be  formed  simply  by  their  coi 
in  succession  under  our  notice,  which  as  a  matter  of 
they  may  do  in  any  order  whatever.    A  register  of  moi 
for  instance,  may  be  made  up  of  deaths  which  took 
simultaneously  or  successively;  or,  we  might  if  we  pl( 
arrange  the  deaths  in  an  order  quite  distinct  from  eith( 
these.     This  is  entirely  a  matter  of  indiflference;  in  all 
cases  the  series,  for  any  purposes  which  we  need  take 
account,  may  be  regarded  as  being  of  precisely  the  same 
scription.     The  objects,  be  it  remembered,  are  given  to 
nature;  the  order  under  which  we  view  them  is  our  own 
vate  arrangement.     This  is  mentioned  here  simply  by 
caution,  the  meaning  of  this  assertion  will  become  more 
in  the  sequel. 

I  am  aware  that  the  word  'series'  in  the  application 
which  it  is  used  here  is  liable  to  some  misconstruction, 
cannot  find  any  better  word,  or  indeed  any  as  suitable 
respects.     As  remarked  above,  the  events  need  not  n< 
sarily  have  occurred  in  a  regular  sequence  of  time,  tl 
they  often  will  have  done  so.     In  many  cases  (for  in3t 
the  throws  of  a  penny  or  a  die)  they  really  do  occur  in 
cession;  in  other  cases  (for  instance,  the  heights  of  m< 
the  duration  of  their  lives),  whatever  may  have  beenj 
order  of  their  actual  occurrence,  they  are  commonly  bi 
under  our  notice  in  succession  by  being  arranged  in  stat 
tables.    In  all  cases  alike  our  processes  of  inference  in 
the  necessity  of  examining  one  after  another  of  the  mei 
which  compose  the  group,  or  at  least  of  being  prepared 
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iB,  if  we  are  to  be  in  a  position  to  justify  our.  inferences. 
force  of  these  considerations  will  come  out  in  the  course 
le  investigation  in  Chapter  VI. 

The  late  Leslie  Ellis  ^  has  expressed  what  seems  to  me 
ibstantially  similar  view  in  terms  of  genus  and  species, 
of  speaking  of  a  series.     He  says,  "  When  individual^ 
are  considered,  we  have  no  conviction  that  the  ratios  of 
lency  of  occurrence  depend  on  the  circumstances  common 
II  the  trials.     On  the  contrary,  we  recognize  in  the  de- 
dning  circumstances  of  their  occurrence  an  extraneous 
mi,  an  element,  that  is,  extraneous  to  the  idea  of  the 
and  species.     Contingency  and  limitation  come  in  (so 
:)  together ;  and  both  alike  disappear  when  we  con- 
the  genus  in  its  entirety,  or  (which  is  the  same  thing) 
[.what  may  be  called  an  ideal  and  practically  impossible 
ttion  of  all  which  it  potentially  contains.     If  this  be 
ited,  it  seems  to  follow  that  the  fundamental  principle 
le  Theory  of  Probabilities  may  be  regarded  as  included 
the   following  statement, — The   conception   of  a  genus 
ies  that  of  numerical  relations  among  the  species  sub- 
tted  to  it."     As  remarked  above,  this  appears  a  sub- 
itially  similar  doctrine  to  that  explained  in  this  chapter, 
I  do  not  think  that  the  terms  genus  and  species  are  by 
means  so  well  fitted  to  bring  out  the  conception  of  a 
jncy  or  limit  as  when  we  speak  of  a  series,  and  I  there- 
much  prefer  the  latter  expression. 

§  6.    The  reader  will  now  have  in  his  mind  the  conception 

series  or  group  of  things  or  events,  about  the  individuals 

rhich  we   know  but  little,  at  least  in  certain  respects, 

we  find  a  continually  increasing  uniformity  as  we 

larger  numbers  under  our  notice.     This  is  definite 

mnsactions  of  the  Cambridge      Beprinted  in  the  collected  edition  of 
oiihical  Society,  Vol.  iz.  p.  605,      his  writings,  p.  50. 
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0  point  out   tolerably  clearly  the  kind   of  tl 
ill  we  have  to  deal,  but  it  is  not  suflGciently  defii 
ises  of  accurate  thought.    We  must  therefore 
■omewhat  closer  analysis. 

are  certain  phrases  so  commonly  adopted 
ome  part  of  the  teohnical  vocabulary  of  the 
ii   as   an   'event'   and   the   'way  ia  which  it 

Thus  the  act  of  throwing  a  penny  would  be 
.  and  the  fact  of  its  giving  head  or  tail  w( 
e  way  in  which  the  event  happened     If  we 
y  tables  of  mortality,  the  former  term  woi 

mere  fact  of  death,  the  latter  the  age  at 
ed,  or  the  way  in  which  it  was  brought 
ver  else  in  it  might  be  the  particular  circu] 
acusaion.     This  phraseology  is  veiy  convei 

1  be  made  use  of  in  this  work,  but  without 
;  may  lead  to  confusion.     For  in  many  cases 
fhich  the  event  happens  is  of  such  great 
ce,  that  according  as  it   happens  ■  in   one 
the  event  would  have  a  different  name ; 

would  not  in  the  two  cases  be  nominally  the ' 
rhe  phrase  therefore  will  have  to  he  considi 
.  before  it  will  conveniently  cover  all  tho  ca 
e  may  have  to  apply  it.  If  for  instance  we 
ating  a  series  of  human  beings,  male  and  fei 

sound  odd  to  call  their  humanity  an  event, 

the  way  in  which  the  event  happened. 
B  recur  however  to  any  of  the  classes  of  ol 
■cferred  to,  we  may  see  our  path  towards  obtail 
ccurate  conception  of  what  we  want.     It  will 

that  in  every  one  of  them  there  is  a  mixtu 
f  and  dissimilarity;  there  is  a  series  of  « 
ive  a  certain  number  of  features  or  attribul 


^  ~^^mds  of  Groups  or  Series.  11 

•vVsP'*'     \c^      ~*liey  would  not  be  classed  together. 

^®      -.  ^^  ov     iJ,-^"^^^    attributes  are  to  be  found  in  some 

^^     ^  \^  ^^       ^^^d  in  others.     In  other  words,  the 

^    A     N<A^^^  .   ^^^  series  are  compound,  each  being 

'^      o€  ^  coV^^^^Von  of  things  or  attributes;  some  of 

W    0B  exis^  ^  ^U  the  members  of  the  series,  others 

A  ia  sotue  oioly.     So  far  there  is  nothing  peculiar 

ecience  of  Probability ;  that  in  which  the  distinctive 

teristic   consists  is   this; — that   the   occasional  attri- 

as  distinguished  from  the  permanent,  are  found  on 

sxtend^d  examination  to  tend  to  exist  in  a  certain  definite 

wfortion  of  the  whole  number  of  cases.    We  cannot  tell  in 

'  oiYen  instance  whether  they  will  be  found  or  not,  but 

■re  go  on  examining  more  cases  we  find  a  growing  uni- 

■dty.     We  find  that  the  proportion  of  instances  in  which 

|r  are  found  to  instances  in  which  they  are  wanting,  is 

dually  subject  to  less  and  less  comparative  variation,  and 

|foaches  continually  towards  some  apparently  fixed  value. 

LThe  above  is  the  most  comprehensive  form  of  description ; 

matter  of  fact  the  groups  will  in  many  cases  take  a 

pier  form;   they  may  appear,  e.g.  simply  as  a  suc- 

n  of  things  of  the  same  kind,  say  human  beings,  with 

ithout  an  occasional  attribute,  say  that  of  being  left- 

ed     We  are  using  the  word  attribute,  of  course,  in  its 

sense,  intending  it  to  include  every  distinctive  feature 

can   be  observed  in  a  thing,  from  essential  qualities 

to  the  merest  accidents  of  time  and  place. 

7.     On  examining  our  series,  therefore,  we  shall  find 

it  may  best  be  conceived,  not  necessarily  as  a  succession 

mts  happening  in  different  ways,  but  as  a  succession 

ups  of  things.     These  groups,  on  being  analysed,  are 

in  every  case  to  be  resolvable  into  collections  oi  ?^\x\i- 

p 
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stances  and  attributes.  That  which  gives  its  unity 
succession  of  groups  is  the  fact  of  some  of  these  substai 
attributes  being  common  to  the  whole  succession ;  that 
gives  their  distinction  to  the  groups  in  the  succession 
fact  of  some  of  them  containing  only  a  portion  of  thes 
stances  and  attributes,  the  other  portion  or  portions 
occasionally  absent.  So  understood,  our  phraseolog; 
be  made  to  embrace  every  class  of  things  of  which  '. 
bility  can  take  account. 

§  8.  It  will  be  easily  seen  that  the  ordinary  expi 
(viz.  the  'event,'  and  the  'way  in  which  it  happens*)  i 
included  in  the  above.  When  the  occasional  attribui 
unimportant  the  permanent  ones  are  sufficient  to  fi 
appropriate  the  name,  the  presence  or  absence  of  the 
being  simply  denoted  by  some  modification  of  the  m 
the  addition  of  some  predicate.  We  may  therefore  in  a 
cases  speak  of  the  collection  of  attributes  as  '  the  evi 
the  same  event  essentially,  that  is — only  saying  that  it 
to  preserve  its  nominal  identity)  happens  in  diflferenl 
in  the  different  cases.  When  the  occasional  attribute 
ever  are  important,  or  compose  the  majority,  this  i 
speaking  becomes  less  appropriate ;  language  is  son 
strained  by  our  implying  that  two  extremely  different  j 
blages  are  in  reality  the  same  event,  with  a  differenc 
in  its  mode  of  happening.  The  phrase  is  however  i 
convenient  one,  and  with  this  caution  against  its  bein 
understood,  it  will  frequently  be  made  use  of  here. 

§  9.  A  series  of  the  above-mentioned  kind  is, 
prehend,  the  ultimate  basis  upon  which  all  the  n 
Probability  must  be  based.  It  is  essential  to  a  clea 
prehension  of  the  subject  to  have  carried  our  analj 
to  this  point,  but  any  attempt  at  further  analysis  in 
intimate  nature  of  the  events  composing  the  series, 
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lired.  It  is  altogether  unnecessary,  for  instance,  to  form 
opiiuon  upon  the  questions  discussed  in  metaphysics  as 
be  independent  existence  of  substances.  We  have  dis- 
sred,  on  examination,  a  series  composed  of  groups  of 
■iances  and  attributes,  or  of  attributes  alone.  At  such 
ivies  we  stop,  and  thence  investigate  our  rules  of  infer- 
e ;  into  what  these  substances  or  attributes  would  them- 
kes  be  ultimately  analysed,  if  taken  in  hand  by  the 
chologist  or  metaphysician,  it  is  no  business  of  ours  to 
Isire  here. 

j^  10.  The  stage  then  which  we  have  now  reached  is 
||^  of  having  discovered  a  quantity  of  things  (they  prove 
[ysis  to  be  groups  of  things)  which  are  capable  of 
classified  together,  and  are  best  regarded  as  consti- 
a  series.  The  distinctive  peculiarity  of  this  series  is 
nding  in  it  an  order,  gradually  emerging  out  of  disorder, 
Lowing  in  time  a  marked  and  unmistakeable  uniformity, 
le  impression  which  may  possibly  be  derived  from  the 
hription  of  such  a  series,  and  which  the  reader  will  pro- 
lix already  entertain  if  he  have  studied  Probability  before, 
it  the  gradual  evolution  of  this  order  is  indefinite,  and 
^roach  therefore  to  perfection  unlimited.  And  many  of 
iples  commonly  selected  certainly  tend  to  confirm 
an  impression.  But  in  reference  to  the  theory  of  the 
it  is,  I  am  convinced,  an  error,  and  one  liable  to  lead 
ich  confusion. 

le  lines  which  have  been  prefixed  as  a  motto  to  this 
^  So  careful  of  the  type  she  seems,  so  careless  of  the 
life,"  are  soon  after  corrected  by  the  assertion  that 
itself,  if  we  regard  it  for  a  long  time,  changes, 
len  vanishes  and  is  succeeded  by  others.  So  in  Pro- 
ty;  that  uniformity  which  is  found  in  the  long  run, 
rhich  presents  so  great  a  contrast  to  the  individus^ 
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disorder,  though  durable  is  not  everlasting.    Keep  on 
ing  it  long  enough,  and  it  will  be  found  almost  invariabl 
fluctuate,  and  in  time  may  prove  as  utterly  irredudl 
rule,  and  therefore  as  incapable  of  prediction,  as  the 
•vidual  cases  themselves.     The  full  bearing  of  this  fact 
the  theory  of  the  subject,  and  upon  certain  common 
of  calculation  connected  with  it,  will  appear  more 
some  of  the  following  chapters ;  at  present  we  will 
ourselves  to  very  briefly  establishing  and  illustrating  it. 
Let  us  take,  for  example,  the  average  duration  of  j 
This,  provided  our  data  are  sufficiently  extensive,  is  kn( 
be  tolerably  regular  and  uniform.   This  fact  has  been 
indicated  in  the  preceding  sections,  and  is  a  truth 
of  which  the  popular  mind  has  a  tolerably  clear  grasp 
present  day.     But  a  very  little  consideration  will  shoi 
there  may  be  a  superior  as  well  as  an  inferior 
the  extent  within  which  this  uniformity  can  be  ol 
in  other  words  whilst  we  may  fall  into  error  by 
few  instances  we  may  also  fail  in  our  aim,  though  in  a^ 
different  way  and  from  quite  different  reasons,  by 
many.     At  the  present  time  the  average  duration  of 
England  may  be,  say,  forty  years;  but  a  century  ago  il) 
decidedly  less ;  several  centuries  ago  it  was  presumabl] 
much  less;  whilst  if  we  possessed  statistics  referring  toil 
earlier  population  of  the  country  we  should  probably  fii 
there  has  been  since  that  time  a  still  more  marked  imi 
ment.    What  may  be  the  future  tendency  no  man  can 
certain.     It  may  be,  and  we  hope  that  it  will  be  thei 
that  owing  to  sanitary  and  other  improvements,  the  di 
of  life  will  go  on  increasing  steadily ;  it  is  at  least  com 
though   doubtless  incredible,  that  it  should  do  so 
limit.     On  the  other  hand,  and  with  much  more  lik( 
this  duration  might   gradually   tend  towards   some 
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Or,  again,  it  is  perfectly  possible  that  future  gene- 
might  prefer  a  short  and  a  merry  life,  and  therefore 
their  average  longevity.  The  duriation  of  life  cannot 
pend  to  some  extent  upon  the  general  tastes,  habits 
iployments  of  the  people,  that  is  upon  the  ideal  which 
asciously  or  unconsciously  set  before  them,  and  he  would 
ih  man  who  should  undertake  to  predict  what  this  ideal 
some  centuries  hence.  All  that  it  is  here  necessary 
iT  to  indicate  is,  that  this  particular  uniformity  (as  we 
itherto  called  it,  in  order  to  mark  its  relative  cha- 
has  varied,  and,  under  the  influence  of  future  eddies 
lion  and  practice,  may  vary  still;  and  this  to  any 
and  with  any  degree  of  irregularity.  To  borrow  a 
om  Astronomy,  we  find  our  uniformity  subject  to  what 
be  called  an  irregular  secular  variation. 
1.  The  above  is  a  fair  typical  instance.  If  we  had 
sk  less  simple  feature  than  the  length  of  life,  or  one 
)sely  connected  with  what  may  be  called  by  compari- 
3  great  permanent  uniformities  of  nature,  we  should 
>und  the  peculiarity  under  notice  exhibited  in  a  far 
triking  degree.  The  deaths  from  small-pox,  for  ex- 
or  the  instances  of  duelling  or  accusations  of  witch- 
f  examined  during  a  few  successive  decades,  might 
lown  a  very  tolerable  degree  of  uniformity.  But  these 
nities  have  risen  possibly  from  zero ;  after  various  and 
reat  fluctuations  seem  tending  towards  zero  again,  at 
Q  this  century ;  and  may,  for  anything  we  know,  un- 
still  more  rapid  fluctuations  in  future.  Now  these 
les  must  be  regarded  as  being  only  extreme  ones,  and 
;h  very  extreme  ones,  of  what  is  the  almost  universal 
nature.  I  shall  endeavour  to  show  that  even  the  few 
nt  exceptions,  such  as  the  proportions  between  male 
male  births,  &c.,  may  not  be,  and  probably  in  reality 
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are  not,  strictly  speaking,  exceptions.  A  type,  that  is,  i 
shall  be  in  the  fullest  sense  of  the  words,  persistent 
invariable  is  scarcely  to  be  found  in  natura  The  full  in 
of  this  conclusion  will  be  seen  in  future  chapters.  Attei 
is  only  directed  here  to  the  important  inference  that,  altb 
statistics  are  notoriously  of  no  value  unless  they  are  in  i 
cient  numbers,  yet  it  does  not  follow  but  that  in  certain  i 
we  may  have  too  many  of  them.  If  they  are  made  t« 
tensive,  they  may  again  fall  short,  at  least  for  any  partk 
time  or  place,  of  their  greatest  attainable  accuracy. 

§  12.     These  natural  uniformities  then    are   foi 
length  to  be  subject  to  fluctuation.   Now  contrast  with 
any  of  the  uniformities  afforded  by  games  of  chance; 
latter  seem  to  show  no  trace  of  secular  fluctuation,  h< 
long  we  may  continue  our  examination  of  them.     Critij 
will  be  offered,  in  the  course  of  the  following  chapten^j 
some  of  the  common  attempts  to  prove  d  priori  that 
must  be  this  fixity  in  the  uniformity  in  question,  but 
existence  there  can  scarcely  be  much  doubt.     Pen( 
heads  and  tails  about  equally  often  now,  as  they  did 
they  were  first  tossed,  and  as  we  believe  they  will 
to  do,  so  long  as  the  present  order  of  things  continuea 
fixity  of  these  uniformities  may  not   be  as  absolute 
commonly  supposed,  but  no  amount  of  experience  wl 
need  take  into  account  is  likely  in  any  appreciable  d( 
interfere   with   them.      Hence   the   obvious   conti 
whereas  natural  uniformities  at  length  fluctuate, 
forded  by  games  of  chance  seem  fixed  for  ever. 

§  13.     Here  then  are  series  apparently  of  two 
kinds.     They  are  alike  in  their  initial  irregularity, 
their  subsequent  regularity;  it  is  in  what   we  may 
their  ultimate  form  that  they  begin  to  diverge  froi 
other.      The    one  tends    without   any    irregular 
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iwards  a  fixed  numerical  proportion  in  its  uniformity;  in 
he  other  the  uniformity  is  found  at  last  to  fluctuate,  and  to 
JKtuate,  it  may  be,  in  a  manner  utterly  irreducible  to  rule. 
As  this  chapter  is  intended  to  be  little  more  than  ex- 
itory  and  illustrative  of  the  foundations  of  the  science, 
remark  may  be  made  here  (for  which  subsequent  justi- 
ktion  will  be  offered)  that  it  is  in  the  case  of  series  of  the 
ler  kind  only  that  we  are  able  to  make  anything  which 
be  interpreted  into  strict  scientific  inferences.  We  shall 
le  able  however  in  a  general  way  to  see  the  kind  and  extent 
error  that  would  be  committed  if,  in  any  example,  we  were 
substitute  an  imaginary  series  of  the  former  kind  for  any 
series  of  the  latter  kind  which  experience  may  present 
us.  The  two  series  are  of  course  to  be  as  alike  as  possible 
all  respects,  except  that  the  variable  uniformity  has  been 
id  by  a  fixed  one.  The  difference  then  between  them 
Id  not  appear  in  the  initial  stagey  for  in  that  stage  the 
ictive  characteristics  of  the  series  of  Probability  are  not 
apparent;  all  is  there  irregularity,  and  it  would  be  as  im- 
dble  to  show  that  they  were  alike  as  that  they  were 
Ferent ;  we  can  only  say  generally  that  each  shows  the 
le  kind  of  irregularity.  Nor  would  it  appear  in  the  next 
ibeequent  stage,  for  the  real  variability  of  the  uniformity 
not  for  some  time  scope  to  make  itself  perceived.  It 
Id  only  be  in  what  we  have  called  the  ultimate  stage, 
len  we  suppose  the  series  to  extend  for  a  very  long  time, 
kt  the  difference  would  begin  to  make  itself  felt\  The 
^portion  of  persons,  for  example,  who  die  each  year  at  the 
of  six  months  is,  when  the  numbers  examined  are  on  a 

;  s  We  might  express  it  thus : — a  it  takes  a  very  great  number  to  esta- 

instances  are  not  sufficient  to  blish  that  a  change  is  taking  place  in 

ij  a  law  at  aU;  a  considerable  the  law. 
iber  will  snffice  to  display  it;  but 

V.  ^ 
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small  scale,  utterly  irregular;  it  becomes  however  re^ 
when  the  numbers  examined  are  on  a  larger  scale ;  but 
continued  our  observation  for  a  very  great  length  of  tin 
over  a  very  great  extent  of  country,  we  should  find 
regularity  itself  changing  in  an  irregular  way.     The 
stitution  just  mentioned  is  really  equivalent  to  saying 
us  assume  that  the  regularity  is  fixed  and  permanent, 
making  a  hypothesis  which  may  not  be  altogether  consii 
with  fact,  but  which  is  forced  upon  us  for  the  purpoi 
securing  precision  of  statement  and  definition. 

§  14.  The  full  meaning  and  bearing  of  such  a  su 
tution  will  only  become  apparent  in  some  of  the  subseq 
chapters,  but  it  may  be  pointed  out  at  once  that  it  is  in 
way  only  that  we  can  with  perfect  strictness  introduce 
notion  of  a  *  limit '  into  our  account  of  the  matter,  at 
rate  in  reference  to  many  of  the  applications  of  the  su 
to  purely  statistical  enquiries.  We  say  that  a  certain 
portion  begins  to  prevail  among  the  events  in  the  long 
but  then  on  looking  closer  at  the  facts  we  find  that  we 
to  express  ourselves  hypothetically,  and  to  say  that  if  pn 
circumstances  remain  as  they  are,  the  long  run  will  sha 
characteristics  without  disturbance.  When,  as  is  often 
case,  we  know  nothing  accurately  of  the  circumstance 
which  the  succession  of  events  is  brought  about,  but 
strong  reasons  to  suspect  that  these  circumstances  are  1 
to  undergo  some  change,  there  is  really  nothing  else  t 
done.  We  can  only  introduce  the  conception  of  a  limi 
wards  which  the  numbers  are  tending,  by  assuming 
these  circumstances  do  not  change ;  in  other  words,  by 
stituting  a  series  with  a  fixed  uniformity  for  the  actual 
with  the  varying  uniformity*. 

^  The  mathematician  may  illustrate      analogies  of  the  'circle  of  cxtn 
the  nature  of  this  substitution  by  the      in  geometry,  and  the  'instanta 
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).  If  the  reader  will  study  the  following  example, 
1  known  to  mathematicians  under  the  name  of  the 
•urg^  problem,  he  will  find  that  it  serves  to  illustrate 
of  the  considerations  mentioned  in  this  chapter.  It 
especially  to  bring  out  the  facts  that  the  series  with 
we  are  concerned  must  be  regarded  as  indefinitely 
ve  in  point  of  number  or  duration ;  and  that  when  so 
id  certain  series,  but  certain  series  only  (the  one  in 
n  being  a  case  in  point),  take  advantage  of  the  in- 
5  range  to  keep  on  producing  individuals  in  it  whose 
on  from  the  previous  average  has  no  finite  limit 
er.  When  rightly  viewed  it  is  a  very  simple  problem, 
has  given  rise,  at  one  time  or  another,  to  a  good 
confusion  and  perplexity. 

)  problem  may  be  stated  thus : — a  penny  is  tossed  up ; 
ves  head  I  receive  one  pound ;  if  heads  twice  running 
imds ;  if  heads  three  times  running  four  pounds,  and 
the  amount  to  be  received  doubling  every  time  that 
head  succeeds.  That  is,  I  am  to  go  on  as  long  as  it 
les  to  give  a  succession  of  heads,  to  regard  this  sue- 
as  a  *  turn '  or  set,  and  then  take  another  turn,  and  so 
d  for  each  such  turn  I  am  to  receive  a  payment ;  the 
nee  of  tail  being  understood  to  yield  nothing,  in  fact 
►mitted  from  our  consideration.  However  many  times 
lay  be  given  in  succession,  the  number  of  pounds  I 
aim  is   found  by  raising   two   to   a  power   one  less 


1  astronomy.  In  the  cases 
these  conceptions  are  made 

have  a  phenomenon  which 
tnouslj  varying  and  also 
its  rate  of  variation.    We 

some  given  moment,  sup- 
ate  at  that  moment  to  be 

then  complete  its  career 


on  that  supposition. 

1  So  called  from  its  first  mathe- 
matical treatment  appearing  in  the 
Commentarii  of  the  Petersburg  Aca- 
demy; a  variety  of  notices  upon  it 
will  be  found  in  Mr  Todhunter's 
History  of  the  Theory  of  Probability. 
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than  that  number  of  times.     Here  then  is  a  series  formed 
a  succession  of  throws.     We  will  assume, — what  many 
sons  will   consider  to   admit   of  demonstration,  and  i 
certainly  experience  confirms  within  considerable   limitB,H 
that  the  rarity  of  these  *  runs  *  of  the  same  face  is  in 
proportion  to  the  amount  I  receive  for  them  when  they 
occur.     In  other  words,  if  we  regard  only  the  occasions  '^ 
which  I  receive  payments,  we  shall  find  that  every  ot 
time  I  get  one  pound,  once  in  four  times  I  get  two  poi 
once  in  eight  times  four  pounds,  and  so  on  without  any 
The  question  is  then  asked,  what  ought  I  to  pay  for 
privilege  ?     At  the  risk  of  a  slight  anticipation  of  the 
of  a  subsequent  chapter,  we  may  assume  that  this  is  eqt 
lent  to  asking,  what  amount  paid  each  time  would  on 
average  leave  me  neither  winner  nor  loser  ?     In  other 
what  is  the  average  amount  I  should  receive  on  the 
terms  ?     Theory  pronounces  that  I  ought  to  give  an  m 
sum:   that  is,  no  finite  sum,  however  great,  would 
adequate  equivalent.     And  this  is  really  quite  intell 
There  is  a  series  of  indefinite  length  before  me,  and 
longer  I  continue  to  work  it  the  richer  are  my  returns, 
this  without  any  limit  whatever.     It  is  true  that  the 
rich  hauls  are  extremely  rare,  but  still  they  do  come, 
when  they  come  they  make  it  up  by  their  greater  ri( 
On  every  occasion  on  which  people  have  devoted  thei 
to  the  pursuit  in  question,  they  made  acquaintance,  of  coi 
with  but  a  limited  portion  of  this  series ;  but  the  series] 
which  we  base  our  calculation  is  unlimited;  and  the 
ferences  usually  drawn  as  to  the  sum  which  ought  in  the 
run  to  be  paid  for  the  privilege  in  question  are  itt 
accordance  with  this  supposition. 

The  common  form  of  objection  is  given  in  the  reply, 
so  far  from  paying  an  infinite  sum,  no  sensible  man 
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re  anything  approaching  to  £50  for  such  a  chance.  Pro- 
bly  not,  because  no  man  would  see  enough  of  the  series  to 
dike  it  worth  his  while.  What  most  persons  form  their 
actical  opinion  upon,  is  such  small  portions  of  the  series 
I  they  have  actually  seen  or  can  reasonably  expect.  Now 
I  any  such  portion,  say  one  which  embraces  100  turns,  the 
Qigest  succession  of  heads  would  not  amount  on  the  average 

>  more  than  seven  or  eight.  This  is  observed,  but  it  is  for- 
otten  that  the  formula  which  produced  these,  would,  if  it 
id  greater  scope,  keep  on  producing  better  and  better  ones 
ithout  any  limit.  Hence  it  arises  that  some  persons  are 
erplexed,  because  the  conduct  they  would  adopt,  in  reference 

>  the  curtailed  portion  of  the  series  which  they  are  practically 
kely  to  meet  with,  does  not  find  its  justification  in  inferences 
kich  are  necessarily  based  upon  the  series  in  the  complete- 
ess  of  its  infinitude. 

§  16.  This  will  be  more  clearly  seen  by  considering  the 
irious  possibilities,  and  the  scope  required  in  order  to  exhaust 
lem,  when  we  confine  ourselves  to  a  limited  number  of 
irows.  Begin  with  three.  This  yields  eight  equally  likely 
issibilities.  In  four  of  these  cases  the  thrower  starts  with 
il  and  therefore  loses :  in  two  he  gains  a  single  point 
e.  £1);  in  one  he  gains  two  points,  and  in  one  he  gains  four 
^ints.  Hence  his  total  gain  being  eight  pounds  achieved  in 
Or  difierent  contingencies,  his  average  gain  would  be  two 

»unds. 

Xow  suppose  he  be  allowed  to  go  as  far  as  n  throws,  so 
at  we  have  to  contemplate  2"  possibilities.  All  of  these 
ve  to  be  taken  into  account  if  we  wish  to  consider  what 
opens  on  the  average.     It  will  readily  be  seen  that,  when 

the  possible  cases  have  been  reckoned  once,  his  total  gain 
I  be  (reckoned  in  pounds), 

2«-*  +  2*^.  2  +  2r-\  2»  + +  2 . 2"-'  +  2"''  +  2r"\ 
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viz.  {n  +  1)  2"'«. 

This  being  spread  over  2*"*  diflferent  occasions  of  gain 
average  gain  will  be  ^  (n  +  1). 

Now  when  we  are  referring  to  averages  it  must  b< 
membered  that  the  minimum  number  of  different  occurre 
necessary  in  order  to  justify  the  average  is  that  which  eni 
each  of  them  to  present  itself  once.  A  man  proposes  to 
short  at  a  succession  of  ten  heads.  Well  and  good.  Wc 
him  that  his  average  gain  will  be  £5.  105.  Orf.:  but  we 
impress  upon  him  that  in  order  to  justify  this  statemen 
must  commence  to  toss  at  least  1024  times,  for  in  no 
number  can  all  the  contingencies  of  gain  and  loss  be  exhil 
and  balanced.  If  he  proposes  to  reach  an  average  gai 
£20,  he  will  require  to  be  prepared  to  go  up  to  39  thi 
To  justify  this  payment  he  must  commence  to  thro^ 
times,  i.e.  about  a  million  million  times.  Not  before  he 
accomplished  this  will  he  be  in  a  position  to  prove  to 
sceptic  that  this  is  the  true  average  value  of  a  '  turn'  ext 
ing  to  39  successive  tosses. 

Of  course  if  he  elects  to  toss  to  all  eternity  we  i 
adopt  the  line  of  explanation  which  alone  is  possible  w 
questions  of  infinity  in  respect  of  number  and  magnitude 
involved.  We  cannot  tell  him  to  pay  down  '  an  infinite  s 
for  this  has  no  strict  meaning.  But  we  tell  him  that,  how 
much  he  may  consent  to  pay  each  time  runs  of  heads  o< 
he  will  attain  at  last  a  stage  in  which  he  will  have 
back  his  total  pa)nnents  by  his  total  receipts.  How 
large  n  may  be,  if  he  perseveres  in  trying  2*  times  he 
have  a  true  average  receipt  of  ^  (m  + 1)  pounds,  and  i 
continues  long  enough  onwards  he  luill  have  it. 

The  problem  will  recur  for  consideration  in  a  ft 
chapter. 


CHAPTER  11. 

fURTHER  DISCUSSION  UPON  THE  NATURE  OF  THE  SERIES 
MENTIONED  IN  THE  LAST  CHAPTER, 

1.    In  the  course  of  the  last  chapter  the  nature  of  a  par- 
kind  of  series,  that  namely,  which  must  be  considered 
constitute  the  basis  of  the  science  of  Probability,  has  re- 
a  sufficiently  general  explanation  for  the  preliminary 
of  introduction.     One  might  indeed  say  more  than 
for  the  characteristics  which  were  there  pointed  out  are 
ly  sufficient  in  themselves  to  give  a  fair  general  idea  of 
nature  of  Probability,  and  of  the  sort  of  problems  with 
ich  it  deals.     But  in  the  concluding  paragraphs  an  indi- 
ion  was  given  that  the  series  of  this  kind,  as  they  actu- 
ly  occur  in  nature  or  as  the  results  of  more  or  less  artificial 
[action,  are  seldom  or  never  found  to  occur  in  such  a 
iple  form  as  might  possibly  be  expected  from  what  had 
jviously  been  said ;  but  that  they  are  almost  always  seen 
be  associated  together  in  groups  after  a  somewhat  com- 
tted  fashion.     A  fuller  discussion  of  this  topic  must  now 
undertaken. 

We  will  take  for  examination  an  instance  of  a  kind  with 

lich  the  investigations  of  Quetelet  will  have   served   to 

iliarize  some  readers.      Suppose   that   we   measure   the 

jights  of  a  great  many  adult  men  in  any  town  or  country. 

lese  heights  will  of  course  lie  between  certain  extx^ixi^^  m 
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each  direction,  and  if  we  continue  to  accumulate  our  nw 
sures  it  will  be  found  that  they  tend  to  lie  continuoi 
between  these  extremes;  that  is  to  say,  that  under  the 
circumstances  no  intermediate  height  will  be  found  to 
permanently  unrepresented  in  such  a  collection  of  meas! 
ments.     Now  suppose  these  heights  to  be  marshalled  in 
order  of  their  magnitude.     What  we  always  find  is  soi 
thing  of  the  following  kind; — about  the  middle  point 
tween  the  extremes,  a  large  number  of  the  results  will 
found  crowded  together :  a  little  on  each  side  of  this 
there  will  still  be  an  excess,  but  not  to  so  great  an  exi 
and  so  on,  in  some  diminishing  scale  of  proportion,  until 
we  get  towards  the  extreme  results  the  numbers  thin  off 
become  relatively  exceedingly  small. 

The  point  to  which  attention  is  here  directed  is  not 
mere  fact  that  the  numbers  thus  tend  to  diminish  from 
middle  in  each  direction,  but,  as  will  be  more  fully  expl 
directly,  the  law  according  to  which  this  progressive 
tion  takes  place.     The  word  '  law '  is  here  used  in  its 
matical  sense,  to  express  the  formula  connecting  together 
two  elements  in  question,  namely,  the  height  itself,  and 
relative  number  that  are  found  of  that  height.     We 
have  to  enquire  whether  one  of  these  elements  is  a  fun< 
of  the  other,  and,  if  so,  what  function. 

§  2.    After  what  was  said  in  the  last  chapter,  it 
hardly  be  insisted  upon  that  the  interest  and  significance: 
such  investigations  as  these  are  almost  entirely  depeni 
upon  the  statistics  being  very  extensive.     In  one  or  oth< 
Quetelet's  works  on  Social  Physics*  will  be  found  a  seh 
of  measurements  of  almost  every  element  which  the  phi 
frame  of  man  can  furnish : — his  height,  his  weight,  the  n 
cular  power  of  various  limbs,  the  dimensions  of  almost  ei 

1  Essai  de  Physiqtie  Sociale^  1869.    Anthropometries  1870. 
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d  organ,  and  so  on.  Some  of  the  most  extensive  of 
cpress  the  heights  of  25,000  Federal  soldiers  from  the 
)f  the  Potomac,  and  the  circumferences  of  the  chests 
\  Scotch  militia  men  taken  many  years  ago.  Those 
5h  to  consult  a  large  repertory  of  such  statistics  can- 
referred  to  any  better  sources  than  to  these  and  other 
►y  the  same  author*. 

Testing  and  valuable,  however,  as  are  Quetelet's  sta- 
investigations  (and  much  of  the  importance  now 
dly  attached  to  such  enquiries  is,  perhaps,  owing 
)  his  eflforts  than  to  those  of  any  other  person),  I  can- 
;  feel  convinced  that  there  is  much  in  what  he  has 
upon  the  subject  which  is  erroneous  and  confusing  as 
the  foundations  of  the  science  of  Probability,  and  the 
)hical  questions  which  it  involves.  These  errors  are 
any  means  confined  to  him,  but  for  various  reasons 
11  be  better  discussed  in  the  form  of  a  criticism  of  his 
or  implicit  expression  of  them,  than  in  any  more  in- 
mt  way. 

In  the  first  place  then,  he  always,  or  almost  always, 
;  that  there  can  be  but  one  and  the  same  law  of  ar- 
3nt  for  the  results  of  our  observations,  measurements, 
on,  in  these  statistical  enquiries.  That  is,  he  as- 
:hat  whenever  we  get  a  group  of  such  magnitudes 
ig   about   a    mean,   and    growing   less  frequent  as 

fards  later  statistics  on  the  Secretary  (Mr  C.  Eoberts)  that  their 
ect  the  reader  can  refer  to  statistics  are  "  unique  in  range  and 
is  of  the  Anthropometrical  numbers".  They  embrace  not  merely 
e  of  the  British  Association  military  recruits — like  most  of  the 
0,  1881,  1883; — especially  previous  tables — but  almost  every 
These  reports  seem  to  class  and  age,  and  both  sexes.  More- 
resent  a  great  advance  on  over  they  refer  not  only  to  stature 
I  obtained  by  Quetelet,  and  but  to  a  number  of  other  physical 
ustify  the    claim    of   the  characteristics. 
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they  depart  from  that  mean,  we   shall  find   that  tl 
minution   of  frequency  takes  place   according   to  or 
variable  law,  whatever  may  be  the  nature  of  these 
nitudes,  and  whatever  the  process  by  which  they  may 
been  obtained. 

That  such  a  uniformity  as  this  should  prevail  an 
many  and  various  classes  of  phenomena  would  probablji 
surprising  in  any  case.  But  the  full  significance  of  s 
fact  as  this  (if  indeed  it  were  a  fact)  only  becomes  apj 
when  attention  is  directed  to  the  profound  distinctions : 
nature  and  origin  of  the  phenomena  which  are  thus  suj 
to  be  harmonized  by  being  brought  under  one  compreh 
principle.  This  will  be  better  appreciated  if  we  take  i 
glance  at  some  of  the  principal  classes  into  which  the  i 
with  which  Probability  is  chiefly  concerned  may  be  di 
These  are  of  a  three-fold  kind. 

§  4.  In  the  first  place  there  are  the  various  con 
tions,  and  runs  of  luck,  afforded  by  games  of  chance, 
pose  a  handful,  consisting  of  ten  coins,  were  tossed 
great  many  times  in  succession,  and  the  results  were 
lated.  What  we  should  obtain  would  be  something  « 
following  kind.  In  a  certain  proportion  of  cases,  and 
the  most  numerous  of  all,  we  should  find  that  we  g< 
heads  and  five  tails ;  in  a  somewhat  less  proportion  of 
we  should  have,  as  equally  frequent  results,  four  hea 
tails,  and  four  tails  six  heads;  and  so  on  in  a  conti 
diminishing  proportion  until  at  length  we  came  dowi 
very  small  relative  number  of  cases,  to  nine  heads  on 
and  nine  tails  one  head;  whilst  the  least  frequent  i 
possible  would  be  those  which  gave  all  heads  or  all 

^  As  every  mathematioian  knows,  oessive  tenus  of  the  expan 
the  relative  numbers  of  each  of  these  (1  +  lY^t  viz.  1,  10,  46,  120,  8 
possible  throws  are  given  by  the  suo^      21D,  120,  45, 10, 1. 
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the  statistical   elements   under  consideration   are,  as 

their  origin  at  any  rate,  optional  or  brought  about 

Luman   choice.     They  would,   therefore,   be   commonly 

ibed  as  being  mainly  artificial,  but  their  results  ulti- 

>ly  altogether  a  matter  of  chance. 

in  the  second  place,  we  might  take  the  accurate 

^ments — ^i.e.  the  actual  magnitudes  themselves,— of 

it  many  natural  objects,  belonging  to  the  same  genus 

;  such  as  the  cases,  already  referred  to,  of  the  heights, 

ler  characteristics  of  the  inhabitants  of  any  district. 

human  volition  or  intervention  of  any  kind  seem  to 

little  or  nothing  to  do  with  the  matter.     It  is  optional 

us  to  collect  the  measures,  but  the  things  measured  are 

outside  our  control.     They  would  therefore  be  com- 

Ijr  described  as  being  altogether  the  production  of  nature, 

it  would  not  be  supposed  that  in  strictness  chance  had 

ig  whatever  to  do  with  the  matter. 

the  third  place,  the  result  at  which  we  are  aiming 

be  some  fixed  magnitude,  one  and  the  same  in  each 

successive  attempts,  so   that   if  our   measurements 

rigidly   accurate  we  should  merely  obtain   the  same 

It  repeated   over  and  over  again.     But   since   all   our 

of  attaining  our  aims   are   practically   subject   to 

lerable    imperfections,    the    results    actually    obtained 

depart  more   or   less,  in  almost  every  case,  from   the 

and  fixed  value  which  we  are  trying  to  secure.     They 

be  sometimes  more  wide  of  the  mark,  sometimes  less 

the  worse  attempts  being  of  course  the  less  frequent. 

man  aims  at  a  target  he  will  seldom  or  never  hit  it 

ily  in  the  centre,  but  his  good  shots  will  be   more* 

lat  is  they  will  be  more  densely  oessive  circle,  the  number  of  shot 
lied.  If  a  space  the  eize  of  the  marks  which  it  contains  will  be  suc- 
ye  he  examined  in  each  sac-      eessively  less.    The  actual  ii\xmy^«t 
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numerous  than  his  bad  ones.  Here  again,  then,  we 
a  series  of  magnitudes  (i.e.  the  deflections  of  the  shotc 
the  point  aimed  at)  clustering  about  a  mean,  but  pro 
in  a  very  diflFerent  way  from  those  of  the  last  two 
In  this  instance  the  elements  would  be  commonly  rej 
as  only  partially  the  results  of  human  volition,  and  c 
therefore  as  being  only  a  co-agent  in  the  effects  ppo< 
With  these  must  be  classed  what  may  be  called  esti 
as  distinguished  from  measurements.  By  the  latt€ 
generally  understood  the  results  of  a  certain  amoi 
mechanism  or  manipulation ;  by  the  former  we  may  t 
stand  those  cases  in  which  the  magnitude  in  quest! 
determined  by  direct  observation  or  introspection, 
interest  and  importance  of  this  class,  so  far  as  sd) 
principles  are  concerned,  dates  mainly  from  the  investig 
of  Fechner.  Its  chief  field  is  naturally  to  be  found  an 
psychological  data. 

Other  classes  of  things,  besides  those  alluded  to  i 
might  readily  be  given.  These  however  are  the  classes 
which  the  most  extensive  statistics  are  obtainable, 
which  the  most  practical  importance  and  interest  s 
tached.  The  profound  distinctions  which  separate 
origin  and  character  are  obvious.  If  they  all  reall 
display  precisely  the  same  law  of  variation  it  would 
most  remarkable  fact,  pointing  doubtless  to  some 
seated  identity  underlying  the  various  ways,  appa 
so  widely  distinct,  in  which  they  had  been  brought 
The  questions  now  to  be  discussed  are;  Is  it  the 
with  any  considerable  degree  of  rigour,  that  only  or 
of  distribution  does  really  prevail?  and,  in  so  far  a 
is  so,  how  does  it  come  to  pass  ? 

of  shots  which  strike  the  bull's-eye      so  much  less  surface  than  an 
will  not  be  the  greatest,  since  it  covers      other  circles. 
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In  support  of  an  affinnatiTe  answer  to  the  former 
!  two  questions,  several  diflferent  kinda  of  proof  are, 
t  be,  offered 

For  one  plan  we  may  make  a  direct  appeal  to 
ice,   by  collecting  sets  of  statistics  and  observing 

their  law  of  distribution.  As  remarked  above,  this 
sn  done  in  a  great  variety  of  cases,  and  in  some 
■a  to   a  very   considerable  extent,  by  Quetelet  and 

His  researches  have  made  it  abundantly  convincing 
my  classes  of  things  and  processes,  differing  widely 

nature  and  origin,  do  nevertheless  appear  to  con- 
th  a  considerable  degree  of  accuracy  to  one  and  the 
aw.      At    least    this   is  made   plain   for   the  more 

1011I7  called  the  exponential 
gaatioh  being  of  tbe  form 
.  The  eurve  coireEpondittg 
8  the  BxiB  of  y  at  right 
pressing  the  foot  that  near 
I  there  are  a  lai^e  nnm- 
laes  appromaately  equal ; 
De  it  begins  to  slope  awaj 
wards  the  aiis  of  x  (espi«ss- 
act   that  the  results   soon 


of  X  IB  an  asymptote  in  both  direc- 
tions (eipreBsing  the  fact  that  no 
magnitude,  however  remote  from  the 
mean,  is  stnctly  impossible ;  that  is, 
every  deviation,  however  excessive, 
will  have  to  be  encountered  at  length 
within  the  range  of  a  safBciently  long 
experience).  The  curve  is  obvioastj 
symmetrical,  expressing  the  fact  that 
equal  deviations  from  the  mean,  in 
in  defect,  tend  ti)  occur 
equally  often  in  the  long  run. 


I  eraphio  representation  of  mathemftticHOneortwobriefremarkB 
IB  given  above.  For  the  may  be  here  appended  concerning 
r    those    nnfamiliar   with      some  of  its  properties,     ^l■)  U  m-ia^ 
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central  values,  for  those  that  is  which  are  situatei 
nearly  about  the  mean.  With  regard  to  the  extreme 
there  is,  on  the  other  hand,  some  difficulty.  For  ii 
in  the  arrangements  of  the  heights  of  a  number  o 
these  extremes  are  rather  a  stumbling-block ;  indeed 
been  proposed  to  reject  them  from  both  ends  of  th 
on  the  plea  that  they  are  monstrosities,  the  fact  beiii 
their  relative  numbers  do  not  seem  to  be  by  any 
those  which  theory  would  assign  \  Such  a  plan  of  re 
is  however  quite  unauthorized,  for  these  dwarfs  and 
are  born  into  the  world  like  their  more  normally 
brethren,  and  have  precisely  as  much  right  as  any 
to  be  included  in  the  formulae  we  draw  up. 

Besides  the  instance  of  the  heights  of  men,  other 


not  be  supposed  that  all  specimens  of 
the  curve  are  similar  to  one  another. 
The  dotted  lines  are  equally  specimens 
of  it.  In  fact,  by  varying  the  essen- 
tially arbitrary  units  in  which  x  and 
y  are  respectively  estimated,  we  may 
make  the  portion  towards  the  vertex 
of  the  curve  as  obtuse  or  as  acute  as 
we  please.  This  consideration  is  of 
importance;  for  it  reminds  us  that, 
by  varying  one  of  these  arbitrary 
units,  we  could  get  an  'exponential 
curve*  which  should  tolerably  closely 
resemble  any  symmetrical  curve  of 
error,  provided  that  this  latter  re- 
cognized and  was  founded  upon  the 
assumption  that  extreme  divergences 
were  excessively  rare.  Hence  it 
would  be  difficult,  by  mere  observa- 
tion, to  prove  that  the  law  of  error 
in  any  given  case  was  not  exponen- 
tial; unless  the  statistics  were  very 
extensive,  or  the  actual  results  de- 


parted considerably  from  tl 
nential  form.  (2)  It  is  quit 
sible  by  any  graphic  repres 
to  give  an  adequate  idea  of  tl 
sive  rapidity  with  which  tl 
after  a  time  approaches  the  a 
At  the  point  i2,  on  our  scale,  t 
would  approach  within  the 
thousandth  part  of  an  inch  i 
axis  of  X,  a  distance  which  on 
good  microscope  could  detect, 
as  in  the  hyperbola,  e.g.  the 
approach  of  the  curve  to  its 
tote  is  continually  decreasu 
here  just  the  reverse;  this 
continually  increasing.  He 
two,  viz.  the  curve  and  the  a 
appear  to  the  eye,  after  a  ve 
time,  to  merge  into  one  anot 
1  As  by  Quetelet:  noted,  i 
others,  by  Herschel,  Essai 
409. 
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bservations  of  a  somewhat  similar  character  have  been 
idy  referred  to  as  collected  and  arranged  by  Quetelet. 
Q  the  nature  of  the  case,  however,  there  are  not  many 
lopriate  ones  at  hand;  for  when  our  object  is,  not  to 
Arate  a  law  which  can  be  otherwise  proved,  but  to 
tin  actual  direct  proof  of  it,  the  collection  of  observations 
measurements  ought  to  be  made  upon  such  a  large 
»  as  to  deter  any  but  the  most  persevering  computers 
I  undergoing  the  requisite  labour.  Some  of  the  remarks 
|e  in  the  course  of  the  note  on  the  opposite  page  will 
p  to  illustrate  the  difficulties  which  would  lie  in  the  way 
pch  a  mode  of  proof. 

We  are  speaking  here,  it  must  be  understood,  only  of 
metrical  curves :  if  there  is  as)nnmetry,  i.e.  if  the  Law  of 
IT  is  different  on  different  sides  of  the  mean, — a  com- 
kftively  very  small  number  of  observations  would  suffice 
tietect  the  fact.  But,  granted  symmetry  and  rapid 
Rase  of  jfrequency  on  each  side  of  the  mean,  we  could 
pirally  select  some  one  species  of  the  exponential  curve 
^  should  pretty  closely  represent  our  statistics  in  the 
bibourhood  of  the  mean.  That  is,  where  the  statistics  are 
herous  we  could  secure  agreement;  and  where  we  could 
[secure  agreement  the  statistics  would  be  comparatively 
icarce  that  we  should  have  to  continue  the  observations 
k  very  long  time  in  order  to  prove  the  disagreement. 
^  6.  Allowing  the  various  statistics  such  credit  as  they 
JBrve,  for  their  extent,  appropriateness,  accuracy  and  so 
le  general  conclusion  which  will  on  the  whole  be  drawn 
lost  every  one  who  takes  the  trouble  to  consult  them, 
kt  they  do,  in  large  part,  conform  approximately  to  one 
or  law,  at  any  rate  for  all  except  the  extreme  values. 
inch  as  this  must  be  ftilly  admitted.  But  that  they  do 
indeed  we  may  say  that  they  cannot,  always  do  so  in 
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the  case  of  the  extreme  values,  will  become  obvioos. 
a  little  consideration.  In  some  of  the  classes  of  thmgrl 
which  the  law  is  supposed  to  apply,  for  example,  the 
cessions  of  heads  and  tails  in  the  throws  of  a  penny,  tl 
no  limit  to  the  magnitude  of  the  fluctuations  which  mayi 
will  occur.  Postulate  as  long  a  succession  of  heads  or  of  1 
as  we  please,  and  if  we  could  only  live  and  toss  long 
for  it  we  should  succeed  in  getting  it  at  length.  In 
cases,  including  many  of  the  applications  of  Prol 
to  natural  phenomena,  there  can  hardly  fail  to  be 
limits.  Deviations  exceeding  a  certain  range  may  nol 
merely  improbable,  that  is  of  very  rare  occurrence,  but 
may  often  from  the  nature  of  the  case  be  actually  ii 
sible.  And  even  when  they  are  not  actually  imposal 
may  frequently  appear  on  examination  that  they  are 
rendered  possible  by  the  occasional  introduction  of 
which  are  not  supposed  to  be  available  in  the  prodi 
of  the  more  ordinary  or  intermediate  values.  When, 
instance,  we  are  making  observations  with  any  kindj 
instrument,  the  nature  of  its  construction  may  pat' 
absolute  limit  upon  the  possible  amount  of  error.  Andi 
if  there  be  not  an  absolute  limit  under  all  kinds  of 
it  may  nevertheless  be  the  case  that  there  is  one 
fair  and  proper  usage;  it  being  the  case  that  only 
the  instrument  is  designedly  or  carelessly  tampered  withi 
any  new  causes  of  divergence  be  introduced  which  weiei 
confined  within  the  old  limits. 

Suppose,  for  instance,  that  a  man  is  firing  at  a 
His  worst  shots  must  be  supposed  to  be  brought  aboutj 
a  combination  of  such  causes  as  were  acting,  or  prej 
to  act,  in  every  other  case;  the  extreme  instance  of 
we  may  thus  term  'fair  usage'  being  when  a  numi 
distinct  causes  have  happened  to  conspire  together  so' 


\ 
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5iid  in  the  same  direction,  instead  of,  as  in  the  other 
J,  more  or  less  neutralizing  one  another's  work.  But 
aggregate  effect  of  such  causes  may  well  be  supposed 
>e  UmitecL  The  man  will  not  discharge  his  shot  nearly 
ight  angles  to  the  true  line  of  fire  unless  some  entirely 
r  cause  comes  in,  as  by  some  unusual  circumstance 
ring  distracted  his  attention,  or  by  his  having  had  some 
usmodic  seizure.  But  influences  of  this  kind  were  not 
iposed  to  have  been  available  before ;  and  even  if  they 
ere  we  are  taking  a  bold  step  in  assuming  that  these 
eeadonal  great  disturbances  are  subject  to  the  same  kind 
flaws  as  are  the  aggregates  of  innumerable  little  ones. 
We  cannot  indeed  lay  much  stress  upon  an  example 
this  last  kind,  as  compared  with  those  in  which  we 
•n  see  for  certain  that  there  is  a  fixed  limit  to  the  range 
if  error.  It  is  therefore  offered  rather  for  illustration  than 
^  proof  The  enormous,  in  fact  inconceivable  magnitude 
i.  the  numbers  expressive  of  the  chance  of  very  rare  com- 
ftnations,  such  as  those  in  question,  has  such  a  bewildering 
iffect  upon  the  mind  that  one  may  be  sometimes  apt  to  con- 
JKind  the  impossible  with  the  higher  degrees  of  the  merely 
|Uithematically  improbable. 

I  §  7.  At  the  time  the  first  edition  of  this  essay  was  com- 
posed writers  on  Statistics  were,  I  think,  still  for  the  most 
^  under  the  influence  of  Quetelet,  and  inclined  to  over- 
ivdue  his  authority  on  this  particular  subject:  of  late  however 
Ittention  has  been  repeatedly  drawn  to  the  necessity  of 
jridng  account  of  other  laws  of  arrangement  than  the  binomial 
Ir  exponential 

)  Mr  Galton,  for  instance, — to  whom  every  branch  of  the 
Ibeory  of  statistics  owes  so  much, — has  insisted*  that  the 
laasumption  which  lies  at  the  basis  of  the  well-known  law  of 

1  Proe.  R,  Soc.  Oct.  21, 1879. 

V.  3 
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'Frequency  of  Error',,. is  incorrect  in  many  groups  of 
and  social  phenomena.... For  example,  suppose  we  endeai 
to  match  a  tint;  Fechners  law,  in  its  approximative 
simplest  form  of  sensation  =  log.  stimulus,  tells  us  that 
series  of  tints,  in  which  the  quantities  of  white  scattered  on  I 
black  ground  are  as  1,  2,  4,  8,  16,  32,  &c.,  will  appear  to 
eye  to  be  separated  by  equal  intervals  of  tint.     Therefore^  i| 
matching  a  grey  that  contains  8  portions  of  white,  we 
just  as  likely  to  err  by  selecting  one  that  has  16  portions 
one  that  has  4  portions.     In  the  first  case  there  would  be 
error  in  excess,  of  8 ;  in  the  second  there  would  be  an 
in  deficiency,  of  4.    Therefore,  an  error  of  the  same  magnil 
in  excess  or  in  deficiency  is  not  equally  probable."     The 
sequences  of  this  assumption  are  worked  out  in  a  remarl 
paper  by  Dr  D.  McAlister,  to  which  allusion  will  have  to 
made  again  hereafter.    All  that  concerns  us  here  to  point 
is  that  when  the  results  of  statistics  of  this  character 
arranged  graphically  we  do  not  get  a  curve  which  is 
metrical  on  both  sides  of  a  central  axis. 

§  8.    More  recently,  Mr  F.  Y.  Edgeworth  (in  a  report 
a  Committee  of  the  British  Association  appointed  to  ei 
into  the  variation  of  the  monetary  standard)  has  urged 
same  considerations  in  respect  of  prices  of  commodities, 
gives  a  number  of  statistics  "  drawn  from  the  prices  of  twc 
commodities  during  the  two  periods  1782 — 1820, 1820 — II 
The  maximum  and  minimum  entry  for  each  series  hai 
been  noted,  it  is  found  that  the  number  of  entries  above 
*  middle  point,'  half-way  between  the  maximum  and  minimi 
is  in  every  instance  less  than  half  the  total  number  of  enl 
in  the  series.     In  the  twenty-four  trials  there  is  not  a 
exception  to  the  rule,  and  in  very  few  cases  even  an  appi 

^  We  are  here  considering,  re-      of  etatistics;  so  that  there  are  ft0t 
member,  the  case  of  a  finite  amonnt      limits  at  each  end. 
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an  exception.  We  may  presume  then  that  the  curves  are 
the  lop-sided  character  indicated  by  the  accompanying 
The  same  &cts  are  also  ascertained  in  respect  to 
variations  as  distinguished  from  time  variations.  To 
may  be  added  some  statistics  of  my  own,  referring  to 
heights  of  the  barometer  taken  at  the  same  hour  on  more 
4000  successive  days  (v.  Nature,  Sept.  2, 1887).  So  far 
ffhese  go  they  show  a  marked  asymmetry  of  arrangement. 
In  feet  it  appears  to  me  that  this  want  of  symmetry 
it  to  be  looked  for  in  all  cases  in  which  the  phenomena 
measurement  are  of  a  '  one-sided'  character ;  in  the 
that  they  are  measured  on  one  side  only  of  a  certain 
point  from  which  their  possibility  is  supposed  to  start. 
not  only  is  it  impossible  for  them  to  fell  below  this  point: 
before  they  reach  it  the  influence  of  its  proximity  is  felt 
enhancing  the  difficulty  and  importance  of  the  same 
mt  of  absolute  difference. 
Look  at  a  table  of  statures,  for  instance,  with  a  mean 
le  of  69  inches.  A  diminution  of  three  feet  (were  this 
flble)  is  much  more  influential, — counts  for  much  more, 
every  sense  of  the  term, — than  an  addition  of  the  same 
it ;  for  the  former  does  not  double  the  mean,  while  the 
more  than  halves  it.  Revert  to  an  illustration.  If 
number  of  petty  influencing  circumstances  of  the  kind 
ly  described  were  to  act  upon  a  swinging  pendulum  we 
Id  expect  the  deflections  in  each  direction  to  display 
letry ;  but  if  they  were  to  act  upon  a  spring  we  should 
expect  such  a  result.  Any  phenomena  of  which  the 
iT  18  the  more  appropriate  illustration  can  hardly  be 
jd  to  range  themselves  with  symmetry  about  a  mean  \ 


It  most  be  admitted  that  ex- 
hae   not   yet    (I   believe) 


shown  this  asymmetry  in  respect  of 
heights. 

a— i 
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§  9  (II.).  The  last  remarks  will  suggest  another  k 
proof  which  might  be  offered  to  establish  the  invariable  i 
of  the  law  of  error.  It  is  of  a  direct  deductive  kinc 
appealing  immediately  to  statistics,  but  involving  an  en 
into  the  actual  or  assumed  nature  of  the  causes  by  whic 
events  are  brought  about.  Imagine  that  the  event  i 
consideration  is  brought  to  pass,  in  the  first  place,  by 
fixed  cause,  or  group  of  fixed  causes.  If  this  comprise 
the  influencing  circumstances  the  event  would  invsu 
happen  in  precisely  the  same  way :  there  would  be  no  i 
or  deflections  whatever  to  be  taken  account  o£  But 
suppose  that  there  were  also  an  enormous  number  of 
small  causes  which  tended  to  produce  deflections ;  that 
causes  acted  in  entire  independence  of  one  another ;  and 
each  of  the  lot  told  as  often,  in  the  long  run,  in  one  dire 
as  in  the  opposite.  It  is  easy^  to  see,  in  a  general  way, 
would  follow  firom  these  assumptions.  In  a  very  few 
nearly  all  the  causes  would  tell  in  the  same  directioi 
other  words,  in  a  very  few  cases  the  deflection  woul 
extreme.  In  a  greater  number  of  cases,  however,  it  ^ 
only  be  the  most  part  of  them  that  would  tell  in  one  ( 
tion,  whilst  a  few  did  what  they  could  to  counteract  the 
the  result  being  a  comparatively  larger  number  of  some 
smaller  deflections.  So  on,  in  increasing  numbers,  ti 
approach  the  middle  point.  Here  we  shall  have  a  very 
number  of  very  small  deflections:  the  cases  in  whid 
opposed  influences  just  succeed  in  balancing  one  an( 
so  that  no  error  whatever  is  produced,  being,  though  ad 
infrequent,  relatively  the  most  frequent  of  all. 

^  The  above  reasoning  wiU  proba-  selves,  involve  somewhat  of  a 

bly  be  accepted  as  valid  at  this  stage  cipation.    They  demand,  an« 

of  enquiry.    But  in  strictness,  as-  future  chapter   wiU   receive, 

sumptions  are  made  here,  which  how-  scrutiny  and  criticism, 
ever  justifiable  they  may  be  in  them- 
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if  all  deflections  from  a  mean  were  brought  about  in 
just  indicated  (an  indication  which  must  suflSce  for 
Bnt)  we  should  always  have  one  and  the  same  law  of 
aent  of  frequency  for  these  deflections  or  errors,  viz. 
)nential*  law  mentioned  in  §  5. 

It  may  be  readily  admitted  from  what  we  know 
ae  production  of  events  that  something  resembling 


nite  nninerical  example  of 
of  concentration  of  fre- 
oat  the  mean  was  given  in 
o  §  4.  It  was  of  a  binomial 
isisting  of  the  successive 
the  expansion  of  (1  +  1)"*. 
iy  be  shown  (Quetelet,  Let- 
S ;  Liagre,  Calcul  des  Proha' 
L)  that  the  expansion  of  such 
J,  as  m  becomes  indefinitely 
proaches  as  its  limit  the 
al  form ;  that  is,  if  we  take 
r  of  equidistant  ordinates 
oal   respectively  to   1,   m, 

&c. ,  and  counect  their  ver- 

figure  we  obtain  approxi- 
presents  some  form  of  the 
Ae~^,  and  tends  to  become 
with  it,  as  m  is  increased 
limit.  In  other  words,  if 
ie  the  errors  to  be  produced 
ted  number  of  finite,  equal 
lendent  causes,  we  have  an 
ition  to  the  exponential 
Brror,   which  merges  into 

8  the  causes  are  increased 
r  and  diminished  in  magni- 
)at  limit.   Jevons  has  given 

9  of  Science,  p.  381)  a  dia- 
wn  to  scale,  to  show  how 

approximation  is.     One 


point  must  be  carefully  remembered 
here,  as  it  is  frequently  overlooked 
(by  Quetelet,  for  instance).  The  co- 
efficients of  a  binomial  of  two  equal 
terms — as  (1  +  1)"»,  in  the  preceding 
paragraph — are  symmetrical  in  their 
arrangement  from  the  first,  and  very 
speedily  become  indistinguishable  in 
(graphical)  outline  from  the  final  ex- 
ponential form.  But  i^  on  the  other 
hand,  we  were  to  consider  the  suc- 
cessive terms  of  such  a  binomial  as 
(1  +  4)"*  (which  are  proportional  to 
the  relative  chances  of  0,  1,  2,  3,... 
failures  in  m  ventures,  of  an  event 
which  has  one  chance  in  its  favour 
to  four  against  it)  we  should  have  an 
unsymmetrical  succession.  If  how- 
ever we  suppose  m  to  increase  with- 
out limit,  as  in  the  former  supposi- 
tion, the  unsymmetry  gradually  dis- 
appears and  we  tend  towards  pre- 
cisely the  same  exponential  form  as 
if  we  had  begun  with  two  equal  terms. 
The  only  difference  is  that  the  posi- 
tion of  the  vertex  of  the  curve  is  no 
longer  in  the  centre :  in  other  words, 
the  likeliefit  term  or  event  is  not  an 
equal  number  of  successes  and  fail- 
ures but  successes  and  failures  in 
the  ratio  of  1  to  4. 
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these  assumptions,  and  therefore  something  resembling 
consequences  which  follow  from  them,  is  really  secured  i 
very  great  number  of  cases.  But  although  this  may  pre 
approximately,  it  is  in  the  highest  degree  improbable  tha 
could  ever  be  secured,  even  artificially,  with  anything 
proaching  to  rigid  accuracy.  For  one  thing,  the  causes 
deflection  will  seldom  or  never  be  really  independent  of  ( 
another.  Some  of  them  will  generally  be  of  a  kind  such  i 
the  supposition  that  several  are  swaying  in  one  directi 
may  aflfect  the  capacity  of  each  to  produce  that  full  efi 
which  it  would  have  been  capable  of  if  it  had  been  left  to 
its  work  alone.  In  the  common  example,  for  instance, 
firing  at  a  mark,  so  long  as  we  consider  the  case  of  the  tol 
ably  good  shots  the  effect  of  the  wind  (one  of  the  eausef 
error)  will  be  approximately  the  same  whatever  may  be  1 
precise  direction  of  the  bullet.  But  when  a  shot  is  consid 
ably  wide  of  the  mark  the  wind  can  no  longer  be  regarded 
acting  at  right  angles  to  the  line  of  flight,  and  its  efieci 
consequence  will  not  be  precisely  the  same  as  before, 
other  words,  the  causes  here  are  not  strictly  independent, 
they  were  assumed  to  be ;  and  consequently  the  results  to 
attributed  to  each  are  not  absolutely  uninfluenced  by  th 
of  the  others.  Doubtless  the  effect  is  trifling  here,  bu 
apprehend  that  if  we  were  carefully  to  scrutinize  the  mo 
in  which  the  several  elements  of  the  total  cause  cons{ 
together,  we  should  find  that  the  assumption  of  absol 
independence  was  hazardous,  not  to  say  unwarrantable,  i 
very  great  number  of  cases.  These  brief  remarks  upon 
process  by  which  the  deflections  are  brought  about  m 
suffice  for  the  present  purpose,  as  the  subject  will  receiv 
fuller  investigation  in  the  course  of  the  next  chapter. 

According,   therefore,   to   the   best   consideration  wl 
can  at  the  present  stage  be  afforded  to  this  subject,  we  x 
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*aw  a  similar  conclusion  from  this  deductive  line  of  argu- 
lent  as  from  the  direct  appeal  to  statistics.  The  same 
eneral  result  seems  to  be  established ;  namely,  that  approxi- 
lately,  with  suflScient  accuracy  for  all  practical  purposes,  we 
nay  say  that  an  examination  of  the  causes  by  which  the 
leflections  are  generally  brought  about  shows  that  they  are 
nostly  of  such  a  character  as  would  result  in  giving  us  the 
ximmonly  accepted  *  Law  of  Error/  as  it  is  termed  \  The 
»wo  lines  of  enquiry,  therefore,  within  the  limits  assigned, 
iffi>rd  each  other  a  decided  mutual  confirmation. 

§  11  (III.)'  There  still  remains  a  third,  indirect  and 
mathematical  line  of  proof,  which  might  be  offered  to  esta- 
blish the  conclusion  that  the  Law  of  Error  is  always  one  and 
the  same.  It  may  be  maintained  that  the  recognized  and 
universal  employment  of  one  and  the  same  method,  that 
known  to  mathematicians  and  astronomers  as  the  Method  of 
Least  Squares,  in  all  manner  of  different  cases  with  very 
latisfactory  results,  is  compatible  only  with  the  supposition 
bhat  the  errors  to  which  that  method  is  applied  must  be 
grouped  according  to  one  invariable  law.  If  all  'laws  of 
error'  were  not  of  one  and  the  same  type,  that  is,  if  the 
relative  frequency  of  large  and  small  divergences  (such  as  we 
bave  been  speaking  of)  were  not  arranged  according  to  one 
pattern,  how  could  one  method  or  rule  equally  suit  them  all  ? 

In  order  to  preserve  a  continuity  of  treatment,  some 
tiotice  must  be  taken  of  this  enquiry  here,  though,  as  in  the 
sase  of  the  last  argument,  any  thorough  discussion  of  the 

1  'Law    of   Error*  is  tke  usual  tioned  in  §  4,  but  by  a  convenient 

^>iTiiffft.l   term  for  what  has  been  generalization  it  is  equally  applied 

Jsewhere  spoken  of  above  as  a  Law  to  the  other  two ;  so  that  we  term 

€  Divergence  from  a  mean.    It  is  in  the  amount  of  the  divergence  from 

trictness    only  appropriate  in  the  the  mean  an  <  error*  in  every  case, 

of  one,  namely  the  third,  of  the  however  it  may  have  been  brought 


hree   classes  of  phenomena  men-      about. 
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subject  is  impossible  at  the  present  stage.     For  one  thiog,^ 
would  involve  too  much  employment  of  mathematics,  or 
any  rate  of  mathematical  conceptions,  to  be  suitable  for 
general  plan  of  this  treatise :  I  have  accordingly  devoted 
special  chapter  to  the  consideration  of  it. 

The  main  reason,  however,  against  discussing  this 
mcnt  here,  is,  that  to  do  so  would  involve  the  anticipatioii 
a  totally  different  side  of  the  science  of  Probability  from 
hitherto  treated  of.    This  must  be  especially  insisted  upon^i 
the  neglect  of  it  involves  much  confusion  and  some 
During  these  earlier  chapters  we  have  been  entirely  oocu] 
with  laying  what  may  be  called  the  physical  foundationa 
Probability.    We  have  done  nothing  else  than  establish,  in 
way  or  another,  the  existence  of  certain  groups  or 
ments  of  things  which  are  found  to  present  themselves 
nature ;  we  have  endeavoured  to  explain  how  they  come 
pass,  and  we  have  illustrated  their  principal  characterii 
But  these  are  merely  the  foundations  of  Inference,  we 
not  yet  said  a  word  upon  the  logical  processes  which  are 
be  erected  upon  these  foundations.     We  have  not  th< 
entered  yet  upon  the  logic  of  chance. 

§  12.    Now  the  way  in  which  the  Method  of  Least  Sqi 
is  sometimes  spoken  of  tends  to  conceal  the  magnitude 
this   distinction.     Writers  have  regarded  it  as  synonymc 
with  the  Law  of  Error,  whereas  the  fact  is  that  the  two 
not  only  totally  distinct  things  but  that  they  have 
even  any  necessary  connection  with  each  other.     The  Law 
Error  is  the  statement  of  a  physical  fact ;  it  simply 
with  more  or  less  of  accuracy,  the  relative  frequency 
which  errors  or  deviations  of  any  kind  are  found  in 
to  present  themselves.     It  belongs  therefore  to  what  may 
termed  the  physical  foundations  of  the  science.     The  Methc 
of  Least  Squares,  on  the  other  hand,  is  not  a  law  at  all  in 
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tific  sense  of  the  term.  It  is  simply  a  rule  or  direction 
ming  us  how  we  may  best  proceed  to  treat  any  group  of 
»  errors  which  may  be  set  before  us,  so  as  to  extract  the 

result  at  which  they  have  been  aiming.  Clearly  there- 
it  belongs  to  the  inferential  or  logical  part  of  the  subject, 
[t  cannot  indeed  be  denied  that  the  methods  we  employ 
t  have  some  connection  with  the  arrangement  of  the  facts 
ihich  they  are  applied ;  but  the  two  things  are  none  the 
diBtmct  in  their  nature,  and  in  this  case  the  connection 
I  not  seem  at  all  a  necessary  one,  but  at  most  one  of  pro- 
1^  and  convenience.  The  Method  of  Least  Squares  is 
pUy  applied,  no  doubt,  to  the  most  familiar  and  common 
I  of  the  Law  of  Error,  namely  the  exponential  form  with 
ikk  "WB  have  been  recently  occupied.  But  other  forms  of 
|i  of  error  may  exist,  and,  if  they  did,  the  method  in 
Rion  might  equally  well  be  applied  to  them.  I  am  not 
tting  that  it  would  necessarily  be  the  best  method  in 
Iff  case,  but  it  would  be  a  possible  one ;  indeed  we  may 
hrther  and  say,  as  will  be  shown  in  a  future  chapter, 
k  it  would  be  a  good  method  in  almost  every  case.  But 
particular  merits  or  demerits  do  not  interfere  with  its 
lible  employment  in  every  case  in  which  we  may  choose 
iBort  to  it.  It  will  be  seen  therefore,  even  from  the  few 
irks  that  can  be  made  upon  the  subject  here,  that  the 

that  one  and  the  same  method  is  very  commonly  em- 
W  with  satisfactory  results  aflfords  little  or  no  proof  that 
errors  to  which  it  is  applied  must  be  arranged  according 
He  fixed  law. 

f  13.  So  much  then  for  the  attempt  to  prove  the  preva- 
il in  all  cases,  of  this  particular  law  of  divergence.  The 
point  in  Quetelet's  treatment  of  the  subject  which  deserves 
Ition  as  erroneous  or  confusing,  is  the  doctrine  maintained 
m  and  others  as  to  the  existence  of  what  he  terms  a  type 
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in  the  groups  of  things  in  question.  This  is  a  not 
consequence  from  some  of  the  data  and  conclusions 
last  few  paragraphs.  Refer  back  to  two  of  the  three 
of  things  already  mentioned  in  §  4  If  it  really  were 
that  in  arranging  in  order  a  series  of  incorrect  obsei 
or  attempts  of  our  own,  and  a  collection  of  natural  ol 
belonging  to  some  one  and  the  same  species  or  class,  we; 
that  the  law  of  their  divergence  was  in  each  case  ideni 
the  long  run,  we  should  be  naturally  disposed  to  a] 
same  expression  'Law  of  Error*  to  both  instances 
though  in  strictness  it  could  only  be  appropriate 
former.  When  we  perform  an  operation  ourselves 
clear  consciousness  of  what  we  are  aiming  at,  we  mayi 
correctly  speak  of  every  deviation  from  this  as 
error ;  but  when  Nature  presents  us  with  a  group  of 
of  any  kind,  it  is  using  a  rather  bold  metaphor  to 
this  case  also  of  a  law  of  error,  as  if  she  had  been 
something  all  the  time,  and  had  like  the  rest  of  us 
her  mark  more  or  less  in  almost  every  instance*. 

Suppose  we  make  a  long  succession  of  attempts  to 
accurately  the  precise  height  of  a  man,  we  should 
cause  or  another  seldom  or  never  succeed  in  doing  so' 
absolute  accuracy.  But  we  have  no  right  to  assume  thati 
imperfect  measurements  of  ours  would  be  found  so  to 
according  to  one  particular  law  of  error  as  to  pi 
precise  counterpart  of  a  series  of  actual  heights  of 
men,  supposing  that  these  latter  were  assigned  with 
precision.  What  might  be  the  actual  law  of  error  in  a  i 
of  direct  measurements  of  any  given  magnitude  could 
be  asserted  beforehand,  and  probably  the  attempt  to 

^  This  however  seems  to  be  the  rate  works  by  Quetelet, 
purport,  either  by  direct  assertion  Physiqv^  SociaUy  and  his 
or   by  implication,   of   two   elabo-      mitrie. 
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e  it  by  experience  has  not  been  made  suflSciently  often  to 
>le  us  to  ascertain  it ;  but  upon  general  grounds  it  seems 
ao  means  certain  that  it  would  follow  the  so-called  ex- 
sntial  law«  Be  this  however  as  it  may,  it  is  rather  a 
nee  of  language  to  talk  as  if  nature  had  been  at  work  in 
same  way  as  one  of  us ;  aiming  (ineffectually  for  the  most. 
i)  at  a  given  result,  that  is  at  producing  a  man  endowed 
I  a  certain  stature,  proportions,  and  so  on,  who  might 
efore  be  regarded  as  the  typical  man. 
§14.  Stated  as  above,  namely,  that  there  is  a  fixed 
iriable  human  type  to  which  all  individual  specimens  of 
lanity  may  be  regarded  as  having  been  meant  to  attain, 
fix>m  which  they  have  deviated  in  one  direction  or 
tiber,  according  to  a  law  of  deviation  capable  of  d  priori 
irmination,  the  doctrine  is  little  else  than  absurd.  But 
re  look  somewhat  closer  at  the  facts  of  the  case,  and  the 
Mkble  explanation  of  these  facts,  we  may  see  our  way  to 
mportant  truth.  The  facts,  on  the  authority  of  Quetelet's 
Lstics  (the  great  interest  and  value  of  which  must  be 
Idy  admitted),  are  very  briefly  as  follows :  if  we  take  any 
dent  of  our  physical  frame  which  admits  of  accurate 
fiurement,  say  the  height,  and  determine  this  measure  in 
reat  number  of  diflferent  individuals  belonging  to  any 
rably  homogeneous  class  of  people,  we  shall  find  that 
le  heights  do  admit  of  an  orderly  arrangement  about  a 
n,  after  the  fashion  which  has  been  already  repeatedly 
itioned.  What  is  meant  by  a  homogeneous  class?  is  a 
inent  and  significant  enquiry,  but  applying  this  condition 
ny  simple  cases  its  meaning  is  readily  stated.  It  implies 
,  the  mean  in  question  will  be  dififerent  according  to  the 
cmality  of  the  persons  under  measurement.  According  to 
telet*,  in  the  case  of  Englishmen  the  mean  is  about 
le  scarcely,  however,  professes  to  give  these  as  an  accurate  measure 
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5  ft.  9 in.;  for  Belgians  about  6  ft.  7  in.;  for  the  Frenc 
5  ft.  4  in.  It  need  hardly  be  added  that  these  measv 
those  of  adult  males. 

§  15.  It  may  fairly  be  asked  here  what  woul 
been  the  consequence,  had  we,  instead  of  keeping  the  '. 
and  the  French  apart,  mixed  the  results  of  our  measui 
of  them  all  together?  The  question  is  an  important  o 
will  oblige  us  to  understand  more  clearly  what  we  n 
homogeneous  classes.  The  answer  that  would  usu 
given  to  it,  though  substantially  correct,  is  somewhat 
cisive  and  summary.  It  would  be  said  that  we  a 
mixing  distinctly  heterogeneous  elements,  and  that 
sequence  the  resultant  law  of  error  will  be  by  no  nc 
the  simple  character  previously  exhibited.  So  far  as  i 
answer  is  to  be  admitted  its  grounds  are  easy  to  app 
In  accordance  with  the  usual  law  of  error  the  dive 
from  the  mean  grow  continuously  less  numerous  i 
increase  in  amount.  Now,  if  we  mix  up  the  Fren 
English  heights,  what  will  follow  ?  Beginning  fm 
English  mean  of  5  feet  9  inches,  the  heights  will  at  f 
low  almost  entirely  the  law  determined  by  these  '. 
conditions,  for  at  this  point  the  English  data  are  very 
reus,  and  the  French  by  comparison  very  few.  Bui 
begin  to  approach  the  French  mean,  the  numbers  wi 
to  show  that  continual  diminution  which  they  shoul 
according  to  the  English  scale  of  arrangement,  for  l 
French  data  are  in  turn  very  numerous,  and  the  Enj 
comparison  few.    The  result  of  such  a  combination  of 

of  the  mean  height,   nor  does  he  afford  accurate  data  on  f 

always  give  precisely  the  same  mea-  scale.     The  statistics  giT< 

sure.     Practically,  none  but  soldiers  pages  further  on  are  pro 

being  measured  in  any  great  num-  more  trustworthy, 
ben,  the  English  stature  did  not 
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^iis   elements  is  illustrated  by  the  figure  annexed,  of 
irse  in  a  very  exaggerated  form. 


§  16.  In  the  above  ease  the  nature  of  the  heterogeneity, 
1  the  reasons  why  the  statistics  should  be  so  collected  and 
■nged  as  to  avoid  it,  seemed  tolerably  obvious.  It  will  be 
ii  still  more  plainly  if  we  take  a  parallel  case  drawn  from 
ificial  proceedings.  Suppose  that  after  a  man  had  fired  a 
r  thousand  shots  at  a  certain  spot,  say  a  wafer  fixed  some- 
ne  on  a  wall,  the  position  of  the  spot  at  which  he  aims 
pre  shifted,  and  he  fired  a  few  thousand  more  shots  at  the 
ter  in  its  new  position.  Now  let  us  collect  and  arrange  all 
*  shots  of  both  series  in  the  order  of  their  departure  from 
her  of  the  'centres,  say  the  new  one.  Here  we  should 
illy  be  mingling  together  two  discordant  sets  of  elements, 
her  of  which,  if  kept  apart  from  the  other,  would  have 
en  of  a  simple  and  homogeneous  character.  We  should 
d,  in  consequence,  that  the  resultant  law  of  error  betrayed 

oomi)osite  or  heterogeneous  origin  by  a  glaring  departure 
m  the  customary  form,  somewhat  after  the  fashion  indi- 
ted in  the  above  diagram. 

The  instance  of  the  English  and  French  heights  resem- 
!8  the  one  just  given,  but  falls  far  short  of  it  in  the  strin- 
acy  with  which  the  requisite  conditions  are  secured.  The 
t  is  we  have  not  here  got  the  most  suitable  requirements,^ 
L  a  group  consisting  of  a  few  fixed  causes  supplemented  by 
lumerable  little  disturbing  influences.  What  we  call  a 
tion   is  really  a  highly  artificial  body,  the  members  of 
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which  are  subject  to  a  considerable  number  of  local 
casional  disturbing  causes.    Amongst  Frenchmen  w< 
eluded,  presumably,  Bretons,  Provencals,  Alsatians,  and 
thus  commingling  distinctions  which,  though  less  than 
between  French  and  English,  regarded  as  wholes,  axe 
far  from  being  insignificant.     And  to  these  differ< 
race  must  be  added  other  disturbances,  also  highly  iuj 
tant,  dependent  upon  varying  climate,  food  and  occu] 
It  is  plain,  therefore,  that  whatever  objections  exist 
confusing  together  French  and  English  statistics,  exist 
though  of  course  in  a  less  degree,  against  confusing 
those  of  the  various  provincial  and  other  components 
make  up  the  French  people, 

§  17.     Out  of  the  great  variety  of  important 
which  influence  the  height  of  men,  it  is  probable  that 
which  most  nearly  fulfil  the  main  conditions  required 
*Law  of  Error'  are  those  about  which  we  know  the 
Upon  the  effects  of  food  and  employment,  observatiom^ 
something  to  say,  but  upon  the  purely  physiological 
by  which  the  height  of  the  parents  influences  the  hei| 
the  offspring,  we  have  probably  nothing  which  def 
be  called  knowledge.     Perhaps  the  best  supposition  we 
make  is  one  which,  in  accordance  with  the  saying  that 
breeds  like',  would  assume  that  the   purely   physiok 
causes  represent  the  constant  element;  that  is,  given  a  h( 
geneous  race  of  people   to  begin  with,  who   freely 
marry,  and  are  subject  to  like  circumstances  of  climate, 
and  occupation,  the  standard  would  remain  on  the 
constant  \ 

In  such  a  case  the  man  who  possessed  the  mean  hei( 
mean  weight,  mean  strength,  and   so   on,  might   then 

^  This  statement  will  receiye  some  explanation  and  oorreotion  in  the  i 
chapter. 
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,  in  a  sort  of  way,  a  'type*.  The  deviations  from  this 
would  then  be  produced  by  innumerable  small  influ- 
,  partly  physiological,  partly  physical  and  social,  acting 
le  most  part  independently  of  one  another,  and  result- 
\  a  Law  of  Error  of  the  usual  description.  Under  such 
etions  and  explanations  as  these,  there  seems  to  be  no 
pable  objection  to  speaking  of  a  French  or  English  type 
9UL  But  it  must  always  be  remembered  that  under 
[resent  circumstances  of  every  political  nation,  these 
irhat  heterogeneous  bodies  might  be  subdivided  into 
IB  smaller  groups,  each  of  which  would  frequently  ex- 
ithe  characteristics  of  such  a  tjrpe  in  an  even  more 
ed  degree. 

18.  On  this  point  the  reports  of  the  Anthropometrical 
littee,  already  referred  to,  are  most  instructive.  They 
ate  the  extent  to  which  this  subdivision  could  be 
I  out,  and  prove, — ^if  any  proof  were  necessary, — ^that 
seovery  of  Quetelet's  homme  moyen  would  lead  us  a 
base.  So  far  as  their  results  go  the  mean  'English* 
5  (in  inches)  is  67*66.  But  this  is  composed  of  Scotch, 
English  and  Welsh  constituents,  the  separate  means  of 
being,  respectively;  6871,  67*90,  67*36,  and  66-66. 
lese  again  may  be  subdivided;  for  careful  observation 
that  the  mean ,  English  stature  is  distinctly  greater  i^ 
I  districts  (e.g.  the  North-Eastem  counties)  than  in 
Then  again  the  mean  of  the  professional  classes  is 
erably  greater  than  that  of  the  labourers;  and  that  of 
nest  and  intelligent  is  very  much  greater  than  that  of 
iminal  and  lunatic  constituents  of  the  population, 
o  far  as  the  observations  are  extensive  enough  for  the 
le,  it  appears  that  every  characteristic  in  respect  of  the 
ng  about  a  mean  which  can  be  detected  in  the  more 
ive   of  these  classes  can  be  detected  also  in  the  nar- 
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rower.    Nor  is  there  any  reason  to  suppose  that  the 
process  of  subdivision  could  not  be  carried  out  as 
farther  as  we  chose  to  prolong  it. 

§  19.     It  need  hardly  be  added  to  the  above 
that  no  one  who  gives  the  slightest  adhesion  to  the 
of  Evolution  could  regard  the  type,  in  the  above  qi 
sense  of  the  term,  as  possessing  any  real  permaneni 
fixity.     If  the  constant  causes,  whatever  they  may 
main  unchanged,  and  if  the  variable  ones  continue 
long  run  to  balance  one  another,  the  results  will  conti] 
cluster  about  the  same  mean.     But  if  the   constantfi 
undergo  a  gradual  change,  or  if  the  variable  ones,  h 
balancing  each  other  suffer  one  or  more  of  their  ni 
begin  to  acquire  a  preponderating  influence,  so  as  to 
sort  of  bias  upon  their  aggregate  effect,  the  mean 
once  begin,  so  to  say,  to  shift  its  ground.     And  hai 
begun  to  shift,  it  may  continue  to  do  so,  to  whatever 
we  recognize  that  Species  are  variable  and  Developmc 
fact.    It  is  as  if  the  point  on  the  target  at  which  we 
stead  of  being  fixed,  were  slowly  changing  its  position 
continue  to  fire  at  it;  changing  almost  certainly  to  soi 
tent  and  temporarily,  and  not  improbably  to  a  eonsi( 
extent  and  permanently. 

§  20.     Our  examples  throughout  this  chapter  havej 
almost    exclusively    drawn    fi:om    physical    characi 
whether  of  man  or  of  inanimate  things;  but  it  need 
supposed  that  we  are  necessarily  confined  to  such 
Mr  Galton,  for  instance,  has  proposed  to  extend  the 
principles  of  calculation  to  mental  phenomena,  with  a^ 
to  their  more  accurate  determination.     The  objects 
gained  by  so  doing  belong  rather  to  the  inferential 
our  subject,  and  will  be  better  indicated  further  oi 
they  do  not  involve  any  distinct  principle.     Like  o1 
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papts  to  apply  the  methods  of  science  in  the  region  of  the 
j^id,  this  proposal  has  met  with  some  opposition;  with  very 
jgrht  reason,  as  it  seems  to  me.  That  our  mental  qualities, 
Ithey  could  be  submitted  to  accurate  measurement,  would 
ftfoand  to  follow  the  usual  Law  of  Error,  may  be  assumed 
pbout  much  hesitation.  The  known  extent  of  the  correla- 
pift  of  mental  and  bodily  characteristics  gives  high  proba- 
Kty  to  the  supposition  that  what  is  proved  to  prevail,  at 
y  rate  approximately,  amongst  most  bodily  elements  which 
|re  been  submitted  to  measurement,  will  prevail  also 
^mgst  the  mental  elements. 

%  To  what  extent  such  measurements  could  be  carried 
||  practically,  is  another  matter.  It  does  not  seem  to 
b  that  it  could  be  done  with  much  success;  partly  be- 
pse  our  mental  qualities  are  so  closely  connected  with, 
pfeed  so  run  into  one  another,  that  it  is  impossible  to 
klate  them  for  purposes  of  comparison  \  This  is  to  some 
tent  indeed  a  difficulty  in  bodily  measurements,  but  it  is 
p  more  so  in  those  of  the  mind,  where  we  can  hardly  get 
yond  what  can  be  called  a  good  guess.  The  doctrine, 
erefore,  that  mental  qualities  follow  the  now  familiar  law 
arrangement  can  scarcely  be  grounded  upon  anything 
jre  than  a  strong  analogy.  Still  this  analogy  is  quite 
long  enough  to  justify  us  in  accepting  the  doctrine  and 
.  the  conclusions  which  follow  from  it,  in  so  far  as  our 
dmates  and  measurements  can  be  regarded  as  trustworthy. 
lere  seems  therefore  nothing  unreasonable  in  the  attempt 
establish  a  system  of  natural  classification  of  mankind 
arranging  them  into  a  certain  number  of  groups  above 
1  below  the  average,  each  group  being  intended  to  cor- 

I  am  not  speaking  here  of  the      measurementof  perceptions  and  other 
rl^hinillar  results  of  Psychophysics,      simple  states  of  consciousness. 
iaii  are  mainly  occupied  with  the 

V.  4j 
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respond  to  certain  limits  of  excellency  or  deficiency 
that  is  necessary  for  such  a  purpose  is  that  the  : 
departure  &om  the  mean  should  be  tolerably  constant 
widely  different  circumstances :  in  this  case  through 
the  races  of  man.  Of  course  if  the  law  of  diverge 
the  same  as  that  which  prevails  in  inanimate  nati 
have  a  still  wider  and  more  natural  system  of  classii 
at  hand,  and  one  which  ought  to  be  familiar,  more  or 
every  one  who  has  thus  to  estimate  qualities. 

§  21.  Perhaps  one  of  the  best  illustrations  of  th 
timate  application  of  such  principles  is-  to  be  found 
Galton's  work  on  Hereditary  Genius.  Indeed  the  fu] 
and  purport  of  some  of  his  reasonings  there  can  har 
appreciated  except  by  those  who  are  familiar  with  tl 
ceptions  which  we  have  been  discussing  in  this  chaptei 
can  only  afford  space  to  notice  one  or  two  points,  t 
student  will  find  in  the  perusal,  of  at  any  rate  th( 
argumentive  parts,  of  that  volume*  an  interesting  illus 
of  the  doctrines  now  under  discussion.  For  one  tl 
may  be  safely  asserted,  that  no  one  unfamiliar  with  tl 
of  Error  would  ever  in  the  least  appreciate  the  ex 


^  Perhaps  the  best  brief  account 
of  Mr  Galton*s  method  is  to  be  found 
in  a  paper  in  Mind  (July,  1880)  on 
the  statistics  of  Mental  Imagery. 
The  subject  under  comparison  here 
— ^viz.  the  relative  power,  possessed 
by  different  persons,  of  raising  clear 
visual  images  of  objects  no  longer 
present  to  us — ^is  one  which  it  seems 
impossible  to  'measure',  in  the  ordi- 
nary sense  of  the  term.  But  by 
arranging  all  the  answers  in  the 
order  in  which  the  faculty  in  ques- 
tion seems  to  be  possessed  we  can, 


with  some  approach  to  s 
select  the  middlemost  perso 
row  and  use  him  as  a  basis 
parison  with  the  corresponi 
son  in  any  other  batch.  A 
larly  with  those  who  occu 
relative  positions  than  tha 
middlemost. 

2  I  refer  to  the  introduc 
concluding  chapters :  the  br 
book  is,  from  the  nature  of 
mainly  occupied  with  statia 
biographical  details. 
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|ii]pidity  with  which  the  superior  degrees  of  excellence  tend 
b  become  scarce.  Every  one,  of  course,  can  see  at  once,  in 
l^numerical  way  at  least,  what  is  involved  in  being  'one  of  a 
jhiUion';  but  they  would  not  at  all  understand,  how  very 
little  extra  superiority  is  to  be  looked  for  in  the  man  who  is 
lilia  of  two  million'.  They  would  confound  the  mere  nu- 
Iherical  distinction,  which  seems  in  some  way  to  imply 
|boble  excellence,  with  the  intrinsic  superiority,  which 
mid  mostly  be  represented  by  a  very  small  fractional  ad- 
itSLge.  To  be  'one  of  ten  million'  sounds  very  grand,  but 
the  qualities  under  consideration  could  be  estimated  in 
Jves  without  the  knowledge  of  the  vastly  wider  area 
which  the  selection  had  been  made,  and  in  freedom 
tfbre  from  any  consequent  numerical  bias,  people  would 
surprised  to  find  what  a  very  slight  comparative  superi- 

was,  as  a  rule,  thus  obtained. 

§  22.     The  point  just  mentioned  is  an  important  one  in 

lents  from  statistics.     If,  for  instance,  we  find  a  small 

ip  of  persons,  connected  together  by  blood-relationship, 

all   possessing  some  mental   characteristic  in  marked 

iority,  much  depends  upon  the  comparative  rarity  of 

excellence  when  we  are  endeavouring  to  decide  whether 

not  the  common  possession  of  these  qualities  was  acci- 

ital.     Such  a  decision  can  never  be  more  than  a  rough 

but  if  it  is  to  be  made  at  all  this  consideration  must 

^r  as  a  factor.     Again,  when  we  are  comparing  one  nation 

th  another  S  say  the  Athenian  with  any  modern  European 

)ple,  does  the  popular  mind  at  all  appreciate  what  sort  of 

lence  of  general  superiority  is  implied  by  the  production, 

of  one  nation,  of  such  a  group  as  can  be  composed  of 

ites,  Plato,  and  a  few  of  their  contemporaries  ?     In  this 

P  See  Galton's  Hereditary  Genius y  pp.  336 — 350,  "On  the  comparative 
kh  of  different  races.*' 

r  4—2 
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latter  case  we  are  also,  it  should  be  remarked,  employing 
'  Law  of  Error '  in  a  second  way ;  for  we  are  assuming 
where  the  extremes  are  great  so  will  also  the  means  I 
other  words  we  are  assuming  that  every  amount  of  depa] 
from  the  mean  occurs  with  a  (roughly)  calculable  de 
of  relative  frequency.  However  generally  this  truth 
be  accepted  in  a  vague  way,  its  evidence  can  only  be 
preciated  by  those  who  know  the  reasons  which  can  be  g 
in  its  favour. 

But  the  same  principles  will  also  supply  a  cautio 
the  case  of  the  last  example.  They  remind  us  that 
the  mere  purpose  of  comparison,  the  average  man  of 
group  or  class  is  a  much  better  object  for  selection 
the  eminent  one.  There  may  be  greater  diflBculties  in 
way  of  detecting  him,  but  when  we  have  done  so  we  1 
got  possession  of  a  securer  and  more  stable  basis  of  < 
parison.  He  is  selected,  by  the  nature  of  the  case,  i 
the  most  numerous  stratum  of  his  society;  the  emi 
man  from  a  thinly  occupied  stratum.  In  accordance  tl 
fore  with  the  now  familiar  laws  of  averages  and  of  1 
numbers  the  fluctuations  amongst  the  former  will  gene 
be  very  few  and  small  in  comparison  with  those  amongst 
latter. 


CHAPTER  III. 

ON  THE   CAUSAL   PROCESS   BY  WHICH  THE   GROUPS  OR 
SERIES  OF  PROBABILITY  ARE  BROUGHT  ABOUT. 

1.  In  discussing  the  question  whether  all  the  various 
ips  and  series  with  which  Probability  is  concerned  are  of 
jly  one  and  the  same  type,  we  made  some  examination 
the  process  by  which  they  are  naturally  produced,  but  we 
now  enter  a  little  more  into  the  details  of  this  pro- 
All  events  are  the  results  of  numerous  and  com- 
ited  antecedents,  far  too  numerous  and  complicated 
fact  for  it  to  be  possible  for  us  to  determine  or  take 
all  into  account.  Now,  though  it  is  strictly  true  that 
can  never  determine  them  all,  there  is  a  broad  dis- 
bion  between  the  case  of  Induction,  in  which  we  can 
ike  out  enough  of  them,  and  with  sufficient  accuracy,  to 
itisfy  a  reasonable  certainty,  and  Probability,  in  which  we 
innot  do  so.  To  Induction  we  shall  return  in  a  future 
hapter,  and  therefore  no  more  need  be  said  about  it  here. 

We  shall  find  it  convenient  to  begin  with  a  division 
vhicb,  though  not  pretending  to  any  philosophical  accuracy, 
lill  serve  as  a  preliminary  guide.  It  is  the  simple  division 
tto  objects,  and  the  agencies  which  affect  them.  All  the 
^nomena  with  which  Probability  is  concerned  (as  indeed 
|06t  of  those  with  which  science  of  any  kind  is  concerned) 
ee  the  product  of  certain  objects  natural  and  artificial, 
rting  under  the  influence  of  certain  agencies  natwi^  ^\A 
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artificial  In  the  tossing  of  a  penny,  for  instance,  the  olje 
would  be  the  penny  or  pence  which  were  succeflfflt 
thrown ;  the  agencies  would  be  the  act  of  throwing,  i 
everything  which  combined  directly  or  indirectly  with  i 
to  make  any  particular  face  come  uppermost.  This  i 
simple  and  intelligible  division,  and  can  easily  be  so 
tended  in  meaning  as  to  embrace  every  class  of  objects  i 
which  we  are  concerned. 

Now  if,  in  any  two  or  more  cases,  we  had  the  a 
object,  or  objects  indistinguishably  alike,  and  if  they  i 
exposed  to  the  influence  of  agencies  in  all  respects  pred 
alike,  we  should  expect  the  results  to  be  precisely  aim 
By  one  of  the  applications  of  the  familiar  principle  of 
uniformity  of  nature  we  should  be  confident  that  e: 
likeness  in  the  antecedents  would  be  followed  by  ee 
likeness  in  the  consequents.  If  the  same  penny,  or  sin 
pence,  were  thrown  in  exactly  the  same  way,  we  sb 
invariably  find  that  the  same  face  falls  uppermost. 

§  2.  What  we  actually  find  is,  of  course,  very  fei 
moved  from  this.  In  the  case  of  the  objects,  when  l 
are  artificial  constructions,  e.g.  dice,  pence,  cards,  it  is 
that  they  are  purposely  made  as  nearly  as  possible  ii 
tinguishably  alike.  We  either  use  the  same  thing  over 
over  again  or  diflferent  ones  made  according  to  prec 
the  same  model.  But  in  natural  objects  nothing  of 
sort  prevails.  In  fact  when  we  come  to  examine  then 
find  reproduced  in  them  precisely  the  same  characteii 
as  those  which  present  themselves  in  the  final  result  n 
we  were  asked  to  explain,  so  that  unless  we  examine  1 
a  stage  further  back,  as  we  shall  have  to  do  to  some  e3 
at  any  rate,  we  seem  to  be  merely  postulating  again 
very  peculiarity  of  the  phenomena  which  we  were  ui 
taking  to  explain.     They  will  be  found,  for  instanc 
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BiSiBt  of  large  classes  of  objects,  throughout  all  the  indi- 
Inal  members  of  which  a  general  resemblance  extends. 
Oppose  that  we  were  considering  the  length  of  life.  The 
|ect8  here  are  the  human  beings,  or  that  selected  class 
Aem,  whose  Uves  we  are  considering.  The  resemblance 
istdng  among  them  is  to  be  found  in  the  strength  and 
jBndness  of  their  principal  vital  organs,  together  with  all 
ie  circumstances  which  collectively  make  up  what  we  call 
m  goodness  of  their  constitutiona  It  is  true  that  most  of 
ime  circumstances  do  not  admit  of  any  approach  to  actual 
inurement ;  but,  as  was  pointed  out  in  the  last  chapter, 
ijtf  many  of  the  circumstances  which  do  admit  of  such 
^Morement  have  been  measured,  and  found  to  display 
m  characteristics  in  question.  Hence,  from  the  known 
Wogy  and  correlation  between  our  various  organs,  there 
^  be  no  reasonable  doubt  that  if  we  could  arrange  human 
iButtitations  in  general,  or  the  various  elements  which  com- 
«e  them  in  particular,  in  the  order  of  their  strength,  we 
cmld  find  just  such  an  aggregate  regularity  and  just  such 
Unpings  about  the  mean,  as  the  final  result  (viz.  in  this 
ie  the  length  of  their  lives)  presents  to  our  notice. 

§  3.  It  will  be  observed  therefore  that  for  this  pur- 
me  the  existence  of  natural  kinds  or  groups  is  necessary. 
L  our  games  of  chance  of  course  the  same  die  may  be 
feown,  or  a  card  be  drawn  from  the  same  pack,  as  often 

we  please ;  but  many  of  the  events  which  occur  to 
Unan  beings  either  cannot  be  repeated  at  all,  or  not  often 
^gh  to  secure  in  the  case  of  the  single  individual  any 
Bcient  statistical  uniformity.     Such  regularity  as  we  trace 

nature   is   owing,  much   more   than  is  often   suspected, 

the  arrangement  of  things  in  natural  kinds,  each  of 
Bm  containing  a  large  number  of  individuals.  Were  each 
id  of  animals  or  vegetables  limited  to  a  single  ^ahx,  ot 
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even  to  but  a  few  pairs,  there  would  not  be  much 
left  for  the  collection  of  statistical  tables  amongst 
Or  to  take  a  less  violent  supposition,  if  the  nu: 
in  each  natural  class  of  objects  were  much  smaller 
they  are  at  present,  or  the  differences  between  their 
ties  and  sub-species  much  more  marked,  the  conse( 
difficulty  of  extracting  from  them  any  sufficient  leng 
statistical  tables,  though  not  fatal,  might  be  very  se 
A  large  number  of  objects  in  the  class,  together  with 
general  similarity  which  entitles  the  objects  to  be 
comprised  in  one  class,  seem  ^to  be  important  condi 
for  the  applicability  of  the  theory  of  Probability  t( 
phenomenon.  Something  analogous  to  this  excessive  p 
of  objects  in  a  class  would  be  found  in  the  attem 
apply  special  Insurance  offices  to  the  case  of  those  1 
where  the  numbers  are  very  limited,  and  the  emplo] 
so  dangerous  as  to  put  them  in  a  class  by  themselve 
an  insurance  society  were  started  for  the  workm< 
gunpowder  mills  alone,  a  premium  would  have  to  be  ch 
to  avoid  possible  ruin,  so  high  as  to  illustrate  the  ex 
paucity  of  appropriate  statistics. 

§  4.  So  much  (at  present)  for  the  objects.  If  we 
to  what  we  have  termed  the  agencies,  we  find  muc 
same  thing  again  here.  By  the  adjustment  of  their  re 
intensity,  and  the  respective  fi:equency  of  their  occur 
the  total  effects  which  they  produce  are  found  to  hi 
tolerably  uniform.  It  is  of  course  conceivable  that 
should  have  been  otherwise.  It  might  have  been 
that  the  second  group  of  conditions  so  exactly  correcte 
former  as  to  convert  the  merely  general  uniformity 
an  absolute  one;  or  it  might  have  been  found,  oi 
other  hand,  that  the  second  group  should  aggrava' 
disturb    the    influence    of   the   former  to  such   an  € 
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;  to  destroy  all  the  uniformity  of  its  effects.  Practically 
either  is  the  case.  The  second  condition  simply  varies  the 
rtails,  leaving  the  uniformity  on  the  whole  of  precisely 
ie  same  general  description  as  it  was  before.  Or  if  the 
Igects  were  supposed  to  be  absolutely  alike,  as  in  the  case 
t  successive  throws  of  a  penny,  it  may  serve  to  bring  about 
:  uniformity.  Analysis  will  show  these  agencies  to  be 
ttos  made  up  of  an  almost  infinite  number  of  different 
pnponents,  but  it  will  detect  the  same  peculiarity  that 
|l  have  so  often  had  occasion  to  refer  to,  pervading  almost 
Bi  these  components.  The  proportions  in  which  they  are 
Imbined  will  be  found  to  be  nearly,  though  not  quite,  the 
Ime;  the  intensity  with  which  they  act  will  be  nearly 
lough  not  quite  equal.  And  they  will  all  unite  and  blend 
ifeo  a  more  and  more  perfect  regularity  as  we  proceed  to 
Hke  the  average  of  a  larger  number  of  instances. 

Take,  for  instance,  the  length  of  life.  As  we  have  seen, 
16  constitutions  of  a  very  large  number  of  persons  selected 
i  random  will  be  found  to  present  much  the  same  feature ; 
Bneral  uniformity  accompanied  by  individual  irregularity. 
ow  when  these  persons  go  out  into  the  world,  they  are 
cposed  to  a  variety  of  agencies,  the  collective  influence 
r  which  will  assign  to  each  the  length  of  life  allotted  to 
itSL  These  agencies  are  of  course  innumerable,  and  their 
mtual  interaction  complicated  beyond  all  power  of  analysis 
I  extricate.  Each  effect  becomes  in  its  turn  a  cause,  is 
llerwoven  inextricably  with  an  indefinite  number  of  other 
loses,  and  reacts  upon  the  final  result.  Climate,  food, 
iothing,  are  some  of  these  agencies,  or  rather  comprise 
Igfregate  groups  of  them.  The  nature  of  a  man's  work 
i  also  important.  One  man  overworks  himself,  another 
flows  an  unhealthy  trade,  a  third  exposes  himself  to  in- 
Btion,  and  so  on. 
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The  result  of  all  this  interaction  between  what  we  1 
thus  called  objects  and  agencies  is  that  the  final  onto 
presents  the  same  general  characteristics  of  uniformity  as] 
be  detected  separately  in  the  two  constituent  elements, 
rather,  as  we  shall  proceed  presently  to  show,  it  doa 
in  the  great  majority  of  cases. 

§  5.  It  may  be  objected  that  such  an  explanation 
the  above  does  not  really  amount  to  anything  desen 
of  the  name,  for  that  instead  of  explaining  how  a  partic 
state  of  things  is  caused  it  merely  points  out  that 
same  state  exists  elsewhere.  There  is  a  uniformily 
covered  in  the  objects  at  the  stage  when  they  are  o 
monly  submitted  to  calculation;  we  then  grope  al 
amongst  the  causes  of  them,  and  after  all  only  disa 
a  precisely  similar  uniformity  existing  amongst  these  cm 
This  is  to  some  extent  true,  for  though  part  of  the  objec 
can  be  removed,  it  must  always  remain  the  case  that 
foundations  of  an  objective  science  will  rest  in  the  last  K 
upon  the  mere  fact  that  things  are  found  to  be  of  such 
such  a  character. 

§  6.  This  division,  into  objects  and  the  agencies  w! 
affect  them,  is  merely  intended  for  a  rough  practical 
rangement,  suflficient  to  point  out  to  the  reader  the  im 
diate  nature  of  the  causes  which  bring  about  our  fam 
uniformities.  If  we  go  back  a  step  further,  it  might  fi 
be  maintained  that  they  may  be  reduced  to  one,  nan 
to  the  agencies.  The  objects,  as  we  have  termed  tl 
are  not  an  original  creation  in  the  state  in  which  we 
find  them.  No  one  supposes  that  whole  groups  or  ch 
were  brought  into  existence  simultaneously,  with  all  t 
general  resemblances  and  particular  difl^erences  fully 
veloped.  Even  if  it  were  the  case  that  the  first  par 
of  each   natural  kind  had  been  specially  created,  ins 
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ling  developed  out  of  pre-existing  forms,  it  would  still 
e  that  amongst  the  numbers  of  each  that  now  present 
Ives  the  characteristic  differences  and  resemblances 
the  result  of  what  we  have  termed  agenciea     Take,  for 
ce,  a  single  characteristic  only,  say  the  height;  what 
es  this  as  we  find  it  in  any  given  group  of  men? 
[y,  no  doubt,  the   nature   of  their  own  food,  clothing, 
loyment,  and  so  on,  especially  in  the  earliest  years  of 
life;   partly  also,  very  likely,  similar  conditions  and 
ces  on  the  part  of  their  parents  at  one  time  or 
er.     No  one,  I  presume,  in  the  present  state  of  know- 
would  attempt  to  enumerate  the  remaining  causes, 
n  to  give  any  indication  of  their  exact  nature;  but 
the  same   time  few  would   entertain   any   doubt   that 
of  this  general  description  have  been  the  determin- 
eauses  at  work. 

If  it  be  asked  again.  Into  what  may  these  agencies 
Ives  be  ultimately  analysed?  the  answer  to  this 
betion,  in  so  far  as  it  involves  any  detailed  examination 
'  them,  would  be  foreign  to  the  plan  of  this  essay.     In  so 

I  as  any  general  remarks,  applicable  to  nearly  all  classes 
Ike  of  such  agencies,  are  called  for,  we  are  led  back  to 

II  point  from  which  we  started  in  the  previous  chapter, 
in  we  were  discussing  whether  there  is  necessarily  one 

law  according  to  which  all  our  series  are  formed.  We 
saw  that  every  event  might  be  regarded  as  being 
l^ight  about  by  a  comparatively  few  important  causes,  of 
ll  kind  which  comprises  all  of  which  ordinary  observation 
any  notice,  and  an  indefinitely  numerous  group  of 
1  causes,  too  numerous,  minute,  and  uncertain  .in  their 
n  for  us  to  be  able  to  estimate  them  or  indeed  to  take 
individually  into  account  at  all.  The  important  ones, 
true,  may  also  in  turn  be  themselves  conceived  to  be 
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made  up  of  aggregates  of  small  components,  but  the] 
still  best  regarded  as  being  by  comparison  simple  and 
tinct,  for  their  component  parts  act  mostly  in  groups 
lectively,  appearing  and  disappearing  together,  so  that 
possess  the  essential  characteristics  of  unity. 

§  7.  Now,  broadly  speaking,  it  appears  to  me  thai 
most  suitable  conditions  for  Probability  are  these :  thai 
important  causes  should  be  by  comparison  fixed  and 
manent,  and  that  the  remaining  ones  should  on  the  avc 
continue  to  act  as  often  in  one  direction  as  in  the  o 
This  they  may  do  in  two  ways.  In  the  first  plaoi 
may  be  able  to  predicate  nothing  more  of  them  than 
mere  fact  that  they  act*  as  often  in  one  direction  ac 
other;  what  we  should  then  obtain  would  be  merely 
simple  statistical  uniformity  that  is  described  in  the 
chapter.  But  it  may  be  the  case,  and  in  practice  gene 
is  so  more  or  less  approximately,  that  these  minor  a 
act  also  in  independence  of  one  another.  What  we 
get  is  a  group  of  uniformities  such  as  was  explained 
illustrated  in  the  second  chapter.  Every  possible  co 
nation  of  these  causes  then  occurring  with  a  regular 
gree  of  frequency,  we  find  one  peculiar  kind  of  unif(H 
exhibited,  not  merely  in  the  mere  fact  of  excess  and  d 
(of  whatever  may  be  the  variable  quality  in  question), 
also  in  every  particular  amount  of  excess  and  d 
Hence,  in  this  case,  we  get  what  some  writers  tei 
'mean'  or  *type/  instead  of  a  simple  average.  Foa 
stance,  suppose  a  man  throwing  a  quoit  at  a  mark.  '. 
our  fixed  causes  are  his  strength,  the  weight  of  the  q 

1  As  stated  above,  this  is  really  that  which  we  are  caUed  upon 

little  more  than  a  re- statement,  a  plain  in  the   concrete   detaili 

stage  further  back,  of  the  existence  sented  to  us  in  experience, 
of  the  same  kind  of  uniformity  as 
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J  intention  of  aiming  at  a  given  point.  These  we 
course  suppose  to  remain  unchanged,  if  we  are 
in  any  such  uniformity  as  we  are  seeking.  The 
,nd  variable  causes  are  all  those  innumerable  little 
ng  influences  referred  to  in  the  last  chapter.  It 
conceivably  be  the  case  that  we  were  only  able  to 
a  that  these  acted  as  often  m  one  direction  as  in 
er;  what  we  should  then  find  was  that  the  quoit 
to  fall  short  of  the  mark  as  often  as  beyond  it. 
ing  to  these  little  causes  being  mostly  independent 
another,  and  more  or  less  equal  in  their  influence, 
also  that  every  amount  of  excess  and  defect  presents 
e  general  characteristics,  and  that  in  a  large  number 
vs  the  quantity  of  divergences  from  the  mark,  of  any 
oaount,  is  a  tolerably  determinate  function,  according 
ular  law,  of  that  amount  of  divergence  \ 

The   necessity  of   the   conditions   just  hinted   at 
t  be  seen  by  a  reference  to  cases  in  which  any  of 

roold  seem  in  fact  that  in  having  been  till  then  masked  and 

id    rude   observations  the  overshadowed  by  the  graver  errors 

ceed  from  a  very  few  prin-  which  had  been  now  approximately 

es,  and  in  consequence  our  removed There    were    errors    of 

3  [as  to  the  Exponential  graduation,  and  many  others  in  the 

Irror]  will  probably  repre-  contraction  of  instruments ;    other 

acts  only  imperfectly,  and  errors  of  their  adjustments ;  errors 

ncy  of  the  errors  will  only  (technically  so  called)  of  observation  ; 

ite  roughly  and  vaguely  to  errors  from  the  changes  of  tempera- 

bich  follows  from  it.    But  ture,  of  weather,  from  slight  irregular 

onomers,  not  content  with  motions  and  vibrations;  in  short,  the 

)e    of  accuracy   they  had  thousand  minute   disturbing  influ- 

)rosecuted  their  researches  ences  with  which  modern  astrono- 

emaining  sources  of  error,  mers  are  familiar."    (Extracted  from 

d  that  not  three  or  four,  a  paper  by  Mr  Crofton  in  the  Vol.  of 

t  number  of  minor  sources  the    Philosophical   Transactions  for 

nearly  co-ordinate  import'  1870,  p.  177.) 
in    to   reveal   themselves, 
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them  happen  to  be  missing.  Thus  we  know  that  the  h 
of  life  is  on  the  whole  tolerably  regular,  and  so  aieH 
numbers  of  those  who  die  in  successive  years  or 
of  most  of  the  commoner  diseases.  But  it  does  not 
to  be  the  case  with  all  diseases.  What,  for  insi 
the  Sweating  Sickness,  the  Black  Death,  the 
Cholera  ?  The  two  former  either  do  not  recur,  or,  if 
do,  recur  in  such  a  mild  form  as  not  to  deserve  the 
name.  What  in  fact  of  any  of  the  diseases  which' 
epidemic  rather  than  endemic  ?  All  these  have  their 
doubtless,  and  would  be  produced  again  by  the 
of  the  conditions  which  caused  them  before.  But 
them  apparently  do  not  recur  at  all.  They  seem  to 
depended  upon  such  rare  conditions  that  their 
was  almost  unique.  And  of  those  which  do  recur  the 
is  frequently  so  eccentric  and  irregular,  often  so  mud&| 
pendent  upon  human  will  or  want  of  will,  as  to  ei 
deprive  their  results  (that  is,  the  annual  number  of 
which  they  cause)  of  the  statistical  uniformity  of  wl 
are  speaking. 

The  explanation  probably  is  that  one  of  the  prii 
causes  in  such  cases  is  what  we  commonly  call  coni 
If  so,  we  have  at  once  a  cause  which  so  far  from  being 
subject  to  the  utmost  variability.      Stringent  caution 
destroy  it,  carelessness  may  aggravate  it  to  any  extent, 
will  of  man,  as  finding  its  expression  either  on  the 
government,  of  doctors,  or  of  the  public,  may  make 
pretty  nearly  what  is  wished,  though  against  the  possil 
of  its  entrance  into  any  community  no  precautions  can 
solutely  insure  us. 

§  9.     If  it  be  replied  that  this  want  of  statistical 
larity  only  arises  from  the  fact  of  our  having  confined 
selves  to    too   limited  a  time,  and  that   we   should 
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ity  disappear  here,  as  elsewhere,  if  we  kept  our 
open  long  enough,  we  shall  find  that  the  answer  will 
it  another  case  in  which  the  requisite  conditions  for 
kbility  are  wanting.  Such  a  reply  would  only  be  con- 
Lve  upon  the  supposition  that  the  ways  and  thoughts  of 
are  in  the  long  run  invariable,  or  if  variable,  subject  to 
Lc  changes  only.  On  the  assumption  of  a  steady  pro- 
in  society,  either  for  the  better  or  the  worse,  the  argu- 
\t  tsX\B  to  the  ground  at  once.  From  what  we  know  of 
course  of  the  world,  these  fearful  pests  of  the  past  may 
considered  as  solitary  events  in  our  history,  or  at  least 
its  which  will  not  be  repeated.  No  continued  uniformity 
Id  therefore  be  found  in  the  deaths  which  they  occasion, 
;h  the  registrar's  books  were  kept  open  for  a  thousand 
The  reason  here  is  probably  to  be  sought  in  the 
[ual  alteration  of  those  indefinitely  numerous  conditions 
we  term  collectively  progress  or  civilization.  Every 
le  circumstance  of  this  kind  has  some  bearing  upon  the 
dnlity  of  any  one  to  catch  a  disease.  But  when  a  kind  of 
^m  and  steady  tide  sets  in,  in  consequence  of  which  these 
Paences  no  longer  remain  at  about  the  same  average 
length,  warring  on  about  equal  terms  with  hostile  in- 
jtences,  but  on  the  contrary  show  a  steady  tendency  to  in- 
fmjse  their  power,  the  statistics  will,  with  consequent  steadi- 
hs  and  permanence,  take  the  impress  of  such  a  change. 

§  10.  Briefly  then,  if  we  were  asked  where  the  dis- 
iictive  characteristics  of  Probability  are  most  prominently 
hbe  found,  and  where  they  are  most  prominently  absent, 
^  might  say  that  (1)  they  prevail  principally  in  the  pro- 
Mies  of  natural  kinds,  both  in  the  ultimate  and  in  the  de- 
ll^tive  or  accidental  properties.  In  all  the  characteristics  of 
Ihiral  species,  in  all  they  do  and  in  all  which  happens  to 
■m,  so  far  as  it  depends  upon  their  properties,  we  seldom. 
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fail  to  detect  this  regularity.     Thus  in  men;  their 
strength,  weight,  the  age  to  which  they  live,  the 
which  they  die ;  all  present  a  well-known  uniformity, 
insurance  tables  offer  the  most  familiar  instance  of  the: 
portance  of  these  applications  of  Probability. 

(2)    The  same  peculiarity  prevails  again  in  the 
and  frequency  of  most  natural  agencies.     Wind  and  w( 
are  seen  to  lose  their  proverbial  irregularity  when  exj 
on  a  large  scale.     Man's  work  therefore,  when  opeiatedj 
by  such  agencies  as  these,  even  though  it  had  been  mi 
different  cases  absolutely  alike  to  begin  with, 
shows  only  a  general  regularity,     I  may  sow  exactly 
same  amount  of  seed  in  my  field  every  year.     The  yield 
one  year  be  moderate,  the  next  year  be  abundant  tl 
favourable  weather,  and  then  again  in  turn  be  destroy 
hail.    But  in  the  long  run  these  irregularities  will  be  eqi 
in  the  result  of  my  crops,  because  they  are  equalized  in 
power    and    frequency  of   the    productive  agencies, 
business  of  underwriters,  and  oflBces  which  insure  the 
against  hail,  would  fall  under  this  class ;  though,  as 
remarked,  there  is  no  very  profound  distinction  between 
and  the  former  class. 

The  reader  must  be  reminded  again  that  this  fixit 
only  temporary,  that  is,  that  even  here  the  series  belong] 
the  class  of  those  which  possess  a  fluctuating  type, 
indeed  who  believe  in  the  fixity  of  natural  species  will 
the  best  chance  of  finding  a  series  of  the  really  permi 
type  amongst  them,  though  even  they  will  admit  that 
change  in  the  characteristic  is  attainable  in  length  of 
In  the  case  of  the  principal  natural  agencies,  it  is  of 
incontestable  that  the  present  average  is  referable  to 
present  geological  period  only.     Our  average  tempeiat 
and  average    rainfall  have  in  former  times    been  wic 
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jnt  fix)m  what  they  now  are,  and  doubtless  will  be  so 

Any  fuller  investigation  of  the  process  by  which,  on  the 
>ry  of  Evolution,  out  of  a  primeval  simplicity  and  uni- 
dty  the  present  variety  was  educed,  hardly  belongs  to 
scope  of  the  present  work:  at  most,  a  few  hints  must 

§  11.     The  above,  then,  are  instances  of  natural  objects 
natural  agencies.     There  seems  reason  to  believe  that  it 
such  things  only,  as  distinguished  from  things  artificial, 
the  property  in  question  is  to  be  found.     This  is  an  as- 
>n  that  will  need  some  discussion  and  explanation.     Two 
in  apparent  opposition,  will  at  once  occur  to  the 
of  some  readers;  one  of  which,  from  its  great  intrinsic 
ice,  and  the  other,  from  the  frequency  of  the  pro- 
which  it  ftimishes,  will  demand  a  few  minutes'  separate 
iination. 

(1)  The  first  of  these  is  the  already  mentioned  case  of 
lental  observations.  In  the  use  of  astronomical  and 
tr  instruments  the  utmost  possible  degree  of  accuracy  is 
desired,  a  degree  which  cannot  be  reasonably  hoped  for 
any  one  single  observation.  What  we  do  therefore  in 
cases  is  to  make  a  large  number  of  successive  observa- 
which  are  naturally  found  to  differ  somewhat  from  each 
in  their  results;  by  means  of  these  the  true  value 
explained  in  a  future  chapter,  on  the  Method  of  Least 
js)  is  to  be  determined  as  accurately  as  possible.  The 
iects  then  of  calculation  here  are  a  certain  number  of 
lents,  slightly  incorrect  elements,  given  by  successive 
rations.  Are  not  these  observations  artificial,  or  the 
jt  product  of  voluntary  agency?  Certainly  not:  or  rather, 
answer  depends  on  what  we  understand  by  voluntary. 
it  is  really  intended  and  aimed  at  by  the  observer,  is  of 
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course,  perfect  accuracy,  that  is,  the  true  observation,  or 
voluntary  steps  and  preliminaries  on  which  this  observa 
depends.  Whether  voluntary  or  not,  this  result  only  cai 
called  intentional.  But  this  result  is  not  obtained.  ^ 
we  actually  get  in  its  place  is  a  series  of  deviations  fron 
containing  results  more  or  less  wide  of  the  truth.  Noi 
what  are  these  deviations  caused?  By  just  such  agencie 
we  have  been  considering  in  some  of  the  earlier  sectioni 
this  chapter.  Heat  and  its  irregular  warping  influe 
draughts  of  air  producing  their  corresponding  effects,  < 
and  consequent  friction  in  one  part  or  another,  the  di 
distortion  of  the  instrument  by  strains  or  the  slow  unc 
contraction  which  continues  long  after  the  metal  was  c 
these  and  such  as  these  are  some  of  the  causes  which  dr 
us  from  the  truth.  Besides  this  group,  there  are  oti 
which  certainly  do  depend  upon  human  agency,  but  iri 
are  not,  strictly  speaking,  voluntary.  They  are  such  as 
irregular  action  of  the  muscles,  inability  to  make  our  VM 
organs  and  members  execute  precisely  the  purposes  we  I 
in  mind,  perhaps  different  rates  in  the  rapidity  of  the  i 
vous  currents,  or  in  the  response  to  stimuli,  in  the  san* 
different  observers.  The  effect  produced  by  some  of  tl 
and  the  allowance  that  has  in  consequence  to  be  made^ 
becoming  familiar  even  to  the  outside  world  under  the  n 
of  the  'personal  equation'  in  astronomical,  psychophys 
and  other  observations. 

§  12.  (2)  The  other  example,  alluded  to  above,  is  the  8 
one  of  cards  and  dice.  Here,  as  in  the  last  case,  the  « 
is  remotely  voluntary,  in  the  sense  that  deliberate  voK 
presents  itself  at  one  stage.  But  subsequently  to  this  si 
the  result  is  produced  or  affected  by  so  many  involuB 
agencies  that  it  owes  its  characteristic  properties  to  ti 
The  turning  up,  for  example,  of  a  particular  face  of  a  d 
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le  result  of  voluntary  agency,  but  it  is  not  an  immediate 
isult.  That  particular  face  was  not  chosen,  though  the  fact 
f  its  being  chosen  was  the  remote  consequence  of  an  act  of 
hoice.  There  has  been  an  intermediate  chaos  of  conflicting 
gencies,  which  no  one  can  calculate  before  or  distinguish 
fiberwards.  These  agencies  seem  to  show  a  uniformity  in 
he  long  run,  and  thence  to  produce  a  similar  uniformity  in 
he  result.  The  drawing  of  a  card  from  a  pack  is  indeed 
ttore  directly  volitional,  as  in  cutting  for  partners  in  a  game 
i  whist.  But  no  one  continues  to  do  this  long  without 
laving  the  pack  well  shuffled  in  the  interval,  whereby  a  host 
f  involuntary  influences  are  let  in. 

§  13.  The  once  startling  but  now  familiar  uniformities 
odiibited  in  the  cases  of  suicides  and  misdirected  letters,  do 
lot  belong  to  the  same  clasa  The  final  resolution,  or  want 
{  it,  which  leads  to  these  results,  is  in  each  case  indeed  an 
mportant  ingredient  in  the  individual's  action  or  omission; 
rat,  in  so  far  as  volition  has  anything  to  do  with  the  results 
18  a  whole,  it  instantly  disturbs  them.  If  the  voice  of  the 
legislature  speaks  out,  or  any  great  preacher  or  moralist 
ncceeds  in  deterring,  or  any  impressive  example  in  in- 
taencing,  our  moral  statistics  are  instantly  tampered  with. 
lome  further  discussion  will  be  devoted  to  this  subject  in  a 
dture  chapter;  it  need  only  be  remarked  here  that  (always 
xcluding  such  common  or  general  influence  as  those  just 
nentioned)  the  average  volition,  potent  as  it  is  in  each 
eparate  case,  is  on  the  whole  swayed  by  non-voluntary  con- 
itions,  such  as  those  of  health,  the  casualties  of  employ- 
lent,  &c.,  in  fact  the  various  circumstances  which  influence 
be  length  of  a  man's  life. 

§  14.  Such  distinctions  as  those  just  insisted  on  may 
5ein  to  some  persons  to  be  needless,  but  serious  errors  have 
Qcasionally  arisen  from  the  neglect  of  them.     The  imme- 
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diate  products  of  man's  mind,  so  far  indeed  as  we  can  i 
an  attempt  to  obtain  them,  dp  not  seem  to  possess 
essential  characteristic  of  Probability.  Their  characte 
seems  rather  to  be,  either  perfect  mathematical  accura 
utter  want  of  it,  either  law  unfailing  or  mere  caprice, 
e.g.,  we  find  the  trees  in  a  forest  growing  in  straight  i 
we  unhesitatingly  conclude  that  they  were  planted  by 
as  they  stand.  It  is  true  on  the  other  hand,  that  if  we 
them  not  regularly  planted,  we  cannot  conclude  that 
were  not  planted  by  man;  partly  because  the  planter 
have  worked  without  a  plan,  partly  because  the  subseq 
irregularities  brought  on  by  nature  may  have  obscured 
plan.  Practically  the  mind  has  to  work  by  the  aid  of 
perfect  instruments,  and  is  subjected  to  many  hindra 
through  various  and  conflicting  agencies,  and  by  these  m 
the  work  loses  its  original  properties.  Suppose,  for  insfa 
that  a  man,  instead  of  producing  numerical  results  by 
perfect  observations  or  by  the  cast  of  dice,  were  to  » 
them  at  first  hand  for  himself  by  simply  thinking  of  t 
at  once;  what  sort  of  series  would  he  obtain?  It  woul( 
about  as  diflScult  to  obtain  in  this  way  any  such  serie 
those  appropriate  to  Probability  as  it  would  be  to  keep 
heart  or  pulse  working  regularly  by  direct  acts  of  voli 
supposing  that  he  had  the  requisite  control  over  these  oij 
But  the  mere  suggestion  is  absurd.  A  man  must  hav( 
object  in  thinking,  he  must  think  according  to  a  rule  or 
mula;  but  unless  he  takes  some  natural  series  as  a  cop) 
will  never  be  able  to  construct  one  mentally  which  shall 
manently  imitate  the  originals.  Or  take  another  prodm 
human  efforts,  in  which  the  intention  can  be  executed ' 
tolerable  success.  When  any  one  builds  a  house,  there 
many  slight  disturbing  influences  at  work,  such  as  shrinl 
of  bricks  and  mortar,  settling  of  foundations,  &c.     But 
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Sect  which  these  disturbances  are  able  to  produce  is  so  in- 
tppreciably  small,  that  we  may  fairly  consider  that  the  result 
iiytained  is  the  direct  product  of  the  mind,  the  accurate 
realization  of  its  intention.  What  is  the  consequence? 
Every  house  in  the  row,  if  designed  by  one  man  and  at  one 
iime,  is  of  exactly  the  same  height,  width,  &c.  as  its 
leighbours;  or  if  there  are  variations  they  are  few,  definite, 
md  regular.  The  result  offers  no  resemblance  whatever  to 
ike  heights,  weights,  &c.  of  a  number  of  men  selected  at 
Emdom.  The  builder  probably  had  some  regular  design  in 
Kmtemplation,  and  he  has  succeeded  in  executing  it. 

§  15.  It  may  be  replied  that  if  we  extend  our  observa- 
tions, say  to  the  houses  of  a  large  city,  we  shall  then  detect 
lie  property  under  discussion.  The  different  heights  of  a 
^:eat  number,  when  grouped  together,  might  be  found  to 
Besemble  those  of  a  great  number  of  human  beings  under 
imilar  treatment.  Something  of  this  kind  might  not  impro- 
bably be  found  to  be  the  case,  though  the  resemblance 
irould  be  far  from  being  a  close  one.  But  to  raise  this 
|aestion  is  to  get  on  to  different  ground,  for  we  were 
qpeaking  (as  remarked  above)  not  of  the  work  of  different 
aiinds  with  their  different  aims,  but  of  that  of  one  mind. 
En  a  multiplicity  of  designs,  there  may  be  that  variable  uni- 
bnnity,  for  which  we  may  look  in  vain  in  a  single  design. 
the  heights  which  the  different  builders  contemplated 
night  be  found  to  group  themselves  into  something  of  the 
lame  kind  of  uniformity  as  that  which  prevails  in  most 
ither  things  which  they  should  undertake  to  do  indepen- 
lently.  We  might  then  trace  the  action  of  the  same  two 
Kmditions, — a  uniformity  in  the  multitude  of  their  different 
lesigns,  a  uniformity  also  in  the  infinite  variety  of  the 
nfluences  which  have  modified  those  designs.  But  this  is  a 
'ery  different  thing  from  saying  that  the  work  of  one  man 
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will  show  such  a  result  as  this.  The  difiference  is  much 
that  between  the  tread  of  a  thousand  men  who  are  step] 
without  thinking  of  each  other,  and  their  tread  when 
are  drilled  into  a  regiment.  In  the  former  case  there 
the  working,  in  one  way  or  another,  of  a  thousand  mine 
in  the  latter,  of  one  only. 

The    investigations    of   this    and    the    former 
constitute  a  sufficiently  close  examination  into  the  del 
causes  by  which  the  peculiar  form  of  statistical  results 
which  we  are  concerned  is  actually  produced,  to  serve 
purpose  of  a  work  which  is  occupied  mainly  with  the 
of  the  Science  of  Probability.     The  great  importance,  he 
ever,  of  certain  statistical  or  sociological  enquiries  will 
mand  a  recurrence  in  a  future  chapter  to  one  partic 
application  of  these  statistics,  viz.  to  those  concerned 
some  classes  of  human  actions. 

§  16.  The  only  important  addition  to,  or  modificaticm 
the  foregoing  remarks  which  I  have  found  occasion  to 
is  due  to  Mr  Galton.  He  has  recently  pointed  out, — and 
I  believe  the  first  to  do  so, — that  in  certain  cases 
analysis  of  the  causal  processes  can  be  effected,  and  is  in 
absolutely  necessary  in  order  to  account  for  the  facts 
served.  Take,  for  instance,  the"  heights  of  the  populatioii 
any  country.  If  the  distribution  or  dispersion  of  these 
their  mean  value  were  left  to  the  unimpeded  action  of 
myriad  productive  agencies  alluded  to  above,  we  should 
tainly  obtain  such  an  arrangement  in  the  posterity  of 
one  generation  as  had  already  been  exhibited  in  the 
That  is,  we  should  find  repeated  in  the  previous  stage 
same  kind  of  order  as  we  were  trjdng  to  account  for  in 
following  stage. 

But  then,  as  Mr  Galton  insists,  if  such  agencies 
freely  and  independently,  though  we  should  get  the 


(CT.  17.]    Origin,  or  Process  of  Causation  of  the  Series.      71 

of  arrangement  or  distribution,  we  should  not  get  the 
degree  of  it:  there  would,  on  the  contrary,  be  a  tendency 
further  dispersion.  The  *  curve  of  facility'  (v.  the 
on  p.  29)  would  belong  to  the  same  class,  but  would 
'e  a  different  modulus.  We  shall  see  this  at  once  if  we 
for  comparison  a  case  in  which  similar  agencies  work 
way  without  any  counteraction  whatever.  Suppose,  for 
that  a  large  number  of  persons,  whose  fortunes 
equal  to  begin  with,  were  to  commence  gambling  or 
continually  for  some  small  sum.  If  we  examine 
circumstances  after  successive  intervals  of  time,  we 
id  expect  to  find  their  fortunes  distributed  according  to 
same  general  law, — Le.  the  now  familiar  law  in  ques- 
•but  we  should  also  expect  to  find  that  the  poorest 
were  slightly  poorer,  and  the  richest  ones  slightly 
ler,  on  each  successive  occasion.  We  shall  see  more 
it  this  in  a  future  chapter  (on  Gambling),  but  it  may 
ll  taken  for  granted  here  that  there  is  nothing  in  the  laws 
t  chance  to  resist  this  tendency  towards  intensifying  the 
Ktoemea 

:  Now  it  is  found,  on  the  contrary,  in  the  case  of  vital 
benomena, — for  instance  in  that  of  height,  and  presumably 
Eanost  of  the  other  qualities  which  are  in  any  way  character- 
jKc  of  natural  kinds, — that  there  is,  through  a  number  of 
jJBCcnnive  generations,  a  remarkable  degree  of  fixity.  The 
|b  men  are  not  taller,  and  the  short  men  are  not  shorter, 
|i^  cent,  of  the  population  in  successive  generations :  always 
ling  of  course  that  some  general  change  of  circum- 
such  as  climate,  diet,  &c.  has  not  set  in.  There 
therefore  here  be  some  cause  at  work  which  tends,  so 
i^tBiy,  to  draw  in  the  extremes  and  thus  to  check  the  other- 
continually  increasing  dispersion. 
§  17.     The  facts  were  first  tested  by  careful  experiment. 
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At  the  date  of  Mr  Galton's  original  paper  on  the  subj( 
there  were  no  available  statistics  of  heights  of  human  bei 
so  a  physical  element  admitting  of  careful  experiment  { 
the  size  or  weight  of  certain  seeds)  was  accurately  estima 
From  these  data  the  actual  amount  of  reversion  firom 
extremes,  that  is,  of  the  slight  pressure  continually  put  u 
the  extreme  members  with  the  result  of  crowding  them  I 
towards  the  mean,  was  determined,  and  this  was  comp 
with  what  theory  would  require  in  order  to  keep  the  cha 
teristics  of  the  species  permanently  fixed.  Since  ti 
statistics  have  been  obtained  to  a  large  extent  which  < 
directly  with  the  heights  of  human  beings. 

The  general  conclusion  at  which  we  arrive  is  that  tl 
are  several  causes  at  work  which  are  neither  slight  noi 
dependent.  There  is,  for  instance,  the  observed  fact  thai 
extremes  are  as  a  rule  not  equally  fertile  with  the  VA 
nor  equally  capable  of  resisting  death  and  disease.  Hi 
as  regards  their  mere  numbers,  there  is  a  tendency  for  ti 
somewhat  to  thin  out.  Then  again  there  is  a  dial 
positive  cause  in  respect  of  'reversion.'  Not  only  are 
ofifspring  of  the  extremes  less  numerous,  but  these  ofisp 
also  tend  to  cluster  about  a  mean  which  is,  so  to  say,  shi 
a  little  towards  the  true  centre  of  the  whole  group;  ie 
wards  the  mean  offspring  of  the  mean  parents. 

§  18.  For  a  full  discussion  of  these  characteristics, 
for  a  variety  of  most  ingenious  illustrations  of  their  mo( 
agency  and  of  their  comparative  efficacy,  the  reader  ma 
referred  to  Mr  Galton*s  original  articles.  For  our  pw 
purpose  it  will  suffice  to  say  that  these  characteristics 
towards  maintaining  the  fixity  of  species;  and  that  th< 
they  do  not  affect  what  may  be  called  the  general  natui 

^  Typical  Laws  of  Heredity;  read      1877.     See  also  Journal  of  tk 
before  the  Boyal  Institution,  Feb.  9,       throp,  Inst,  Nov.  1885. 
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'probability  curve-  or  *law  of  facility',  they  do  determine 
precise  value  in  the  cases  in  question.  If,  indeed,  it  be 
why  there  is  no  need  for  any  such  corrective  influence 
jihe  case  of,  say,  firing  at  a  mark:  the  answer  is  that  there 
lo  opening  for  it  except  where  a  cumulative  influence  is  in- 
luced.  The  reason  why  the  fortunes  of  our  betting  party 
red  an  ever  increasing  divergency,  and  why  some  special 
kion  was  needed  in  order  to  avert  such  a  tendency  in 
case  of  vital  phenomena,  was  that  the  new  starting-point 
every  step  was  slightly  determined  by  the  results  of  the 
mous  step.  The  man  who  has  lost  a  shilling  one  time 
next  time,  worse  off  by  just  a  shilling;  and,  but  for 
corrections  we  have  been  indicating,  the  man  who  was 
tall  would,  so  to  say,  throw  off  his  descendants  from  a 
itage  ground  of  superior  height.  The  true  parallel  in  the 
of  the  marksmen  would  be  to  suppose  that  their  new 
iis  of  aim  were  always  shifted  a  little  in  the  direction  of 
last  divergence.  The  spreading  out  of  the  shot-marks 
lid  then  continue  without  limit,  just  as  would  the  diver- 
ice  of  fortunes  of  the  supposed  gamblers. 


CHAPTER  IV. 

ON  THE  MODES  OF  ESTABLISHING  AND  DETERMINING 
EXISTENCE  AND  NUMERICAL  PROPORTIONS  OF  THE 
RACTERISTIC  PROPERTIES  OF  OUR  SERIES  OR   GR 

§  1.  At  the  point  which  we  have  now  reached,  "^ 
supposed  to  be  in  possession  of  series  or  groups  of  a  o 
kind,  Ijdng  at  the  bottom,  as  one  may  say,  and  formin 
foundation  on  which  the  Science  of  Probability  is 
erected.  We  have  described  with  sufficient  particularil 
characteristics  of  such  a  series,  and  have  indicated  the 
cess  by  which  it  is,  as  a  rule,  actually  brought  abo 
nature.  The  next  enquiries  which  have  to  be  suoces 
made  are,  how  in  any  particular  case  we  are  to  esti 
their  existence  and  determine  their  special  characte: 
properties  ?  and  secondly  \  when  we  have  obtained  the 
what  mode  are  they  to  be  employed  for  logical  purposei 
The  answer  to  the  former  enquiry  does  not  seem  dii 
Experience  is  our  sole  guide.  If  we  want  to  discover  w 
in  reality  a  series  of  things,  not  a  series  of  our  own  cc 
tions,  we  must  appeal  to  the  things  themselves  to  obti 
for  we  cannot  find  much  help  elsewhere.  We  cannc 
how  many  persons  will  be  bom  or  die  in  a  year,  oi 
many  houses  will  be  burnt  or  ships  wrecked,  without  ac 
counting  them.     When  we  thus  speak  of  'experiene 

1  This  latter  enquiry  belongs  to      logical  part  of  this  volume, 
what  may  be  termed  the  more  purely      entered  on  in  the  course  of  Gha 
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to  employ  the  term  in  its  widest  signification;  we 
experience  supplemented  by  all  the  aids  which  in- 
3  or  deductive  logic  can  aflford.  When,  for  instance, 
re  found  the  series  which  comprises  the  numbers  of 
3  of  any  assigned  class  who  die  in  successive  years,  we 
LO  hesitation  in  extending  it  some  way  into  the  future 
[  as  into  the  past.  The  justification  of  such  a  proce- 
Qust  be  sought  in  the  ordinary  canons  of  Induction, 
special  discussion  yrill  be  given  upon  the  connection 
m.  Probability  and  Induction,  no  more  need  be  said 
his  subject  here;  but  nothing  will  be  found  there  at 
ce  with  the  assertion  just  made,  that  the  series  we 
Y  are  ultimately  obtained  by  experience  only. 
I  In  many  cases  it  is  undoubtedly  true  that  we  do  not 
to  direct  experience  at  all.  If  I  want  to  know  what  is 
lance  of  holding  ten  trumps  in  a  game  of  whist,  I  do 
quire  how  often  such  a  thing  has  occurred  before.  If 
i  inhabitants  of  the  globe  were  to- divide  themselves  up 
rhist  parties  they  would  have  to  keep  on  at  it  for  a 

many  years,  if  they  wanted  to  settle  the  question 
ctorily  in  that  way.     What  we  do  of  course  is  to  cal- 

algebraically  the  proportion  of  possible  combinations 
ich  ten  trumps  can  occur,  and  take  this  as  the  answer 

problem.  So  again,  if  I  wanted  to  know  the  chance 
rowing  six  with  a  die  whose  faces  were  unequal,  it 

be  a  question  if  my  best  way  would  not  be  to  calculate 
^trically  the  solid  angle  subtended  at  the  centre  of 
y  by  the  opposite  face,  and  the  ratio  of  this  to  the 
surface  of  a  sphere  would  represent  sufficiently  closely 
tance  required. 

is  quite  true  that  in  such  examples  as  the  above,  espe- 
the  former  one,  nobody  would  ever  think  of  appealing 
bLstics.    This  would  be  a  tedious  process  to  adopt  when, 
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as  here,  the  mechanical  and  other  conditions  upon  w! 
production  of  the  events  depend  are  comparatively  fe 
tenninate,  and  admit  of  isolated  consideration,  w 
enormous  number  of  combinations  which  can  be  co: 
out  of  them  causes  an  enormous  consequent  multip 
ways  in  which  the  events  can  possibly  happen.     H 
practice,  d,  pHori  determination  is  often  easy,  whilst  A 
riori  appeal  to  experience  would  be  not  merely  tedi< 
utterly  impracticable.     This,  combined   with    the 
simplicity  and  attractiveness  of  such  examples  when 
ively  treated,  has  made  them  very  popular,  and  produi 
impression  in  many  quarters  that  they  are  the  proper 
instances  to  illustrate  the  theory  of  chance.     Whi 
the  science  been  concerned  with  those  kinds  of  events 
which  in  practice  are  commonly  made  subjects  of  i 
probably  no  other  view  would  ever  have  been  taken 
that  it  was  based  upon  direct  appeal  to  experience. 

§  3.  When,  however,  we  look  a  little  closer,  we  find 
there  is  no  occasion  for  such  a  sharp  distinction  as  i 
parently  implied  between  the  two  classes  of  examples 
indicated.  In  such  cases  as  those  of  dice  and  cards,  e 
which  we  appear  to  reason  directly  from  the  de 
conditions,  or  possible  variety  of  the  events,  rather  than  I 
actual  observation  of  their  occurrence,  we  shall  find  thai 
procedure  is  only  valid  by  the  help  of  a  tacit  ass 
which  can  never  be  determined  otherwise  than  by 
experience.  It  is,  no  doubt,  an  exceedingly  natural 
obvious  assumption,  and  one  which  is  continually  d 
fresh  weight  from  every-day  observation,  but  it  is  one 
ought  not  to  be  admitted  without  consideration.  As 
very  important  matter,  not  so  much  in  itself  as  in  conn( 
with  the  light  which  it  throws  upon  the  theory  of  the  su 
we  will  enter  into  a  somewhat  detailed  examination  of; 
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t  us  take  a  very  simple  example,  that  of  tossing  up  a 
Suppose  that  I  am  contemplating  a  succession  of 
irows;  I  can  see  that  the  only  possible  events  are* 
HT.,  TH.,  TT,  So  much  is  certain.  We  are  more- 
bolerably  well  convinced  from  experience  that  these 
\  occur,  in  the  long  run,  about  equally  often.  This  is 
rse  admitted  on  all  hands.  But  on  the  view  commonly 
sdned,  it  is  contended  that  we  might  have  known  the 
3forehand  on  grounds  which  are  applicable  to  an  indefi- 
umber  of  other  and  more  complex  cases.     The  form  in 

this  view  would  generally  be  advanced  is,  that  we  are 
kI  to  state  beforehand  that  the  four  throws  above  men- 
i  are  equally  likely.  If  in  return  we  ask  what  is  meant 
B  expression  'equally  likely*,  it  appears  that  there  are 
id  only  two  possible  forms  of  reply.  One  of  these  seeks 
cplanation  in  the  state  of  mind  of  the  observer,  the 
seeks  it  in  some  characteristic  of  the  things  observed. 
)  It  might,  for  instance,  be  said  on  the  one  hand,  that 
is  meant  is  that  the  four  events  contemplated  are 
y  easy  to  imagine,  or,  more  accurately,  that  our  ex- 
ion  or  belief  in  their  occurrence  is  equal.  We  could 
T  be   content  with  this  reply,  for  the  further  enquiry 

immediately  be  urged,  On  what  ground  is  this  to  be 
ed  ?  What  are  the  characteristics  of  events  of  which 
:pectation  is  equal  ?  If  we  consented  to  give  an  answer 
3  further  enquiry,  we  should  be  led  to  the  second  form 
»ly,  to  be  noticed  directly;  if  we  did  not  consent  we 
I,  it  seems,  be  admitting  that  Probability  was  only  a 

the   use   of  those   not  ac-  two  successive  throws  of  the  penny 

d  with  the  common  notation  give  head ;    HT  that   the   first  of 

)d  in  this  subject,  it  may  be  them  gives  head,   and  the   second 

sd    that    HH  is   simply  an  tail ;  and  so  on  with  the  remaining 

»ted  way  of  saying  that  the  symbols. 
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portion  of  Psychology,  confined  therefore  to  considering 
of  mind  in  themselves,  rather  than  in  their  reference  to  j 
viz.  as  being  true  or  false.  We  should,  that  is,  be 
to  make  it  a  science  of  inference  about  things.  This 
will  have  to  be  gone  into  more  thoroughly  in  another 
ter ;  but  it  is  impossible  to  direct  attention  too  pi 
to  the  fact  that  Logic  (and  therefore  Probability  as  a 
of  Logic)  is  not  concerned  with  what  men  do  beliei 
with  what  they  ought  to  believe,  if  they  are  to 
correctly. 

(2)     In  the  other  form  of  reply  the  explanation 
phrase  in  question  would  be  sought,  not  in  a  state  of 
but  in  a  quality  of  the  things  contemplated.   We  mighti 
the  following  as  the  meaning,  viz.  that   the  events 
would  occur  with   equal  frequency  in  the  long  run. 
ground  of  this  assertion  would  probably  be  found  in 
perience,  and  it  would  doubtless  be  impossible  so  tp 
the  answer  as  to  exclude  the  notion  of  our  belief  all 
But  still  there  is  a  broad  distinction  between  seel 
equality  in  the  amount  of  our  belief,  as  before,  and 
frequency  of  occurrence  of  the  events  themselves,  as  h( 

§  4.  When  we  have  got  as  far  as  this  it  can 
shown  that  an  appeal  to  experience  cannot  be  long 
For  can  the  assertion  in  question  (viz.  that  the  throws 
penny  will  occur  equally  often)  be  safely  made  d 
Those  who  consider  that  it  can  seem  hardly  to  have 
faced  the  difficulties  which  meet  them.  For  when  we 
to  enquire  seriously  whether  the  penny  will  really  do 
is  expected  of  it,  we  find  that  restrictions  have  to 
troduced.  In  the  first  place  it  must  be  an  ideal  coin, 
its  sides  equal  and  fair.  This  restriction  is  perfectly  ii 
gible ;  the  study  of  solid  geometry  enables  us  to  idea 
penny  into  a  circular  or  cylindrical  lamina.  But  this  con 
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itself  is  not  sufi&cient,  others  are  wanted  as  well.     The 
ly  was  supposed  to  be  tossed  up,  as  we  say  '  at  random/ 
is  meant  by  this,  and  how  is  this  process  to  be  ideal- 
?     To  ask  this  is  to  introduce  no  idle  subtlety ;  for  it 
scarcely  be  maintained  that  the  heads  and  tails  would 
their  fair  chances  if,  immediately  before  the  throwing, 
were  so  to  place  the  coin  in  our  hands  as  to  start  it 
with  the  same  side  upwards.     The  difference  that 
Id  result  in  consequence,  slight  as  its  cause  is,  would 
in  time  to  show  itself  in  the  results.     Or,  if  we  per- 
in  starting  with   each  of  the  two  sides  alternately 
I,  would  the  longer  repetitions  of  the  same  side  get 
&ir  chance  ? 

Perhaps  it  will  be  replied  that  if  we  think  nothing  what- 
about  these  matters  all  will  come  right  of  its  own  accord, 
r,  and  doubtless  will  be  so,  but  this  is  falling  back  upon 
lence.    It  is  here,  then,  that  we  find  ourselves  resting  on 
experimental  assumption  above  mentioned,  and  which 
cannot  be  avoided.      For  suppose,  lastly,  that   the 
(tances  of  nature,  or  my  bodily  or  mental  constitution, 
such  that  the  same  side  always  is  started  upwards,  or 
that  they  are  started  in  any  arbitrary  order  of  our 
?     Well,  it  will  be  replied,  it  would  not  then  be  a  fair 
If  we  press  in  this  way  for  an  answer  to  such  enquiries, 
fihall  find  that  these  tacit  restrictions  are  really  nothing 
than  a  mode  of  securing  an  experimental  result.     They 
only  another  way  of  saying.  Let  a  series  of  actions  be 
formed  in  such  a  way  as  to  secure  a  sequence  of  a  par- 
kind,  viz.,  of  the   kind   described  in   the   previous 
>tera 

§  5.  An  intermediate  way  of  evading  the  direct  appeal 
fzperience  is  sometimes  found  by  defining  the  probability 
ui   event   as   being   measured  by  the  ratio  which   the 
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number  of  cases  favourable  to  the  event  bears  to  the 
number  of  cases  which  are  possible.    This  seems  a  som( 
loose  and  ambiguous  way  of  speaking.     It  is  clearly 
enough  to  count  the  number  of  cases  merely,  they  must 
be  valued,  since  it  is  not  certain  that  each  is  equally 
in  producing  the  effect.     This,  of  course,  would  nevarj 
denied,  but  sufficient  importance  does  not  seem  to  be 
tached  to  the  fact  that  we  have  really  no   other  way] 
valuing  them  except  by  estimating  the  effects  which 
actually  do,  or  would  produce.    Instead  of  thus  ap] 
the  proportion  of  cases  favourable  to  the  event,  it  is  far 
(at  least  as  regards  the  foundation  of  the  science,  for  we 
not  at  this  moment  discussing  the  practical  method  of 
tating  our  calculations)  to  appeal  at  once  to  the  pro] 
of  cases  in  which  the  event  actually  occurs. 

§  6.     The  remarks  above  made  will  apply,  of  coi 
most  of  the  other  common  examples  of  chance ;  the  tl 
of  dice,  drawing  of  cards,  of  balls  from  bags,  &c.     In 
last  case,  for  instance,  one  would  naturally  be  incl 
suppose  that  a  ball  which  had  just  been  put  back 
thereby  have  a  better  chance  of  coming  out  again  next 
since  it  will  be  more  in  the  way  for  that  purpose.     H< 
this  to  be  prevented?     If  we  designedly  thrust  it  to 
middle  or  bottom  of  the  others,  we  may  overdo  the 
tion ;  and  are  in  any  case  introducing  human  design, 
element  so  essentially  hostile  to  all  that  we  understand 
chance.     If  we  were  to  trust  to  a  good  shake  setting 
right,  we  may  easily  be  deceived ;  for  shaking  the  bag 
hardly  do  more  than  diminish  the  disposition  of  those 
which  were  already  in  each  other's  neighbourhood,  to 
so.     In  the  consequent  interaction  of  each   upon  all, 
arrangement  in  which  they  start  cannot  but  leave  its  im 
to  some  extent  upon  their  final  positions.     In  all  such 
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lierefore,  if  we  scrutinize  our  language,  we  shall  find  that 
lay  supposed  d  priori  mode  of  stating  a  problem  is  little  else 
a  compendious  way  of  saying,  Let  means  be  taken  for 
g  a  given  result.  Since  it  is  upon  this  result  that 
inferences  ultimately  rest,  it  seems  simpler  and  more 
ofiophical  to  appeal  to  it  at  once  as  the  groundwork  of 
science. 

§  7.     Let  us  again  take  the  instance  of  the  tossing  of  a 

[J,  and  examine  it  somewhat  more  minutely,  to  see  what 

be  actually  proved  about  the  results  we  shall  obtain. 

e  are  willing  to  give  the  pence  fair  treatment  by  assuming 

t  they  are  perfect,  that  is,  that  in  the  long  run  they  show 

preference  for  either  head  or  tail;  the  question  then 

ains.  Will  the  repetitions  of  the  same  face  obtain  the 

portional   shares    to  which    they   are    entitled    by   the 

interpretations  of  the  theory  ?     Putting  then,  as  before, 

the  sake  of  brevity,  H  for.  head,  and  HH  for  heads  twice 

ning,  we  are   brought  to   this  issue; — Given   that   the 

ce  of  H  is  i,  does  it  follow  necessarily  that  the  chance  of 

(with  two  pence)  is  i?    To  say  nothing  of  *H  ten  times* 

g  once  in  1024  times  (with  ten  pence),  need  it  occur 

all  ?    The  mathematicians,  for  the  most  part,  seem  to  think 

t  this  conclusion  follows  necessarily  from  first  principles ; 

me  it  seems  to  rest  upon  no  more  certain  evidence  than  a 

nable  extension  by  Induction. 

Taking  then  the  possible  results  which  can  be  obtained 

a  pair  of  pence,  what  do  we   find?     Four  different 

ts  may  follow,  namely,  (1)  HT,  (2)  HH,  (3)  TH,  (4)  TT. 

it  can  be  proved  that  these  four  are  equally  probable,  that 

occur  equally  often,  the  commonly  accepted  conclusions 

follow,  for  a  precisely  similar  argument  would  apply  to 

the  larger  numbers. 

§  8.     The  proof  usually  advanced  makes  use  of  what  is 

V.  6 
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called  the  Principle  of  SuflScient  Reason.  It  take 
form ; — Here  are  four  kinds  of  throws  which  may  hi 
once  admit  that  the  separate  elements  of  them,  nam 
and  T,  happen  equally  often,  and  it  will  follow  that  the 
combinations  will  also  happen  equally  often,  for  no  reas 
be  given  in  favour  of  one  of  them  that  would  not  equal] 
in  favour  of  the  others. 

To  a  certain  extent  we  must  admit  the  validity 
principle  for  the  purpose.     In  the  case  of  the  throws 
above,  it  would  be  valid  to  prove  the  equal  frequency 
and  (3)  and  also  of  (2)  and  (4) ;  for  there  is  no  ditf 
existing  between  these  pairs  except  what  is  introduced 
own  notation*.     TH  is  the  same  as  HT,  except  in  the 
of  the  occurrence  of  the  symbols  H  and  T,  which  we  • 
take  into  account.     But  either  of  the  pair  (1)  and 
different  from  either  of  the  pair  (2)  and  (4).     Transpo 
notation,  and  there  would  still  remain  here  a  distinction 
the  mind  can  recognize.     A  succession  of  the  same 
twice  running  is  distinguished  from  the  conjunction  ( 
different   things,  by  a   distinction  which  does    not  d 
upon  our  arbitrary  notation  only,  and  would  remain  ei 
unaltered  by  a  change  in  this  notation.    The  principle 
fore  of  Sufficient  Reason,  if  admitted,  would  only  prov 
doublets   of  the  two  kinds,  for  example  (2)  and  (4), 
equally  often,  but  it  would  not  prove  that  they  musi 


1  I  am  endeavouring  to  treat  this 
rule  of  Sufficient  Beason  in  a  way 
that  shall  be  legitimate  in  the  opinion 
of  those  who  accept  it,  but  there 
seem  very  great  doubts  whether  a 
contradiction  is  not  involved  when 
we  attempt  to  extract  results  from 
it.  If  the  sides  are  absolutely  alike, 
how  can  there  be  any  dijBference  be- 


tween the  terms  of  the  series 
succession  seems  then  reduce 
dull  uniformity,  a  mere  itera 
the  same  thing  many  time 
series  we  contemplated  has 
peared.  If  the  sides  are  not 
lutely  alike,  what  becomes 
applicability  of  the  rule  ? 
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ir  once  in  four  times.     It  cannot  be  proved  indeed  in  this 
that  they  need  ever  occur  at  all. 
§  9.     The  formula,  then,  not  being  demonstrable  a  priori, 
h  might  have  been  concluded,)  can  it  be  obtained  by  ex- 
Lce  ?  To  a  certain  extent  it  can ;  the  present  experience 
id  in  pence  and  dice  seems  to  show  that  the  smaller 
dons  of  throws  do  really  occur  in  about  the  proportions 
by  the  theory.     But  how  nearly  they  do  so  no  one 
say,  for  the  amount  of  time  and  trouble  to  be  expended 
we  could  feel  that  we  have  verified  the  fact,  even  for 
numbers,  is  very  great,  whilst  for  large  numbers   it 
be  simply  intolerable.     The  experiment  of  throwing 
enough  to  obtain  *  heads  ten  times '  has  been  actually 
formed  by  two  or  three  persons,  and  the  results  are  given 
De   Morgan,  and  Jevons\      This,  however,   being   only 
mt  on  the  average  to  give  *  heads  ten  times '  a  single 
the  evidence  is  very  slight;  it  would  take  a  con- 
ible   number   of  such   experiments  to  set  the   matter 
rly  at  rest. 

Any  such  rule,  then,  as  that  which  we  have  just  been 

ig,  which  professes  to  describe  what  will  take  place 

^a  long  succession  of  throws,  is  only  conclusively  proved  by 

jrience  within  very  narrow  limits,  that  is,  for  small  repe- 

lions  of  the  same  face ;  within  limits  less  narrow,  indeed, 

feel  assured  that  the  rule  cannot  be  flagrantly  in  error, 

\e  the  variation  would  be  almost  sure  to  be  detected. 

this  we  feel  strongly  inclined  to  infer  that  the  same 

will  hold  throughout.     In  other  words,  we  are  inclined 

extend  the  rule  by  Induction  and  Analogy.     Still  there 

80  many  instances  in  nature  of  proposed  laws  which  hold 

"lin  narrow  limits  but  get   egregiously  astray  when  we 

^  Formal  Logic,  p.  185.    Principles  of  Science,  p.  208. 

6—2 
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attempt  to  push  them  to  great  lengths,  that  we  must  giv 
best  but  a  qualified  assent  to  the  truth  of  the  formula. 

§  10.     The  object  of  the  above  reasoning  is  simplj 
show  that  we  cannot  be  certain  that  the  rule  is  true, 
us  now  turn  for  a  minute  to  consider  the  causes  by  wl 
the  succession  of  heads  and  tails  is  produced,  and  we  i 
perhaps  see  reasons  to  make  us  still  more  doubtfiiL 

It  has  been  already  pointed  out  that  in  calculating  pre 
bilities  d  priori,  as  it  is  called,  we  are  only  able  to  do  so 
introducing  restrictions  and  suppositions  which  are  in  rea 
equivalent  to  assuming  the  expected  results.  We  use  wc 
which  in  strictness  mean,  Let  a  given  process  be  perfonn 
but  an  analysis  of  our  language,  and  an  examination 
various  tacit  suppositions  which  make  themselves  felt 
moment  they  are  not  complied  with,  soon  show  that  our  i 
meaning  is,  Let  a  series  of  a  given  kind  be  obtained ;  it  s 
this  series  only,  and  not  to  the  conditions  of  its  product 
that  all  our  subsequent  calculations  properly  apply.  ' 
physical  process  being  performed,  we  want  to  know  whet 
anything  resembling  the  contemplated  series  really  will 
obtained. 

Now  if  the  penny  were  invariably  set  the  same  side 
permost,  and  thrown  with  the  same  velocity  of  rotation  i 
to  the  same  height,  &c. — in  a  word,  subjected  to  the  a 
coDditions, — it  would  always  come  down  with  the  same  i 
uppermost.     Practically,  we  know  that  nothing  of  this  k 
occurs,  for   the   individual  variations  in  the  results  of 
throws  are  endless.     Still  there  will  be  an  average  of  th 
conditions,  about  which  the  throws  will  be  found,  as  it  wi 
to  cluster  much  more  thickly  than  elsewhere.     We  should 
inclined  therefore  to  infer  that  if  the  same  side  were  sXm 
set  uppermost  there  would  really  be  a  departure  from 
sort  of  series  which  we  ordinarily  expect.     In  a  very  b 
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iber  of  throws  we  should  probably  begin  to  find,  under 
circumstances,  that  either  head  or  tail  was  having  a 
Terence  shown  to  it.     If  so,  would  not  similar  effects  be 
id  to  be  connected  with  the  way  in  which  we  started 
successive  pair  of  throws  ?    According  as  we  chose  to 
:e  a  practice  of  putting  HH  or  TT  uppermost,  might 
not  be  a  disturbance  in  the  proportion  of  successions  of 
heads  or  two  tails  ?     Following  out  this  train  of  reason- 
f,  it  would  seem  to  point  with  some  likelihood  to  the  con- 
ion   that  in  order  to  obtain  a  series  of  the  kind  we 
we  should  have   to  dispose  the   antecedents  in  a 
series  at  the  start.     The  changes  and  chances  pro- 
by  the  act  of  throwing  might  introduce  infinite  in- 
lual  variations,  and  yet  there  might  be  found,  in  the  very 
run,  to  be  a  close  similarity  between  these  two  series, 
§  11.     This  is,  to  a  certain  extent,  only  shifting  the  dif- 
Ity,  I  admit;  for  the  claim  formerly  advanced  about  the 
Lbility  of  proving  the  proportions  of  the  throws  in  the 
ler  series,  will  probably  now  be  repeated  in  favour  of 
in  the  latter.     Still  the  question  is  very  much  nar- 
red,  for  we  have  reduced  it  to  a  series  of  voluntary  acts. 
man  may  put  whatever  side  he  pleases  uppermost.     He 
ly  act  consciously,  as  I  have  said,  or  he  may  think  nothing 
itever  about  the  matter,  that  is,  throw  at  random;  if  so, 
will  probably  be  asserted  by  many  that  he  will  involun- 
ly  produce  a  series  of  the  kind  in  question.     It  may  be 
or  it  may  not;  it  does  not  seem  that   there   are  any 
ly  accessible  data  by  which  to  decide.     All  that  I  am 
jmed  with  here  is  to  show  the  likelihood  that  the  com- 
ly  received  result  does  in  reality  depend  upon  the  ful- 
lent  of  a  certain  condition  at  the  outset,  a  condition  which 
is  certainly  optional  with  any  one  to  fulfil  or  not  as  he 
The  short  successions  doubtless  will  take  care  of 
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themselves,  owing  to  the  infinite  compUcations  producer 
the  casual  variations  in  throwing;  but  the  long  ones 
suffer,  unless  their  interest  be  consciously  or  unconscio 
regarded  at  the  outset, 

§  12.  The  advice,  *Only  try  long  enough,  and  you 
sooner  or  later  get  'any  result  that  is  possible,'  is  plaus 
but  it  rests  only  on  Induction  and  Analogy;  mathematic 
not  prove  it.  As  has  been  repeatedly  stated,  there  are 
distinct  views  of  the  subject.  Either  we  may,  on  the 
hand,  take  a  series  of  sjrmbols,  call  them  heads  and  t 
H,  T,  &c.;  and  make  the  assumption  that  each  of  these, 
each  pair  of  them,  and  so  on,  will  occur  in  the  long  run  ^ 
a  regulated  degree  of  frequency.  We  may  then  calco 
their  various  combinations,  and  the  consequences  that : 
be  drawn  from  the  data  assumed.  This  is  a  purely  algebn 
process;  it  is  infallible;  and  there  is  no  limit  whatever  to 
extent  to  which  it  may  be  carried.  This  way  of  lookioj 
the  matter  may  be,  and  undoubtedly  should  be,  notl 
more  than  the  counterpart  of  what  I  have  called  the  sul 
tuted  or  idealized  series  which  generally  has  to  be  introdi 
as  the  basis  of  our  calculation.  The  danger  to  be  guai 
against  is  that  of  regarding  it  too  purely  as  an  algebn 
conception,  and  thence  of  sinking  into  the  very  nat 
errors  both  of  too  readily  evolving  it  out  of  our  own  < 
sciousness,  and  too  freely  pushing  it  to  unwarranted  lengi 

Or  on  the  other  hand,  we  may  consider  that  we  are  tr 
ing  of  the  behaviour  of  things; — balls,  dice,  births,  del 
&c.;  and  drawing  inferences  about  them.  But,  then,  n 
were  in  the  former  instance  allowable  assumptions,  beo 
here  propositions  to  be  tested  by  experience.  Now  the  yA 
theory  of  Probability  as  a  practical  science,  in  fact  as  i 
thing  more  than  an  algebraical  truth,  depends  of  course  u 
there  being  a  close  correspondence  between  these  two  vi 
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fcie  subject,  in  other  words,  upon  6ur  substituted  series 
g  kept  in  accordance  with  the  actual  series.  Experience 
idantly  proves  that,  between  considerable  limits,  in  the 
nple  in  question,  there  does  exist  such  a  correspondence, 
let  no  one  attempt  to  enforce  our  assent  to  every  remote 
iction  that  mathematicians  can  draw  from  their  formulae. 
Bn  this  is  attempted  the  distinction  just  traced  becomes 
oinent  and  important,  and  we  have  to  choose  our  side, 
ler  we  go  over  to  the  mathematics,  and  so  lose  all  right 
iscussion  about  the  things;  or  else  we  take  part  with  the 
gs,  and  so  defy  the  mathematics.  We  do  not  question 
formal  accuracy  of  the  latter  within  their  own  province, 
either  we  dismiss  them  as  somewhat  irrelevant,  as  apply- 
to  data  of  whose  correctness  we  cannot  be  certain,  or 
iske  the  liberty  of  remodelling  them  so  as  to  bring  them 
accotdance  with  facts. 

]  13.  A  critic  of  any  doctrine  can  hardly  be  considered 
lave  done  much  more  than  half  his  duty  when  he  has 
ained  and  justified  his  grounds  for  objecting  to  it.     It 

remains  for  him  to  indicate,  if  only  in  a  few  words, 
t  he  considers  its  legitimate  functions  and  position  to  be, 
it  can  seldom  happen  that  he  regards  it  as  absolutely 
thless  or  unmeaning.  I  should  say,  then,  that  when 
^ability  is  thus  divorced  from  direct  reference  to  objects, 
;  substantially  is  by  not  being  founded  upon  experience, 
mply  resolves  itself  into  the  common  algebraical  or  arith- 
ical  doctrine  of  Permutations  and  Combinations  \  The 
dderations  upon  which  these  depend  are  purely  formal 

necessary,  and  can  be  fully  reasoned  out  without  any 
3al  to  experience.  We  there  start  from  pure  coiisidera- 
B  of  number  or  magnitude,  and  we  terminate  with  them, 

*he  clofle    connection    between      title    of    Mr    Whitworth^s    treatise, 
sabjects  la  weU  indicated  in  the      Choice  and  Chance. 
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having  only  arithmetical  calculations  to  connect  them 
gether.  I  wish,  for  instance,  to  find  the  chance'  of  throwii 
heads  three  times  running  with  a  penny.  All  I  have  to 
is  first  to  ascertain  the  possible  number  of  throws.  Pc 
tations  tell  me  that  with  two  things  thus  in  question  (fij 
head  and  tail)  and  three  times  to  perform  the  process,  the 
are  eight  possible  forms  of  the  result.  Of  these  eight 
only  being  favourable,  the  chance  in  question  is  prono! 
to  be  one-eighth. 

Now  though  it  is  quite  true  that  the  actual  calculaticiii 
every  chance  problem  must  be  of  the  above  character,  viz. 
algebraical  or  arithmetical  process,  yet  there  is,  it  seems 
me,  a  broad  and  important  distinction  between  a  mat 
science  which  employs  mathematics,  and  a  formal  one  wl 
consists  of  nothing  but  mathematics.     When  we  cut 
selves  off  from  the  necessity  of  any  appeal  to  experience, 
are  retaining  only  the  intermediate  or  calculating  pait  of  i 
investigation;  we  may  talk  of  dice,  or  pence,  or  cards, 
these  are  really  only  names  we  choose  to  give  to  our  syml 
The  H's  and  T  s  with  which  we  deal  have  no  bearing  on 
jective  occurrences,  but  are  just  like  the  x*s  and  y's 
which  the  rest  of  algebra  deals.     Probability  in  fact,  when 
treated,  seems  to  be  absolutely  nothing  else  than  a  system' 
applied  Permutations  and  Combinations. 

It  will  now  readily  be  seen  how  narrow  is  the  range 
cases  to  which  any  purely  deductive  method  of  treatment 
apply.     It  is  almost  entirely  confined  to  such  employmc 
as  games  of  chance,  and,  as  already  pointed  out,  can  only 
regarded  as  really  trustworthy  even  there,  by  the  help 
various  tacit  restrictions.     This  alone  would  be  conch 
against  the  theory  of  the  subject  being  rested  upon  sadij 
basis.    The  experimental  method,  on  the  other  hand,  is,  ia 
same  theoretical  sense,  of  universal  application.     It  w( 
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ade  the  ordinary  problems  furnished  by  games  of  chance, 
fell  as  those  where  the  dice  are  loaded  and  the  pence  are 
perfect,  and  also  the  indefinitely  numerous  applications 
tatistics  to  the  various  kinds  of  social  phenomena. 
§  14.     The  particular  view  of  the  deductive  character  of 
bability  above  discussed,  could   scarcely  have  intruded 
tf  into  any  other  examples  than  those  of  the  nature  of 
lei^.  of  chance,  in  which  the  conditions  of  occurrence  are 
comparison  few  and  simple,  and  are  amenable  to  accurate 
nerical  determination.    But  a  doctrine,  which  is  in  reality 
le  else  than  the  same  theory  in  a  slightly  disguised  form, 
feiy  prevalent,  and  has  been  applied  to  truths  of  the  most 
iBly  empirical  character.     This  doctrine  will  be  best  in- 
hiced  by  a  quotation  fi:om  Laplace.     After  speaking  of 
irregularity  and  uncertainty  of  nature  as  it  appears  at 
I  sight,  he  goes  on  to  remark  that  when  we  look  closer  we 
in  to  detect  "a  striking  regularity  which  seems  to  sug- 
>  a  design,  and  which  some  have  considered  a  proof  of 
ndence.     But,  on  reflection,  it  is  soon  perceived  that  this 
alarity  is  nothing  but  the  development  of  the  respective 
labilities  of  the  simple  events,  which  ought  to  occur  more 
uently  according  as  they  are  more  probable  \" 
If  this  remark  had  been  made  about  the  succession  of 
is  and  tails  in  the  throwing  up  of  a  penny,  it  would 
*  been  intelligible.     It  would  simply  mean  this :  that  the 
ttitution  of  the  body  was  such  that  we  could  anticipate 
i  some  confidence  what  the  result  would  be  when  it  was 
ted  in  a  certain  way,  and  that  experience  would  justify 
anticipation  in  the  long  run.     But  applied  as  it  is  in  a 
)  general  form  to  the  facts  of  nature,  it  seems  really  to 
!  but  little  meaning  in  it.     Let  us  test  it  by  an  instance. 
Jst  the  irregularity  of  individual  births,  we  find  that  the 

I  Esiai  Philosophique.     Ed.  1825,  p.  74. 
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male  children  are  to  the  female,  in  the  long  run,  in  a 
the  proportion  of  106  to  100.  Now  if  we  were  told 
there  is  nothing  in  this  but  "  the  development  of  thei 
spective  probabilities,"  would  there  be  anything  in  sq 
statement  but  a  somewhat  pretentious  re-statement  a 
fact  already  asserted  ?  The  probability  is  nothing  but 
proportion,  and  is  unquestionably  in  this  case  derived 
no  other  source  but  the  statistics  themselves ;  in  the  i 
remark  the  attempt  seems  to  be  made  to  invert  this  pn 
and  to  derive  the  sequence  of  events  from  the  mere  n 
rical  statement  of  the  proportions  in  which  they  occur. 

§  15.  It  will  very  likely  be  replied  that  by  the  p 
bility  above  mentioned  is  meant,  not  the  mere  nunv 
proportion  between  the  births,  but  some  fact  in  our  « 
tution  upon  which  this  proportion  depends;  that  ju 
there  was  a  relation  of  equality  between  the  two  sides  o 
penny,  which  produced  the  ultimate  equality  in  the  nu 
of  heads  and  tails,  so  there  may  be  something  in  our  a 
tution  or  circumstances  in  the  proportion  of  106  to 
which  produces  the  observed  statistical  result.  When 
something,  whatever  it  might  be,  was  discovered,  th 
served  numbers  might  be  supposed  capable  of  being  ( 
mined  beforehand.  Even  if  this  were  the  case,  howei 
must  not  be  forgotten  that  there  could  hardly  fail  to 
combination  with  such  causes,  other  concurrent  conditio 
order  to  produce  the  ultimate  result;  just  as  besides  the  i 
of  the  penny,  we  had  also  to  take  into  account  the  nati 
the  'randomness'  with  which  it  was  tossed.  What 
may  be,  no  one  at  present  caii  undertake  to  say,  for  the 
physiologists  seem  indisposed  to  hazard  even  a  guess 
the  subject  \     But  without  going  into  particulars,  one 

^  An  opinion  prevailed  rather  at      Quetelet  amongst  others)  tb 
one  time  (quoted  and  supported  by      relative  ages    of    the    parem 
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with  some  confidence  that  these  conditions  cannot  well 

jther  independent  of  the  health,  circumstances,  man- 

and  customs,  &c.  (to  express  oneself  in  the  vaguest  way) 

parents ;  and  if  once  these  influencing  elements  are 

[aced,  even  as  very  minute  factors,  the  results  cease  to 

mdent  only  on  fixed  and  permanent  conditions.     We 

once  letting  in  other  conditions,  which,  if  they  also 

the  characteristics  that  distinguish  Probability  (an 

Lgly  questionable  assumption),  must  have  that  fact 

ly  proved  about  them.     That  this  should  be  the  case 

seems  not  merely  questionable,  but  almost  certainly 

dble ;  for  these  conditions  partaking  of  the  nature  of 

we  term  generally.  Progress  and  Civilization,  cannot  be 

to  show  any  permanent  disposition  to  hover  about 

rerage. 

16.  The  reader  who  is  familiar  with  Probability  is  of 
acquainted  with  the  celebrated  theorem  of  James 
mllL  This  theorem,  of  which  the  examples  just  ad- 
are  merely  particular  cases,  is  generally  expressed 
^what  as  follows : — in  the  long  run  all  events  will  tend 
oocur  with  a  relative  frequency  proportional  to  their 
ive  probabilities.  With  the  mathematical  proof  of  this 
5m  we  need  not  trouble  ourselves,  as  it  lies  outside  the 
ice  of  this  work;  but  indeed  if  there  is  any  value  in  the 
>ing  criticism,  the  basis  on  which  the  mathematics  rest 
Ity,  owing  to  there  being  really  nothing  which  we  can 
propriety  call  an  objective  probability. 
If  one  might  judge  by  the  interpretation  and  uses  to 


to  do  with  the  sex  of  the 
If  this  were  so,  it  would 

bear  ont  the  above  remarks. 

matter  of  fact,  it  should  be 
red,  that  the  proportign  of  106 


to  100  does  not  seem  by  any  means 
universal  in  all  countries  or  at  all 
times.  For  various  statistical  tables 
on  the  subject  see  Quetelet,  Physique 
Sociale,  Vol.  i.  166,  173,  238. 
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which  this  theorem  is  sometimes  exposed,  we  should 
it  as  one  of  the  last  remaining  relics  of  Bealism,  which 
being  banished  elsewhere  still  manages  to  linger  in  thej 
mote  province  of  Probability.  It  would  be  an  illustratii 
the  inveterate  tendency  to  objectify  our  conceptions,  e^ 
cases  where  the  conceptions  had  no  right  to  exist  at  all 
uniformity  is  observed ;  sometimes,  as  in  games  of  el 
is  found  to  be  so  connected  with  the  physical  constitute 
the  bodies  employed  as  to  be  capable  of  being  inferred' 
forehand ;  though  even  here  the  connection  is  by  no 
so  necessary  as  is  commonly  supposed,  owing  to  the  &ct 
in  addition  to  these  bodies  themselves  we  have  also  to 
into  account  their  relation  to  the  agencies  which  inflaij 
them.  This  constitution  is  then  converted  into  an  *obj< 
probability',  supposed  to  develope  into  the  sequence 
exhibits  the  uniformity.  Finally,  this  very  questionable: 
jective  probability  is  assumed  to  exist,  with  the  same 
of  development,  in  all  the  cases  in  which  uniformity  is 
served,  however  little  resemblance  there  may  be  bel 
these  and  games  of  chance. 

§  17.  How  utterly  inappropriate  any  such  conceptii 
in  most  of  the  cases  in  which  we  find  statistical  unifoi 
will  be  obvious  on  a  moment's  consideration.  The  ol 
phenomena  are  generally  the  product,  in  these  cases,  of 
numerous  and  complicated  antecedents.  The  number] 
crimes,  for  instance,  annually  committed  in  any  society, 
function  amongst  other  things,  of  the  strictness  of  the 
the  morality  of  the  people,  their  social  condition,  and 
vigilance  of  the  police,  each  of  these  elements  being  in  il 
almost  infinitely  complex.  Now,  as  a  result  of  all 
agencies,  there  is  some  degree  of  uniformity;  but  what 
been  called  above  the  change  of  type,  which  it  sooner] 
later  tends  to  display,  is  unmistakeable.    The  average 
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sobers  do  not  show  a  steady  gradual  approach  towards 
pt  might,  be  considered  in  some  sense  a  limiting  value, 
li^  on  the  contrary,  fluctuate  in  a  way  which,  however  it 
gr  depend  upon  causes,  shows  none  of  the  permanent  uni- 
Dodty  which  is  characteristic  of  games  of  chance.  This 
1^  combined  with  the  obvious  arbitrariness  of  singling  out, 
Bi  amongst  the  many  and  various  antecedents  which  pro- 
ted  the  observed  regularity,  a  few  only,  which  should  con- 
^te  the  objective  probability  (if  we  took  all,  the  events 
llg  absolutely  determined,  there  would  be  no  occasion  for 

appeal  to  probability  in  the  case),  would  have  been  suf- 
t  to  prevent  any  one  from  assuming  the  existence  of 

such  thing,  unless  the  mistaken  analogy  of  other  cases 

predisposed  him  to  seek  for  it. 
V  There  is  a  familiar  practical  form  of  the  same  error,  the 
Idency  to  which  may  not  improbably  be  derived  from  a 
jjdlar  theoretical  source.  ~  It  is  that  of  continuing  to  accu- 
Uate  our  statistical  data  to  an  excessive  extent.  If  the 
[le  were  absolutely  fixed  we  could  not  possibly  have  too 
iny  statistics;  the  longer  we  chose  to  take  the  trouble 
collecting  them  the  more  accurate  our  results  would  be. 
it  if  the  tjrpe  is  changing,  in  other  words,  if  some  of  the 
Hcipal  causes  which  aid  in  their  production  have,  in  regard 
their  present  degree  of  intensity,  strict  limits  of  time  or 
Ice,  we  shall  do  harm  rather  than  good  if  we  overstep 
lee  limits.  The  danger  of  stopping  too  soon  is  easily  seen, 
k  in  avoiding  it  we  must  not  fall  into  the  opposite  error  of 
lug  on  too  long,  and  so  getting  either  gradually  or  sud- 
Uly  under  the  influence  of  a  changed  set  of  circumstances. 

§  18.  This  chapter  was  intended  to  be  devoted  to  a 
Isideration,  not  of  the  processes  by  which  nature  produces 
^  series  with  which  we  are  concerned,  but  of  the  theoretic 
^  of  the  methods  by  which  we  can  determine  the  existence 
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of  such  series.     But  it  is  not  possible  to  keep  the  two  en( 
apart,  for  here,  at  any  rate,  the  old  maxim  prevails  tl 
know  a  thing  we  must  know  its  causes.     Recur  for  a 
to  the  considerations  of  the  last  chapter.     We  there 
that  there  was  a  large  class  of  events,  the  conditions  of 
duction  of  which  could  be  said  to  consist  of  (1)  a  comparatia 
few  nearly  unchangeable  elements,  and  (2)  a  vast  m 
of  independent  and  very  changeable  elements.     At  1« 
there  were  any  other  elements  besides  these,  we  are 
either  to  make  special  allowance  for  them,  or  to  omit 
from  our  enquiry.     Now  in  certain  cases,  such  as 
chance,  the  unchangeable  elements  may  without   pi 
error  be  regarded  as  really  unchangeable  throughout 
range  of  time  and  space.     Hence,  as  a  result,  the  dedi 
method  of  treatment  becomes  in  their  case  at  once  the 
simple,  natural,  and  conclusive ;  but,  as  a  further  conseqi 
the  statistics  of  the  events,  if  we  choose  to  appeal  to 
may  be   collected   ad   libitum  with   better  and  better 
proximation   to   truth.      On   the   other  hand,   in  all 
applications  of  Probability,  the  unchangeable  causes  can 
be  regarded  as  really  unchangeable  under  many  q\ 
tions.     We  know  little  or  nothing  of  them  directly ;  theyi 
often  in  reality  numerous,  indeterminate,  and  fluci 
and  it  is  only  under  the  guarantee  of  stringent  restricti< 
time  and  place,  that  we  can  with  any  safety  attribute! 
them   sufficient   fixity  to  justify  our  theory.     Hence, 
result,  the  deductive  method,  under  whatever  name  it 
go,  becomes  totally  inapplicable  both  in  theory  and  p] 
and,  as  a  further  consequence,  the  appeal  to  statistics 
be  made  with  the  caution  in  mind  that  we  shall  do 
rather  than  good  if  we  go  on  collecting  too  many  of  them 
§  19.     The   results   of  the   last   two   chapters   may 
summed  up  as  follows: — We  have  extended  the  concei 
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series  obtained  in  the  first  chapter ;  for  we  have  found 
these  series  are  mostly  presented  to  us  in  groups. 
B  groups  are  found  upon  examination  to  be  formed  upon 
)ximately  the  same  type  throughout  a  very  wide  and 
d  range  of  experience ;  the  causes  of  this  agreement  we 
flsed  and  explained  in  some  detail.  When,  however,  we 
id  our  examination  by  supposing  the  series  to  run  to  a 
great  length,  we  find  that  they  may  be  divided  into  two 
58  separated  by  important  distinctions.  In  one  of  these 
3S  (that  containing  the  results  of  games  of  chance)  the 
itions  of  production,  and  consequently  the  laws  of  statis- 
occurrence,  may  be  practically  regarded  as  absolutely 
;  and  the  extent  of  the  divergences  from  the  mean 
to  know  no  finite  limit.  In  the  other  class,  on  the 
■ary  (containing  the  bulk  of  ordinary  statistical  enquiries), 
londitions  of  production  vary  with  more  or  less  rapidity, 
so  in  consequence  do  the  results.  Moreover  it  is  often 
esible  that  variations  fi:om  the  mean  should  exceed  a 

I 

in  amount.  The  former  we  may  term  ideal  series.  It 
ey  alone  which  show  the  requisite  characteristics  with 
3lose  approach  to  accuracy,  and  to  make  the  theory  of 
ubject  tenable,  we  have  really  to  substitute  one  of  this 
for  one  of  the  less  perfect  ones  of  the  other  class,  when 
i  latter  are  under  treatment.  The  former  class  have, 
)ver,  been  too  exclusively  considered  by  writers  on  the 
jct ;  and  conceptions  appropriate  only  to  them,  and  not 
jTs  even  to  them,  have  been  imported  into  the  other 
.  It  is  in  this  way  that  a  general  tendency  to  an  ex- 
ire  deductive  or  d  priori  treatment  of  the  science  has 
encouraged. 


CHAPTER  V. 

THE   CONCEPTION  RANDOMNESS  AND  ITS  SCIENT 

TREATMENT, 

§  1.  There  is  a  term  of  frequent  occurrence  in  t 
on  Probability,  and  which  we  have  akeady  had  repea 
casion  to  employ,  viz.  the  designation  random  applie< 
event,  as  in  the  expression  *a  random  distribution 
scientific  conception  involved  in  the  correct  use  of  th 
is,  I  apprehend,  nothing  more  than  that  of  aggregat 
and  individual  irregularity  (or  apparent  irregularity) 
has  been  already  described  in^EEe^recei 
brief  discussion  of  the  requisites  in  this  scientific  con< 
and  in  particular  of  the  nature  and  some  of  the  reaf 
the  departure  from  the  popular  conception,  may  » 
clear  up  some  of  the  principal  remaining  difficulties 
attend  this  part  of  our  subject. 

The  original  \  and  still  popular,  signification  of  tl 
is  of  course  widely  different  from  the  scientific.  5 
looks  to  is  the  ^rigin, 'not  the  results,  of  the  rando 
formance,  and  it  itas'  reference  rather  to  the  smgle 
than  to  a  group  or  series  of  actions.     Thus,  "^^when" 

1  According  to  Prof.  Skeat  (Ety-  nected  with  the  Teutonic  y^ 

mological   Dictionary)    the^^^ariieHt  (brim),  and  implies  the  fill 

known  meaning  is  that  di^^furiim  irregular  action  of  a  river  f 

action,  as  in  a  charge  of  cavalry.  brim. 
The  etymology,  he  considers,  is  con- 
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bWB  a  bow^  'at  a  venture',  or  'at  random',  we  mean  only 
point  out  the  aimless  character  of  the  performance; 
are  contrasting  it  with  the  definite  intention  to  hit  a 
rtain  mark.  But  it  is  none  the  less  true,  as  already 
inted  out,  that  we  can  only  apply  processes  of  inference  to 
ch  performances  as  these  when  we  regard  them  as  being 
pable  of  frequent,  or  rather  of  indefinitely  extended  repeti- 

Begin  with  an  illustration.  Perhaps  the  best  typical 
aunple  that  we  can  give  of  the  scientific  meaning  of 
ndom  distribution  is  aflforded  by  the  arrangemenLjif_thfi_ 
topa^f  rain  jp^-A'-sfagwer.  No  one  can  give  a  guess  where- 
Kmts  at  any  instant  a  drop  will  fall,  but  we  know  that  if 
d  put  out  a  sheet  of  paper  it  will  gradually  become  uni- 
rmly  spotted  over;  and  that  if  we  were  to  mark  out  any 
fo  equal  areas  on  the  paper  these  would  gradually  tend 
'  be  struck  equally  often. 

§  2.     I.  Any  attempt  to  draw  inferences  from  the  as- 
mption   of  random   arrangement  must  postulate^^thfi^c- 

mence    of  this   pfl.rf.ir>n1ar   ai,f\i.P'    nfjjri^^rfi^^  satyip   gfo^^Ar 

ll6E  But  there  is  often  considerable  diflSculty,  leading  oc- 
sionally  to  some  arbitrariness,  in  deciding  the  particular 
Hge  at  which  it  ought  to  be  introduced. 

(1)  Thus,  in  many  of  the  problems  discussed  by  mathe- 
aticians,  we  look  as  entirely  to  the  results  obtained,  and 
ank  as  little  of  the  actual  process  by  which  they  are  obtained, 
.  when  we  are  regarding  the  arrangement  of  the  drops  of 
in.  A  simple  example  of  this  kind  would  be  the  following. 
pawn,  diameter  of  base  one  inch,  is  placed  at  random  on 
ihess-board,  the  diameter  of  the  squares  of  which  is  one  inch 
kd  a  quarter:  find  the  chance  that  its  base  shall  lie  across 
le  of  the  intersecting  lines.  Here  we  may  imagine  the 
kwns  to  be  so  to  say  rained  down  vertically  upon  the  board, 

V.  7 
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and  the  question  is  to  find  the  ultimate  proportion  of 
which  meet  a  boundary  line  to  the  total  of  those  which 
The  problem  therefore  becomes  a  merely  geometrical 
viz.  to  determine  the  ratio  of  a  certain  area  on  the 
the  whole  area.     The  determination  of  this  ratio  is  all 
the  mathematician  ever  takes  into  account. 

Now  take  the  following.     A  straight  brittle  rod  is 
at  random  in  two  places:  find  the  chance  that  the  pieces 
make  a  triangle'.     Since  the  only  condition  for  rai 
triangle  with  three  straight  lines  is  that  each  two  shall  i 
greater  than  the  third,  the  piioblem  seems  to  involve  ^ 
same  general  conception  as  in  the  former  case.     We 
conceive   such   rods   breaking   at   one   pair   of   spots 
another, — no  one  can  tell  precisely  where, — but  showing 
same  ultimate  tendency  to  distribute  these  spots  throi 
the  whole  length  uniformly.     As  in  the  last  case,  the 
matician  thinks  of  nothing  but  this  final  result,  andpajl] 
heed  to  the  process  by  which  it  may  be  brought  about. 

tion,  though  of  a  somewhat  more  complicated  character. 

§  3.    (2)   In  another  class  of  cases  we  have  to  contem] 
an  intermediate  process  rather  than  a  final  result;  but 
same  conception  has  to  be  introduced  here,  though  it  is 
applied  to  the  former  stage,  and  in  consequence  will  nofe 
general  apply  to  the  latter. 

For  instance:  a  shot  is  fired  at  random  from  a  gun  wl 
maximum  range  (Le.  at  45°  elevation)  is  3000  yards:  wl 
the  chance  that  the  actual  range  shall  exceed  2000 
The  ultimately  uniform  (or  random)  distribution  here 
commonly  assumed  to  apply  to  the  various  directions 
which  the  gun  can  be  pointed;  all  possible  directions 

^  See  the  problem  paper  of  Jan.  18,  1854,  in  the  Cambridge  MaOM 
tioal  Tripos. 
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\  horizontal  being  equally  represented  in  the  long  run. 
i  have  therefore  to  contemplate  a  surface  of  uniform  dis- 
bution,  .hut  it  will  be  the  surface;  not  of  the  ground,  but 
a  hemisphere  whose  centre  is  occupied  by  the  man  who 
to.  The  ultimate  distribution  of  the  bullets  on  the  spp^s 
lere  they  strike  the  ground  will  not  be  uniform.  T] 
liblein  is  in  fact  to  discover  the  law  of  variation  of  thi 
isity  of  distribution. 
The  above  is,  I  presume,  the  treatment  generally  adopted 
►Iving  such  a  problem.  But  there  seems  no  absolute 
ty  for  any  such  particular  choice.  It  is  surely  open  to 
one  to  maintain*  that  his  conception  of  the  randomness  of 
firing  is  assigned  by  saying  that  it  is  likely  that  a  man 
id  begin  by  facing  towards  any  point  of  the  compass  in- 
>ntly,  and  then  proceed  to  raise  his  gun  to  any  angle 
ferently.  The  stage  of  ultimately  uniform  distribution 
has  receded  a  step  further  back.  It  is  not  assigned 
ily  to  the  surface  of  an  imaginary  hemisphere,  but  to 
lines  of  altitude  and  azimuth  drawn  on  that  surface, 
igly,  the  distribution  over  the  hemisphere  itself  will 
now  be  uniform, — there  will  be  a  comparative  crowding 
towards  the  pole, — and  the  ultimate  distribution  over  the 

id  will  not  be  the  same  as  before. 

§  4.     Difficulties  of  -  this-kind,  arising  out-of  the_unr 

as  to  what  stage  should  be  selected  f^^  that  ofuni- 

jibutidn,  will  occasionally  present  themaelyes.     For 

ice:  let  a  book  be  taken  at  random  out  of  a  bookcase; 

is  the  chance  of  hitting  upon  some  assigned  volume? 

ly  know  how  this  question  would  commonly  be  treated. 

^e  were  to  set  our  man  opposite  the  middle  of  the  shelf 

As,  aeoording  to  Mr  H.  Godfray,      proposed  in  an  examination.     See 
^Bajority  of  the  candidates  did      the  Educational  Times  (Beprint,  Vol. 
when  the  problem  was  once      vii.  p.  99.) 
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and  inquire  what  would  generally  happen  in  practice, 
posing  him  blindfolded,  thrrr  rninnnt  ho  much 

contrary,  it  is  likely  that  there  would  be  a  tendency  to 
creased  frequency  about  a  centre  indicated  by  the  he^ 
of  his  shoulder,  and  (unless  he  be  left-handed)  a  trifle  to 
right  of  the  point  exactly  opposite  his  starting  point. 

If  the  question  were  one  which  it  were  really 
while  to  work  out  on  these  lines  we  should  be  led  a 
way  back.     Just  as  we  imagined  our  rifleman's  poeitiaiii 
the   second   supposition)   to   be   determined   by   two 
pendent  coordinates  of  assumed  continuous  and  equal 
so  we  might  conceive  our  making  the  attempt  to  analysej 
man's  movements   into   a  certain  number  of  indei 
constituents.     We  might  suppose  all  the  various 
from   his   starting  point,  along  the  ground,  to  be 
likely;  and  that  when  he  reacb€S~1ji\e  shelves  the 
motion  of  his  hand  is  to  be  resjilated  \fter  the  fashion 
shot  discharged  at  random. 

The  above  would  be  one  way  of  setting  about  the 
ment  of  the  problem.     But  the  reader  will  understand 
all  which  I  am  here  proposing  to  maintain  is  that  in 
as  in  every  similar  case,  we  ^i^nysf  ^n^^iintfrr,  under 
conception  of  'randomness',  at  some   stage    or   other, 
postulate  of  ultimate  unifonnity  of .  SfiktributioailQ^g; 
assigned  magnitude:  either  time ;  or  spac^^  liiiear^ sugc 
or  solid.     But  the  selection  of  the  stage  at  which  this  ii 
be  applied  may  give  rise  to  considerable  difficulty,  and 
arbitrariness  of  choice. 

§  5.  Some  years  ago  there  was  a  very  interesting 
sion  upon  this  subject  carried  on  in  the  mathematical  pa 
the  Educational  Times  (see,  especially.  Vol.  vil).  Ai 
unfrequently  happens  in  mathematics  there  was  an  al 


p.  5.]     Randomness  and  its  scientific  treatment. 


101 


accord  amongst  the  various  writers  as  to  the  assump- 
practically  to  be  made  in  any  particular  case,  and  there- 
as  to  the  conclusion  to  be  drawn,  combined  with  a  very 
dderable  amount  of  difference  as  to  the  axioms  and  defi- 
to  be  employed.     Thus  Mr  M.  W.  Crofton,  with  the 
tntial  agreement  of  Mr  Woolhouse,  laid  it  down  un- 
itingly  that  "at  mrHom"  hnfi  "ajsTry  dear  and  definite 
ig;  one  which  cjmnot  be  better  conveyed  than  by  Mr 
m's  definition,  Recording  to  no  lavj^Bud  in  this  sense 
I  mean  to  use  it?*     Accordmg  "to  any  scientifiQ  inter- 
ion  of  '  law '  I  should  have  said  that  where  there  was 
there  could  be  no  inference.     But  ul^aate  tendency 
'  distribution  is'  as  much  taken  foTgitnited 
Crofton  as  by  an^^smeelse:  in  fact  he  makes  this  a 
firom  his  definition: — "As  this  infinite  system  of 
lels  are  drawn  according  to  no  law,  they  are  as  thickly 
along  any  part  of  the  [common]  perpendicular  as 
any  other"  (vii.  p.  85).     Mr  Crofton  holds  that  any 
of  unequal  distribution  would  imply  law, — "If  the  points 
a  plane]  tended  to  become  denser  in  any  part  of  the  plane 
in  another,  there  must  be  some  law  attracting  them 
"  (ib.  p.  84).     The  same  view  is  enforced  in  his  paper 
Local  Probability  (in  the  Phil.  Trans.,  Vol.  158).     Surfily_ 
ley 


o! 


tend  to  become  equally  dense  this  is  just  as  much 
:  regularity  or  law] 


may  be  remarked^that  wherever  any  serious  practical 
[uences  turn  upon  duly  securing  the  desired  random- 
it  is  always  so  contrived  that  no  design  or  awkwardness 
unconscious  one-sidedness  shall  disturb  the  result.     The 
jipal  case  in  point  here  is  of  course  afforded  by  games  of 
ice.     What  we  want,  when-a^ajtoss  a  die,  is  to  secure  that 
firomTlJia^  flliall  be  equatty  ofteir  represented  in 
long  run,  but  that  nojafirsnn  shaH-be-cU^l&.tQ  predict-  the 
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occurrence.  We  might,  in  our  statement 
\problem,  as  easily  postulate 'a  number  thought  of  a,t 
as  *a  shot  i&red  at  random*,  but  no  one  would  risk  his 
of  gain  and  loss  on  the  supposition  that  this  would  be 
\with  continued  fairness.  Accordingly,  we  construct  a 
whose  sides  are  accurately  alike,  and  it  is  found  that  we 
do  almost  what  we  like  with  this,  at  any  previous 
that  of  its  issue  from  the  dice  box  on  to  the  table,  wit 
interfering  with  the  random  nature  of  the  result. 

§  6.    II.    Another  characteristic  in  which  the  scic 
conception  seems  to  me  to  depart  from  the  popular  or 
signification  is  the  following.    The  area  of  distribution 
we  take  into  account  must  be  a  finite  or  limited  one. 
necessity  for  this  restriction  may  not  be  obvious  at  first 
but  the  consideration  of  one  or  two  examples  will 
indicate  the  point  at  which  it  makes  itself  felt.     Si 
that   one  were  asked  to  choose  a  number  at  randonii 
from  a  finite  range,  but  from  the  inexhaustible  possil 
of  enumeration.     In  the  popular  sense  of  the  term,- 
uttering  a  number  without  pausing  to  choose, — there  iBi 
difficulty.     But  a  moment's  consideration  will  show  thafci 
arrangement  even  tending  towards  ultimately  uniform 
tribution  can  be  secured  in  this  way.     No  average  couUj 
struck  with   ever  increasing  steadiness.      So   with 
infinity.      We   can  rationally  speak  of  choosing  a  poii 
random  in  a  given  straight  line,  area,  or  volume.     But 
suppose  the  line  to  have  no  end,  or  the  selection  to  be 
in  infinite   space,  the  basis  of  ultimate   tendency  to\ 
what  may  be  called  the  equally  thick  deposit  of  our 
points  fails  us  utterly. 

Similarly  i^  any  other   example  in  which   one  of 
magnitudes  is  jmlimited.     quppose  I  fling  a  stick  at 
in   a  horizontaN-^Jane^jbg^inst  a  row  of  iron  railings 
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qiiire  for  the  chance  of  its  passing  through  without  touch- 
|r  them.  The  problem  bears  some  analogy  to  that  of  the 
iBflBmen,  and  so  far  as  the  motion  of  translation  of  the 
■Bk  is  concerned  (if  we  begin  with  this)  it  presents  no 
IBcalty.  But  as  regards  the  rotation  it  is  otherwise.  For 
1^  assigned  linear  velocity  there  is  a  certain  angular  ve- 
ibty  below  which  the  stick  may  pass  through  without  con- 
Ifefc,  but  ahove  which  it  cannot.  And  inasmuch  as  the  former 
■ige  is  limited  and  the  latter  is  unlimited,  we  encounter 
^  taune  impos8ibility"asJ3efore  injsndoavouriBg-^lo  conceiaz:^' 
Fopn  distribution.  Of  course  we  might  evade  this 
lar  diflSculty  by  beginning  with  an  estimate  of  the 
velocity,  when  we  should  have  to  repeat  what  has 
been  said,  mutatis  mutandis,  in  reference  to  the  linear 
llocity. 

^  §  7.  I  am  of  course  aware  that  there  are  a  variety  of 
iDblems  current  which  seem  to  conflict  with  what  has  just 
Ben.  said,  but  they  will  all  submit  to  explanation.  For  in- 
iiuice ;  What  is  the  chance  that  three  straight  lines,  taken 
^  drawn  at  random,  shall  be  of  such  lengths  as  will  admit  of 
leir  forming  a  triangle  ?  There  are  two  ways  in  which  we 
•y  regard  the  problem.  We  may,  for  one  thing,  start  with 
le  assumption  of  three  lines  not  greater  than  a  certain 
Hgth  n,  and  then  determine  towards  what  limit  the  chance 
mds  as  n  increases  unceasingly.  Or,  we  may  maintain  that 
le  question  is  merely  one  of  relative  proportion  of  the  three 
lies.  We  may  then  start  with  any  magnitude  we  please  to 
ipresent  one  of  the  lines  (for  simplicity,  say,  the  longest  of 
lem),  and  consider  that  all  possible  shapes  of  a  triangle 
ill  be  represented  by  varying  the  lengths  of  the  other  two. 
I  either  case  we  get  a  definite  result  without  need  to  make 
t  attempt  to  conceive  any  random  selection  from  the  in- 
bity  of  possible  length. 
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So  in  what  is  called  the  "three-point  problem": — ^Tl 
points  in  space  are  selected  at  random ;  find  the  chance 
their  forming  an  acute-angled  triangle.  What  is  done  is 
start  with  a  closed  volume, — say  a  sphere,  from  its  supa 
simplicity, — find  the  chance  (on  the  assumption  of  unifi 
distribution  within  this  volume) ;  and  then  conceive  the  c 
tinual  enlargement  without  limit  of  this  sphere.  So  regan 
the  problem  is  perfectly  consistent  and  intelligible,  thoti|^ 
fail  to  see  why  it  should  be  termed  a  random  selection 
space  rather  than  in  a  sphere.  Of  course  if  we  started  n 
a  different  volume,  say  a  cube,  we  should  get  a  differ 
result ;  and  it  is  therefore  contended  (e.g.  by  Mr  CroftcHD 
the  Educational  Times,  as  already  referred  to)  that  infii 
space  is  more  naturally  and  appropriately  regarded  as  teiM 
towards  by  the  enlargement  of  a  sphere  than  by  that  o 
cube  or  any  other  figure. 

Again :  A  group  of  integers  is  taken  at  random ;  si 
that  the  number  thus  taken  is  more  likely  to  be  odd  tl 
even.  What  we  do  in  answering  this  is  to  start  with  i 
finite  number  n,  and  show  that  of  all  the  possible  d 
binations  which  can  be  made  within  this  range  there 
more  odd  than  even.  Since  this  is  true  irrespective  of 
magnitude  of  n,  we  are  apt  to  speak  as  if  we  could  conce 
the  selection  being  made  at  random  from  the  true  infii 
contemplated  in  numeration. 

§  8.  Where  these  conditions  cannot  be  secured  thei 
seems  to  me  that  the  attempt  to  assign  any  finite  value 
the  probability  fails.  For  instance,  in  the  following  probl 
proposed  by  Mr  J.  M.  Wilson,  "Three  straight  lines 
drawn  at  random  on  an  infinite  plane,  and  a  fourth  line 
drawn  at  random  to  intersect  them :  find  the  probabilit] 
its  passing  through  the  triangle  formed  by  the  other  thw 
(Ed.  Times,  Eeprint,  Vol.  v.  p.  82),  he  offers  the  follow 
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tation :  **  Of  the  four  lines,  two  must  and  two  must  not  pass 
lihin  the  triangle  formed  by  the  remaining  three.  Since 
I  are  drawn  at  random,  the  chance  that  the  last  drawn 
pold  pass  through  the  triangle  formed  by  the  other  three 
iccmsequently  |." 

t  I  quote  this  solution  because  it  seems  to  me  to  illustrate 
fel  difficulty  to  which  I  want  to  call  attention.  As  the 
iDiblem  is  worded,  a  triangle  is  supposed  to  be  assigned  by 
lee  straight  lines.  However  large  it  Inay  be,  its  size  bears 
i  finite  ratio  whatever  to  the  indefinitely  larger  area  out- 
le  it ;  and,  so  far  as  I  can  put  any  intelligible  construction 
i  the  supposition,  the  chance  of  drawing  a  fourth  random 
IB  which  should  happen  to  intersect  this  finite  area  must 
t  reckoned  as  zero.  The  problem  Mr  Wilson  has  solved 
Bins  to  me  to  be  a  quite  different  one,  viz.  "Given  four 
letsecting  straight  lines,  find  the  chance  that  we  should, 
xandom,  select  one  that  passes  through  the  triangle  formed 
^  the  other  three." 

The  same  difficulty  seems  to  me  to  turn  up  in  most  other 
tempts  to  apply  this  conception  of  randomness  to  real 
Bnity.  The  following  seems  an  exact  analogue  of  the 
ove  problem : — A  number  is  selected  at  random,  find  the 
ince  that  another  number  selected  at  random  shall  be 
9ater  than  the  former ; — the  answer  surely  must  be  that 
3  chance  is  unity,  viz.  certainty,  because  the  range  above 
f  assigned  number  is  infinitely  greater  than  that  below  it. 
,  expressed  in  the  only  language  in  which  I  can  under- 
ad  the  term  'infinity*,  what  I  mean  is  this.  If  the  first 
mber  be  m  and  I  am  restricted  to  selecting  up  to  n 
> m)  then  the  chance  of  exceeding  m  is  n  —  m:n;  if  I 
I  restricted  to  2n  then  it  is  2n  —  m  :  2n  and  so  on.  That 
however  large  n  and  m  may  be  the  expression  is  always 
elligible;   but,  m  being  chosen  first,  n  may  be  made  as 
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much  larger  than  m  as  we  please:  i.e.  the  chance  may 
made  to  approach  as  near  to  unity  as  we  please. 

I  cannot  but  think  that  there  is  a  similar  Mlacy  in 
Morgan's  admirably  suggestive   paper  on  Infimty  (Gc 
Phil.  Trans,  Vol.  11.)  when  he  is  discussing  the  "  three-] 
problem  " : — ^i.e.  given  three  points  taken  at  random  find 
chance  that  they  shall  form  an  acute-angled  triangle, 
that  he  shows  is,  that  if  we  start  with  one  side  as  given 
consider  the  subsequent  possible  positions  of  the  opj 
vertex,  there  are  infinitely  as   many  such  positions 
would  form  an  acute-angled  triangle  as  an  obtuse:  bt 
before,  this  is  solving  a  (Afferent  problem. 

§  9.    The  nearest  approach  I  can  make  towards  true  ii 

[on  in 


nitj^ 


is  as  follows.     Suppose  a  circle  with  a  tangent  line  e: 
indefinitely  Tn~  each""  direction.     Now  from  the  centre 
radii  at  random ;  in  other  words,  let  the  semicircumi 
which  lies  towards  the  tangent  be  ultimately  uniformly 
tersected  by  the  radii.     Let  these  radii  be  then  produced' 
as  to  intersect  the  tangent  line,  and  consider  the  distiibut 
of  these  points  of  intersection.    We  shall  obtain  in  the 
one  characteristic  of  our  random  distribution ;  i.e.  no 
of  this  tangent,  however  small  or  however  remote,  but 
find  itself  in  the  position  ultimately  of  any  small  portic 
the  pavement  in  our  supposed  continual  rainfall.     Thafci 
any  such  elementary  patch  will  become  more  and  more  dc 
dotted  over  with  the  points  of  intersection.     But  the 
essential  characteristic,  viz.  that  of  ultimately  uniform 
tribution,  will  be  missing.     There  will  be  a  special  foi 
distribution, — what  in  fact  will  have  to  be  discussed 
future  chapter  under  the  designation  of  a  *  law  of  error  V 
virtue  of  which  the  concentration  will  tend  to  be  greatest 
a  certain  point  (that  of  contact  with  the  circle),  and  will 
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it  from  here  in  each  direction  according  to  an  easily 
ilculated  formula.  The  existence  of  such  a  state  of  things- 
I  this  is  quite  opposed  to  the  conception  of  true  randomness. 
I  §  10.  IIL  Apart  from  definitions  and  what  comes  of 
lorn,  perhaps  the  most  important  question  connected  with 
le  conception  of  Randomness  is  this :  How..ia,-.anjz-N^jKfin-. 
^"  are  we  todetemin^,,\rfiether  an  obsfiw^d-^QjErongement. 
cragidered^^random  one  or^riot?     This  question  will 

re  to  be  more  fuUyois^ussed  in  a  future  chapter,  but  we 
lb  already  in  a  position  to  see  our  way  through  some  of  the 
kiBculties  involved  in  it. 

(1)  If  the  events  or  objects  under  consideration  are  sup- 
ptoed  to  be  continued  indefinitely,  or  if  we  know  enough 
iggtjihe  mode  in  which-tfa^y^are16rougfat~ab()Ut~to  detect  ' 
WKt  ultimate  tendency, — or  even,  short  of  this,  if  they  are 
lerous  enough  to  be  beyond  practical  counting, — there  is. 
b  great  difficulty.  We  are  simply  confronted  with  a  ques- 
on  of  fact,  to  be  settled  like  other  questions  of  fact.  In  the 
186  of  the  rain-drops,  watch  two  equal  squares  of  pavement 
f*  other  surfaces,  and  note  whether  they  come  to  be  more 
id  more  densely  uniformly  and  evenly  spotted  over:  if  ^hey^ 

len  thearrangement  Js  what  we  call  a  random  Oiie.  If 
want  to  know  whether  a  tobacco-pipe  really  breafes  at  ran- 
Mn,  and  would  therefore  serve  as  an  illustration  of  the 
^oblem  proposed  some  pages  back,  I  have  only  to  drop 
iDugh  of  them  and  see  whether  pieces  of  all  possible  lengths 
IB  equally  represented  in  the  long  run.  Or,  I  may  argue 
iductively,  from  what  I  know  about  the  strength  of  ma- 
rials  and  the  molecular  constitution  of  such  bodies,  as  to 
hether  fractures  of  small  and  large  pieces  are  all  equally 
kely  to  occur. 

§  11.     The  readers  attention  must  be  carefully  directed 
\  a  source  of  conftision  here,  arising  out  of  a  certain  cross- 
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division.     What  we  are  now  discussing  is  a  question  of  & 

viz.  the  nature  of  a  certain  ultimate  arrangement;  we  I 

not  discussing  the  particular  way  in  which  it  is  broug 

about.    In  other  words,  the  antithesis  is  betweenwhat  i&Ji 

jwhat  is  not  random :  it  is  not  between  what  is  random  ai 

what  is  designed!     3t5"we  shall  see  in  a  few  moments  ii 

,  quite  possible  that  nn  nrrangrmFint  ^lainVi  icr  flif^  reaqltr* 

ever  anything  were  so, — of  'design',  may  nevertheless  presfl 

--thB~uttmisti^akgablo_gt!nffl    of  randomness  ot  a-rranprftrnftnt.. 

^jOoiisider  a  case  which  has  been  a  good  deal  discuas^ 

and  to  which  we  shall  revert  again:  tbe-flirrangrnnnnt  of  j 

s^ars!     The-question  here  is  rather  complicated  by  the  fii 

that  we  know  nothing  about  the  actual  mutual  positions  | 

the  stars,  all  that  we  can  take  cognizance  of  being  their  d 

parent  or  visible  places  as  projected  upon  the  surface  rf 

supposed  sphere.      Appealing   to  what  alone  we  can  tli 

observe,  it  is  obvious  that  the  arrangement,  as  a  whole, 

not  of  the  random  sort.     The  Milky  Way  and  the  other  » 

solvable  nebulae,  as  they  present  themselves  to  us,  are  as  (J 

vious  an  infraction  of  such  an  arrangement  as  would  be  d 

occurrence  here  and  there  of  patches  of  ground  in  a  rain-i 

which  received  a  vast  number  more  drops  than  the  spafl 

surrounding  them.     If  we  leave  these  exceptional  areas  ci 

of  the  question  and  consider  only  the  stars  which  are  visib 

by  the  naked  eye  or  by  slight  telescopic  power,  it  seel 

equally  certain  that  the  arrangement  is^  for  the  most  parij 

^fairly  representative  random  one.     By  this  we  mean  nothi 

<  more  thaa^-the-facflbEat  when  we  marfc^ff  any  numbgg/ 

'Jequal  areasj2n^he_visible  sphere  these  are  found  to  conti 

\appro3dmtitely~Ehe  same  .numBerrdEiiSiS;: — * 

*"  The  actual  arrangement  of  the  stars  in  space  may  al 

be  of  the  same  character:   that  is,  the  apparently  dew 

aggregation  may  be  apparent  only,  arising  from  the  feet  tl 
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are  looking  through  regions  which  are  not  more  thickly 
mpied  but  are  merely  more  extensive.  The  alternative 
fore  us,  in  fact,  is  this.  If  the  whole  volume,  so  to  say,  of 
B  starry  heavens  is  tolerably  regular  in  shape,  then  the 
ran^ement  of  the  stars  is  not  of  the  random  order;  if  that 
lume  is  very  irregular  in  shape,  it  is  possible  that  the  ar- 
agement  within  it  may  be  throughout  of  that  order. 

§  12.  (2)  When  the  arrangement  in  question  includes 
It  a  comparatively  small  number  of  events  or  objects,  it 
tcomes  much  more  difficult  to  determine  whether  or  not  it 
to  be  designated  a  random  one.  In  fact  we  have  to  shift 
IT  ground,  and  to  decide  not  by  what  has  been  actually 
iserved  but  by  what  we  have  reason  to  conclude  would  be 
leerved  if  we  could  continue  our  observation  much  longer. 
his  introduces  what  is  called  'Inverse  Probability',  viz.  the 
^termination  of  the  nature  of  a  cause  from  the  nature  of  the 
Ifeerved  effect;  a  question  which  will  be  fully  discussed  in 

future  chapter.  But  some  introductory  remarks  may  be 
anveniently  made  here. 

Every  problem  of  Probability,  as  the  subjectisheraunder- 
iQod,  introduc^^tlic  cuuccpLlou  of-  au^'liTtimate  limit,,  and 
l^re^fe  pre8uppo8^5~Ti«-4iadefi»itcrTrossibility  of  repetition, 
^heiuw^e-have  onlya-iinite  mimber  of  occurrences  before  us, 
irect  evidence  of  the  character  of  their  arrangement  fails  us, 
tid  we  have  to  fall  back  upon  the  nature  of  the  agency 
hich  produces  them.  And  as  the  number  becomes  smaller 
le  confidence  with  which  we  can  estimate  the  nature  of  the 
gency  becomes  gradually  less. 

Begin  with  an  intermediate  case.  There  is  a  small  lawn, 
Irinkled  over  with  daisies:  is  this  a  random  arrangement? 
^e  feel  some  confidence  that  it  is  so,  on  mere  inspection; 
leaning  by  this  that  (negatiyely)  no  trace  of  any  regular 
ittem  can  be^TKscerned  and  (affirmatively)  that  if  we  take 
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any  moderately  small  area,  say  a  square  yard,  we  shall 

much  about  the  same  number  of  the  plants  included  i 

A^ut  we  can  help  ourselves  by  an  appeal  to  the  known  ag 

/  of  distribution  here.     We  know  that  the  daisy  spread 

I   seed,  and  considering  the  efifect  of  the  wind  and  the  contii 

\  sweeping  and  mowing  of  the  lawn  we  can  detect  cause 

;  work  which  are  analogous  to  those  by  which  the  dealin 

\€ards  and  the  tossing  of  dice  are  regulated. 

In  the  above  case  the  appeal  to  the  process  of  produc 
was  subsidiary,  but  when  we  come  to  consider  the  natui 
a  very  small  succession  or  group  this  appeal  becomes  n 
more  important.  Let  us  be  told  of  a  certain  successio: 
^  heads  *  and  '  tails '  to  the  number  of  ten.  The  range  hei 
far  too  small  for  decision,  and  unless  we  are  told  whether 
agent  who  obtained  them  was  tossing  or  designing  we 
quite  unable  to  say  whether  or  not  the  designation  of  *: 
dom'  ought  to  be  applied  to  the  result  obtained.  TfaeJa 
must  never  be  forgotten  that  though  'derign/is  suk 
breakdown  in  the  long  run  if  it  make  the  attempt  to  ] 
duce  directly  the  semblance  oT  raridomuess^  yet  for  a"^ 
spell  it  can  simulate  it  perfectly.  Any  short  succession, 
of  heads  and  tails,  may  have  been  equally  well  brou 
about  by  tossing  or  by  deliberate  choice. 

&- 1-3.^  The  reader  will  observe  that  this 
randomness  is^  being  here  treated  as  simply  c^  of  ultiii 
-statistieaL-fifcetr  I  have  fully  admitted  that  this 
primitive  conception,  nor  is  it  the  popular  interpretai 
but  to  adopt  it  seems  the  only  course  open  to  us  if  we  ar 
draw  inferences  such  as  those  contemplated  in  Frobabi 
When  we  look  to  the  producing  agency  of  the  ultin 
arrangement  we  may  find  this  very  various.  It  may  pi 
itself  to  be  (a  few  stages  back)  one  of  conscious  delibei 

1  Vide  p.  68. 
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rpose^  as  in  drawing  a  card  or  tossing  a  die:  it  may  be 
\  outcome  of  an  extremely  complicated  interaction  of  many 
lUral  causes,  as  in  the  arrangement  of  the  flowers  scattered 
sar  a  lawn  or  meadow :  it  may  be  of  a  kind  of  which  we 
ttw  literally  nothing  whatever,  as  in  the  case  of  the  actual 
angement  of  the  stars  relatively  to  each  other. 
This  was  the  state  of  things  had  in  view  when  it  was 
d  a  few  pages  back  that  randomness  and  design  would 
lilt  in  something  of  a  cross-division.  Plenty  of  arrange- 
mts  in  which  design  had  a  hand,  a  stage  or  two  back,  can 
mentioned,  which  would  be  quite  indistinguishable  in 
sir  results  from  those  in  which  no  design  whatever  could 
traced.  Perhaps  the  most  striking  case  in  point  here  is 
be  found  in  the  arrangement  of  the  digits  in  one  of  the 
fcural  arithmetical  constants,  such  as  tt  or  6,  or  in  a  table 
logarithms.  If  we  look  to  the  process  of  production  of 
Bee  digits,  no  extremer  instance  can  be  found  of  what  we 
)an  by  the  antithesis  of  randomness :  every  figure  has  its 
cessarily  pre-ordained  position,  and  a  moment's  flagging  of 
Sention  would  defeat  the  whole  purpose  of  the  calculator. 
id  yet,  if  we  look  to  results  only,  no  better  instance  can 
found  than  one  of  these  rows  of  digits  if  it  were  intended 
illustrate  what  we  practically  understand  by  a  chance 
^angement  of  a  number  of  objects.  Each  digit  occurs 
poroxiniately  equally  often,  and  this  tendency  developes  as 
advance  further;  the  mutual  juxtaposition  of  the  digits 
K>  shows  the  same  tendency,  that  is,  any  digit  (say  5)  is 
t  as  often  followed  by  6  or  7  as  by  any  of  the  others.  In 
t^  if  we  were  to  take  the  whole  row  of  hitherto  calculated 
lU-es,  cut  oflF  the  first  five  as  familiar  to  us  all,  and  con- 
uplate  the  rest,  no  one  would  have  the  slightest  reason 
luppose  that  these  had  not  come  out  as  the  results  of  a 
with  ten  equal  faces. 
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§  14.  If  it  be  asked  why  this  is  so,  a  rather  poi 
question  is  raised.  Wherever  physical  causation  is  in^ 
we  are  generally  understood  to  have  satisfied  the  da 
implied  in  this  question  if  we  assign  antecedents  whid 
be  followed  regularly  by  the  event  before  us;  but  in  geon 
and  arithmetic  there  is  no  opening  for  antecedents.  ^ 
we  then  commonly  look  for  is  a  demonstration,  ie.  th 
solution  of  the  observed  fact  into  axioms  if  possible, 
any  rate  into  admitted  truths  of  wider  generality.  I  d 
know  that  a  demonstration  can  be  given  as  to  the  exis 
of  this  characteristic  of  statistical  randomness  in  such 
cessions  of  digits  as  those  under  consideration.  Ri 
following  remarks  may  serve  to  shift  the  onus  of  unl 
hood  by  suggesting  that  the  preponderance  of  analc 
rather  in  favour  of  the  existence. 

Take  the  well-known  constant  tt  for  consideration. 
stands  for  a  quantity  which  presents  itself  in  a  vast  ni 
of  arithmetical  and  geometrical  relations ;  let  us  tat 
examination  the  best  known  of  these,  by  regarding 
standing  for  the  ratio  of  the  circumference  to  the  dk: 
of  a  circle.  So  regarded,  it  is  nothing  more  than  a  8 
case  of  the  measurement  of  a  magnitude  by  an  arbit 
selected  unit.  Conceive  then  that  we  had  before  us 
or  line  and  that  we  wished  to  measure  it  with  ah 
accuracy.  We  must  suppose — if  we  are  to  have  a  su 
analogue  to  the  determination  of  ir  to  several  hu 
figures, — that  by  the  application  of  continued  higher  n 
fjdng  power  we  can  detect  ever  finer  subdivisions  i 
graduation.  We  lay  our  rod  against  the  scale  and  fi 
say,  fall  between  31  and  32  inches ;  we  then  look  a 
next  division  of  the  scale,  viz.  that  into  tenths  of  an 
Can  we  see  the  slightest  reason  why  the  number  of 
tenths  should  be  other  than  independent  of  the  numi 
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Die  inches  ?  The  "  piece  over "  which  we  are  measuring 
jr  in  fact  be  regarded  as  an  entirely  new  piece,  which  had 
ten  into  our  hands  after  that  of  31  inches  had  been 
ttsured  and  done  with ;  and  similarly  with  every  successive 
lee  over,  as  we  proceed  to  the  ever  finer  and  finer  divisions. 

Similar  remarks  may  be  made  about  most  other  incom- 
sisurable  quantities,  such  as  irreducible  roots.  Conceive 
0  straight  lines  at  right  angles,  and  that  we  lay  off  a 
tain  number  of  inches  along  each  of  these  from  the  point 
intersection;  say  two  and  five  inches,  and  join  the  ex- 
tnities  of  these  so  as  to  form  the  diagonal  of  a  right-angled 
ingle.  If  we  proceed  to  measure  this  diagonal  in  terms 
either  of  the  other  lines  we  are  to  all  intents  and  purposes 
bracting  a  square  root.  We  should  expect,  rather  than 
lerwise,  to  find  here,  as  in  the  case  of  tt,  that  incommen- 
aability  and  resultant  randomness  of  order  in  the  digits 
B  the  rule,  and  commensurability  was  the  exception.  Now 
i  then,  as  when  the  two  sides  were  three  and  four,  we 
iuld  find  the  diagonal  commensurable  with  them;  but 
iee  would  be  the  occasional  exceptions,  or  rather  they 
nld  be  the  comparatively  finite  exceptions  amidst  the 
lefinitely  numerous  cases  which  famished  the  rule. 

§  15.  The  best  way  perhaps  of  illustrating  the  truly 
idom  character  of  such  a  row  of  figures  is  by  appealing  to 
Iphical  aid.  It  is  not  easy  here,  any  more  than  in  ordinary 
tistics,  to  grasp  the  import  of  mere  figures ;  whereas  the 
angement  of  groups  of  points  or  lines  is  much  more 
dily  seized.  The  eye  is  very  quick  in  detecting  any 
iptoms  of  regularity  in  the  arrangement,  or  any  tendency 
denser  aggregation  in  one  direction  than  in  another. 
w  then  are  we  to  dispose  our  figures  so  as  to  force  them 
jjisplay  their  true  character  ?  I  should  suggest  that  we 
about  drawing  a  line  at  random ;  and,  since  we  cannot 
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trust  our  own  unaided  efforts  to  do  this,  that  we  rely  v 
the  help  of  such  a  table  of  figures  to  do  it  for  us,  and  i 
examine  with  what  sort  of  efl&ciency  they  can  perform 
task  The  problem  of  drawing  straight  lines  at  rand 
under  various  limitations  of  direction  or  intersection 
famihar  enough,  but  I  do  not  know  that  any  one  has  i 
gested  the  drawing  of  a  line  whose  shape  as  well  as  poa( 
shall  be  of  a  purely  random  character.  For  simplicitf 
suppose  the  line  to  be  confined  to  a  plane. 

The  definition  of  such  a  line  does  not  seem  to  infl 
any  particular  diflSculty,  Phrased  in  accordance  with  I 
ordinary  language  we  should  describe  it  as  the  path  (Lai 
path)  traced  out  by  a  point  which  at  every  moment  il 
likely  to  move  in  any  one  direction  as  in  any  other.  1 
we  could  not  ourselves  draw  such  a  line,  and  that  we  ec 
not  get  it  traced  by  any  physical  agency,  is  certain.  1 
mere  inertia  of  any  moving  body  will  always  give  i 
tendency,  however  slight,  to  go  on  in  a  straight  line  at « 
moment,  instead  of  being  instantly  responsive  to  insti 
neously  varying  dictates  as  to  its  direction  of  motion.  Nof 
we  conceive  or  picture  such  a  line  in  its  ultimate  or  ideal  i 
dition.  But  it  is  easy  to  give  a  graphical  approximation  i 
and  it  is  easy  also  to  show  how  this  approximation  BMt 
carried  on  as  far  as  we  please  towards  the  ideal  in  questk 

We  may  proceed  as  follows.  Take  a  sheet  of  the  ordi 
ruled  paper  prepared  for  the  graphical  exposition  of  ctt 
Select  as  our  starting  point  the  intersection  of  two  of  I 
lines,  and  consider  the  eight  'points  of  the  compaas' 
dicated  by  these  lines  and  the  bisections  of  the  conti 
right  angles  \     For  suggesting  the  random  selection  amc 

^  It  would  of  course  be  more  com-  digits ;  but  this  is  much  man 
plete  to  take  ten  alternatives  of  direo-  blesome  in  practice  than  to  • 
tion,  and  thus  to  omit  none  of  the      ourselves  to  eight. 
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directions  let  them  be  numbered  from  0  to  7,  and 
It  118  say  that  a  line  measured  due  'north'  shall  be  de- 
^piated  by  the  figure  0, '  north-east '  by  1,  and  so  on.  The 
llection  amongst  these  numbers,  and  therefore  directions,  at 
bary  comer,  might  be  handed  over  to  a  die  with  eight  faces ; 
kt  for  the  purpose  of  the  illustration  in  view  we  select  the 
IqpLtB  0  to  7  as  they  present  themselves  in  the  calculated 
Wae  of  w.  The  sort  of  path  along  which  we  should 
'el  by  a  series  of  such  steps  thus  taken  at  random 
be  readily  conceived;  it  is  given  at  the  end  of  this 

'    For  the  purpose  with  which  this  illustration  was  pro- 

bviz.  the  graphical  display  of  the  succession  of  digits 
,  /  one  of  the  incommensurable  constants  of  arithmetic 
L geometry,  the  above  may  suflSce.  After  actually  testing 
le  of  them  in  this  way  they  seem  to  me,  so  far  as  the  eye, 
t  the  theoretical  principles  to  be  presently  mentioned,  are 
^  guide,  to  answer  quite  fairly  to  the  description  of  ran- 
kiinnes& 

§  16.  As  we  are  on  the  subject,  however,  it  seems  worth 
bang  feuiiher  by  enquiring  how  near  we  could  get  to  the 
leal  of  randomness  of  direction.  To  carry  this  out  com- 
letely  two  improvements  must  be  made.  For  one  thing, 
of  confining  ourselves  to  eight  directions  we  must 
it  an  infinite  number.  This  would  offer  no  great  difii- 
for  instead  of  employing  a  small  number  of  digits  we 
Id  merely  have  to  use  some  kind  of  circular  teetotum 
ih  would  rest  indifferently  in  any  direction.  But  in  the 
place  instead  of  short  finite  steps  we  must  suppose  them 
►finitely  short.  It  is  here  that  the  actual  unattainability 
itself  felt.  We  are  familiar  enough  with  the  device, 
►loyed  by  Newton,  of  passing  from  the  discontinuous 
lygon  to  the  continuous  curve.     But  we  can  resort  to  this 

8—2 


116  Randomness  and  its  scientific  treaJtmervL     [CHAP^ 

device  because  the  ideal,  viz.  the  curve,  is  as  easily 
(and,  I  should  say,  as  easily  conceived  or  pictured)  as  an] 
the  steps  which  lead  us  towards  it.     But  in  the  case 
us  it  is  otherwise.     The  line  in  question  will  remain. i 
continuous,  or  rather  angular,  to  the  last:  for  its  anglei 
not  tend  even  to  lose  their  sharpness,  though  the 
which   compose  them   increase  in  number  and 
magnitude  without  any  limit.     And  such  an  ideal  is  not 
ceivable  as  an  ideal.     It  is  as  if  we  had  a  rough  body 
the  microscope,  and  found  that  as  we  subjected  it  to 
and  higher  powers  there  was  no  tendency  for  the 
round  themselves  oflf.     Our  'random  line'  must  rei 
*  spiky'  as   ever,  though   the   size   of  its  spikes  of 
diminishes  without  any  limit. 

The  case  therefore  seems  to  be  this.     It  is  easy,  in 
to  indicate  the  conception  by  speaking  of  a  line  wl 
every  instant  is  as  likely  to  take  one  direction  as  anc 
It  is  easy  moreover  to  draw  such  a  line  with  any  dc 
of  minuteness  which  we  choose  to  demand.     But  it  is 
possible  to  conceive  or  picture  the  line  in  its  ultimate 
There  is  in  fact  no  'limit'  here,  intelligible  to  the 
standing  or  picturable  by  the  imagination  (corresponc 
the  asymptote  of  a  curve,  or  the  continuous  curve  to 
incessantly  developing  polygon),  towards  which  we  find 
selves  continually  approaching,  and  which  therefore  we 
apt  to  conceive  ourselves  as  ultimately  attaining     The 
assumption   therefore   which   underlies   the   Newtonian 
finitesimal  geometry  and  the  Differential  Calculus, 
apply  here. 

§  17.     If  we  like  to  consider  such  a  line  in  one  d[ 
approximate  stages,  as  above  indicated,  it  seems  to  me 

^  Any  more  than  we  picture  the  shape  of  an  equiangular  spizal 
centre. 
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ae  of  the  usual  theorems  of  Probability,  where  large 
mbers  are  concerned,  may  safely  be  applied.  If  it  be 
Bed,  for  instance,  whether  such  a  line  will  ultimately  tend 

stray  indefinitely  far  from  its  starting  point,  Bernoulli's 
aw  of  Large  Numbers '  may  be  appealed  to,  in  virtue  of 
uch  we  should  say  that  it  was  excessively  unlikely  that  its 
^igence  should  be  relatively  great.  Recur  to  our  gra- 
deal  illustration,  and  consider  first  the  resultant  deviation 

the  point  (after  a  great  many  steps)  right  or  left  of  the 
wtical  line  through  the  starting  point.  Of  the  eight  ad- 
iasible  motions  at  each  stage  two  will  not  affect  this  relative 
vition,  whilst  the  other  six  are  equally  likely  to  move  us  a 
ap  to  the  right  or  to  the  left.  Our  resultant '  drift '  there- 
re  to  the  right  or  left  will  be  analogous  to  the  resultant 
BEerence  between  the  number  of  heads  and  tails  after  a 
Qat  many  tosses  of  a  penny.  Now  the  well-known  out- 
me  of  «nfJT^  miTnbftr_pf_tosses  is  that  ultimately  the 
^oportiofiafsbipipTOximsition  to  the  ^priori  jgrobabililyTte: -to 
Hality  ,Qf  heads  and  "Eails,  is  more  and  more  nearly  carried- 
%-4?trinbfaat  the  absolute  deflcction-lsjtaore  and  more  widSTy" 
ylayed: ^^^^ 

Applying  this  to  the  case  in  point,  and  remembering 
ttt  the  results  apply  equally  to  the  horizontal  and  vertical 
rections,  we  should  say  that  after  any  very  great  number 

such  *  steps '  as  those  contemplated,  the  ratio  of  our  dis- 
lice  from  the  starting  point  to  the  whole  distance  travelled 
U  pretty  certainly  be  small,  whereas  the  actual  distance 
Hn  it  would  be  large.  We  should  also  say  that  the  longer 
t  continued  to  produce  such  a  line  the  more  pronounced 
mid  these  tendencies  become.  So  far  as  concerns  this  test, 
d  that  afforded  by  the  general  appearance  of  the  lines 
^wn, — this  last,  as  above  remarked,  being  tolerably  trust- 
nthy, — I   feel   no   doubt  as    to    the    generally   'random' 
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character  of  the  rows  of  figures  displayed  by  the  incommn 
surable  or  irratiooal  ratios  in  question. 

As  it  may  interest  the  reader  to  see  an  actual  specina 
of  such  a  path  I  append  one  representing  the  arrangema 
of  the  eight  digits  from  0  to  7  in  the  value  of  w.  The 
are  taken  firom  Mr  Shanks'  astonishing  performance  in  d 
calculation  of  thia  constant  to  707  places  of  6guree  (Pi 
E.  S.,  5XL  p.  319).  Of  these,  after  omitting  8  and  9,  thd 
remain  568 ;  the  diagram  represents  the  course  traced 
by  following  the  direction  of  these  as  the  clue  to  our  p 
Many  of  the  steps  have  oF  coutse  been  taken  in  oppM  I 
directions  twice  at  oftener.  The  result  seems  to  me 
iiimish  a  very  &ir  graphical  indication  of  randomnea 
have  compared  it  with  corresponding  paths  furnished 
rows  of  figures  taken  &om  logarithmic  tables,  and  in  di 
ways,  and  find  the  results  to  be  much  the  same. 


CHAPTER  VI*. 

THE  SUBJECTIVE  SIDE  OF  PROBABILITY. 
MEASUREMENT  OF  BELIEF. 


1.  Having  now  obtained  a  clear  conception  of  a 
a  kind  of  series,  the  next  enquiry  is,  What  is  to  be 
with  this  series?  How  is  it  to  be  employed  as  a  means 
.king  inferences?  The  general  step  that  we  are  now 
to  take  might  be  described  as  one  from  the  objective 
:  subjective,  from  the  things  themselves  to  the  state  of 
inds  in  contemplating  them. 

le  reader  should  observe  that  a  substitution  has,  in  a 
number  of  cases,  already  been  made  as  a  first  stage 
is  bringing  the  things  into  a  shape  fit  for  calculation, 
substitution,  as  described  in  former  chapters,  is,  in  a 
ire,  a  process  of  idealization.  The  series  we  actually 
with  are  apt  to  show  a  changeable  type,  and  the  indivi- 
of  them  will  sometimes  transgress  their  licensed  irregu- 
Hence  they  have  to  be  pruned  a  little  into  shape,  as 


ginallj  written  in  somewhat 

>irit  of  protest  against  what 

to    me    the    prevalent    dis- 

i    to    foUow   De    Morgan    in 

too  subjective  a  view  of  the 

In  reading  it  through  now 

>t  find  any  single  sentence  to 

could  take  distinct  objection, 

I  must  admit  that  if  I  were 

it  entirely  afresh  I  should  en- 


deavour to  express  myself  with  less 
emphasis,  and  I  have  made  altera- 
tions in  that  direction.  The  reader 
who  wishes  to  see  a  view  not  sub- 
stantially very  different  from  mine, 
but  expressed  with  a  somewhat  oppo- 
site emphasis,  can  refer  to  Mr  F.  Y. 
Edgeworth's article  on  "The  Philoso- 
phy of  Chance  "  (Mindy  Vol.  ix. ) 
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natural  objects  almost  always  have  before  they  are  ciqpabki 
being  accurately  reasoned  about.     The  form  in  which 
series  emerges  is  that  of  a  series  with  a  fixed  type, 
imaginary  or  ideal  series  is  the  basis  of  our  calculation. 

§  2.     It  must  not  be  supposed  that  this  is  at  all  at 
ance  with  the  assertion  previously  made,  that  Frobabilitf  II 
science  of  inference  about  real  things;  it  is  only  by  a 
tution  of  the  above  kind  that  we  are  enabled  to  reason 
the  things.     In  nature  nearly  all  phenomena  present 
selves  in  a  form  which  departs  from  that  rigorously 
one  which  scientific  purposes  mostly  demand,  so  we  haw 
introduce  an  imaginary  series,  which  shall  be  free  from 
such  diefects.     The  only  condition  to  be  fulfilled  is,  thai* 
substitution  is  to  be  as  little  arbitrary,  that  is,  to  vaiy 
the  truth  as  slightly,  as  possible.     This  kind  of  substit 
generally  passes  without  notice  when  natural  objects  of 
kind  are  made  subjects  of  exact  science.     I  direct 
attention  to  it  here  simply  from  the  apprehension  that 
of  familiarity  with  the  subject-matter  might  lead  some 
to  suppose  that  it  involves,  in  this  case,  an  exceptional 
flection  from  accuracy  in  the  formal  process  of  inference. 

It  may  be  remarked  also  that  the  adoption  of  this  ii 
nary  series  offers  no  countenance  whatever  to  the  d( 
criticised  in  the  last  chapter,  in  accordance  with  which  it 
supposed  that  our  series  possessed  a  fixed  unchangeable 
which  was  merely  the  "development  of  the  probabilities* ' 
things,  to  use  Laplace's  expression.     It  differs  frt>m  anytl 
contemplated  on  that  hypothesis  by  the  fact  that  it  is  to 
recognized  as  a  necessary  substitution   of  our  own  fi» 
actual  series,  and  to  be  kept  in  as  close  conformity  with  fiM^i 
possible.     It  is  a  mere  fiction  or  artifice  necessarily 
to  for  the  purpose  of  calculation,  and  for  this  purpose  onty- 

This  caution  is  the  more  necessary,  because  in  the  ezami 
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lat  I  shall  select,  and  which  belongs  to  the  most  favourite 
aas  of  examples  in  this  subject,  the  substitution  becomes 
scidentally  unnecessary.  The  things,  as  has  been  repeatedly 
Dinted  out,  may  sometimes  need  no  trimming,  because  in 
lie  form  in  which  they  actually  present  themselves  they  are 
Imoet  idealized.  In  most  cases  a  good  deal  of  alteration  is 
©ceasary  to  bring  the  series  into  shape,  but  in  some— pro- 
Isnently  in  the  case  of  games  of  chance — we  find  the  alter- 
lioins,  for  all  practical  purposes,  needless. 

§  3.  We  start  then,  from  such  a  series  as  this,  upon  the 
Rtquiry,  What  kind  of  inference  can  be  made  about  it?  It 
jpay  assist  the  logical  reader  to  inform  him  that  our  first  step 
|iD  be  analogous  to  one  class  of  Vhat  are  commonly  known 
»  immediate  inferences,— inferences,  that  is,  of  the  type,— 
Ikn  men  are  mortal,  therefore  any  particular  man  or  men 
^  portal'  This  case,  simple  and  obvious  as  it  is  in  Logic, 
bqidres  very  careful  consideration  in  Probability. 

It  is  obvious  that  we  must  be  prepared  to  form  an  opinion 
|Km  the  propriety  of  taking  the  step  involved  in  making 
iKsh  an  inference.  Hitherto  we  have  had  as  little  to  do  as 
Qssible  with  the  irregular  individuals;  we  have  regarded 
feem  simply  as  fragments  of  a  regular  series.  But  we  cannot 
mg  continue  to  neglect  all  consideration  of  them.  Even  if 
lese  events  in  the  gross  be  tolerably  certain,  it  is  not  only 
I  the  gross  that  we  have  to  deal  with  them ;  they  con- 
teitly  come  before  us  a  few  at  a  time,  or  even  as  indivi- 
tals,  and  we  have  to  form  some  opinion  about  them  in  this 
Me.  An  insurance  ofl&ce,  for  instance,  deals  with  num- 
fers  large  enough  to  obviate  most  of  the  uncertainty,  but 
Ich  of  their  transactions  has  another  party  interested  in 
•*— What  has  the  man  who  insures  to  say  to  their  proceed- 
Igg?  for  to  him  this  question  becomes  an  individual  one. 
id  even  the  office  itself  receives  its  cases  singly,  and  would 
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therefore  like  to  have  as  clear  views  as  possible  about 
single  cases.  Now,  the  remarks  made  in  the  preceding  chs 
about  the  subjects  which  Probability  discusses  might  seem 
preclude  all  enquiries  of  this  kind,  for  was  not  ignorance 
the  individual  presupposed  to  such  an  extent  that  even 
will  be  seen  hereafter)  causation  might  be  denied,  i 
considerable  limits,  without  aflfecting  our  conclusions  ? 
answer  to  this  enquiry  will  require  us  to  turn  now  to 
consideration  of  a  totally  distinct  side  of  the  question, 
one  which  has  not  yet  come  before  us.  Our  best  introduc 
to  it  will  be  by  the  discussion  of  a  special  example. 

§  4.  Let  a  penny  be  tossed  up  a  very  great 
times;  we  may  then  be  supposed  to  know  for  certain 
fact  (amongst  many  others)  that  in  the  long  run  head 
tail  will  occur  about  equally  often.  But  suppose  we 
only  a  moderate  number  of  throws,  or  fewer  still,  and 
continue  limiting  the  number  until  we  come  down  to 
or  two,  or  even  one  ?  We  have,  as  the  extreme  cases, 
tainty  or  something  undistinguishably  .near  it,  and 
uncertainty.  Have  we  not,  between  these  extremes, 
gradations  of  belief?  There  is  a  large  body  of  writers,  b 
eluding  some  of  the  most  epinent^authorities 
subject,  who  state  or  imply  that  we  are 
such  a  variation  of  the  amount  of  our  belief,  an( 
state  of  our  minds  can  be  measured  "and  determin 
almost  the  same  accuracy  as  the  external  events  to 
they  refer.  The  principal  mathematical  supporter  of 
view  is  De  Morgan,  who  has ,  insisted  strongly  upon  it  in 
his  works  on  the  subject.  The  clearest  exposition  of 
opinions  will  be  found  in  his  Formal  Loffic,  in  which  work 
^  has  made  the  view  which  we  are  now  discussing  the  baab 
!  his  system.  He  holds  that  we  have  a  certain  ainountof 
of  every  proposition  which  may  be  set  before  iis,  an 
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bich  in  its  nature  admits  of  determination,  though  we  may 
NKStically  find  it  difficult  in  any  particular  case  to  determine 
r  He  considers,  in  fact,  that  Probability  is  a  sort  of  sister 
pemoe  to  Formal  Logic  \  speaking  of  it  in  the  following 
ptds :  "  I  camiot  understand  why  the  study  of  the  effect,. 
jjyich  partial  belief  of  the  premises  produces  with  respect  to 
to  conclusion,  should  be  separated  from  that  of  the  con- 
lloences  of  supposing  the  former  to  be  absolutely  true*". 
(.other  words,  there  is  a  science — Formal  Logic — which  in- 
stigates the  rules  according  to  which  one  proposition  can  be 
feoessanly  inferred  fi*om  another;  in  close  correspondence 
EjPEiLt]^  there,  is,  a  pn^n^^jhi^h  inYf?fftigatigff.;ijv^j3i]p.fi  ncz 

h  "die  amount  of  our  belief  of  other  propositions 
which  it  is  connected. 
I  The  same  view  is  also  supported  by  another  high  authority, 
pB late  Prof  Donkin,  who  says  (Phil.  Mag.  May,  1851),  "It 
in,  I  suppose,  be  generally  admitted,  and  has  often  been 
Ore  or  less  explicitly  stated,  that  the  subject-matter  of 
icalation  in  the  mathematical  theory  of  Probabilities  is 
Hmtity  of  belief* 

§  5.  Before  proceeding  to  criticise  this  opinion,  one  re- 
|yrk  may  be  made  upon  it  which  has  been  too  frequently 
liriooked.     It  should  be  borne  in  mind  that,  even  were  this 

itually  incorrect,  it  might  be  objected 
(«B  isHSafficient  for  the  pilrpose  of  a  definition,  on  the  ground 
M  TOriationofJjfilief  i/not  confined  to  Probability.  It  is 
l^perty  with  whichTihat  science  is  concerned,  no  doubt, 
tt  it  is  a  property  which  meets  us  in  other  directions  as 

f  In  the  ordinary  signifioation  of  indicated  in  his  title  *' Formal  Logic, 

b  ftenn.     As  De  Morgan  nses  it  or  the  Calculus  of  Inference,  neces- 

jhg^rn  Fonnal  Logic  include  Pro-  sary  and  probable." 

hBttj,  as  one  of  its  branches,  as  '  Formal  Logic.    Preface,  page  v. 
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■.ase  in  which  we  extend  our  ItLferencee  b] 
Induction  or  Analogy,  or  depend  upon  the  witnesM  of  o 
or  trust  to  our  own  memory  of  the  past,  or  come  to  a  W 
flion  through  conflicting  ailments,  or  even  make  a  long  n 
[  complicated  deduction  by  mathematics  or  logic,  we  I 
I  result  of  which  we  can  scarcely  feel  as  certain  as  of  the  p 
i  from  which  it  was  obtained.     In  al!  these  c 
i  are  conscious  of  varying  quantities  of  belief,  but  are  tl 
a  according  to  which  the  belief  is  produced  and  v 
femg.i   If  they  caauot  be,^3u^^^t&-ei« 
if  in  fact  they  caa-at-bestrbe-brought  to  nothing, 
of  different  sch"emes,"eaeh-H 
then.it-ia-YMm  to  endeftvoux-to'feFee-bbem  into  o 

rThis  opinion  is  strengthened  by  observing  that  tO' 
the  writers  who  adopt  the  dtifinition  in  question  do  f 
cally  dismiss  from  consideration  most  of  the  above-mention 
examples  of  diminution  of  belief,  and  confine  their  atMitil 
to  classes  of  events  which  have  the  property  discussed  I 
L  Chap.  L,  viz.  '  ignorance  of  the  few,  knowledge  of  the  a 
Pit  is  quite  true  that  considerable  violence  has  to  be  doMi 
[8ome  of  these  examples,  by  introducing  exceedingly  arhil 
T  auppositions  into  them,  before  they  can  be  forced  to  a 
f  a  suitable  form.     But  still  there  is  little  doubt  that,  if  1 
)  careAiUy  examine  the  language  employed,  we  tihall  fi^^ 
f  ip  almost  evety  case  assumptions  are  made  wIiTch  virl 
I  Jftiply  that  our  knowledge  of  the  individual  is  derived 
1  |(ri!)pp3itions_giveu_in  the  typical  f Tni  dffurihad  m  V^ 
I  ^his  will  be  more  fully  pfovedlrtTonwe  come  to  ooOl 
1  misapplications  of  the  science. 
Even   then,  if  the   above-mentioned  view  rf 
nibject  were  correct,  it  would  yet,  I  consider,  be 
T  the  purpose  of  a  detinitioci ;  but  it  is  at  least  very  <ioal 
Whether   it  is  correct.     Before  wo  could  properly  aiaf 
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ie  belief  side  of  the  question  the  prominence  given  to  it  by 
le  Morgan  and  others,  certainly  before  the  science  could  be 
ifined  from  that  side,  it  would  be  necessary,  it  appears,  to 
Itablish  the  two  following  positions,  against  both  of  which 
kong  objections  can  be  brought. 

(1)  That  our  belief  of  every  proposition  is  a  thing  which 
:  we  can,  strictly  speaking,  be  said  to  measure ;  that 
Sp  •  there  must  be  a  certain  amount  of  it  in  every  case, 
jC/T  j  i^which  we  can  realize  somehow  in  consciousness  and 

refer  to  some  standard  so  as  to  pronounce  upon  its 
value. __ 

(2)  -Jtlhat  the-value'^ffius  apprehended  is  the  correct^one 

to  the  theory,  viz^thatit  is   the  exact   I 

n  of  foil  conviction  that  it  should  beT^'This  J 
4^tement  wilL.perhaps  seem  somewhat  obscure  at 
first ;  it  will  be  explained"  presently. 
»  §  7.  (I)  Now,  in  the  first  place,  as  regards  the  diflSculty 
f  obtaining  any  measure  of  the  amount  of  our  belief  One 
aurce  of  this  difl&culty  is  too  obvious  to  have  escaped  notice ; 
bis  is  the  disturbing  influence  produced  on  the  quantity  of 
riief  by  any  strong  emotion  or  passion.  A  deep  interest  in  / 
lie  matter  at  stake,  whether  it  excite  hope  or  fear,  plays  great 
Hvoc  with  the  belief-meter,  so  that  we  must  assume  the 
)Mnd  to  be  quite  unimpassioned  in  weighing  the  evidence. 
his  is  noticed  and  acknowledged  by  Laplace  and  others; 
bt  these  writers  seem  to  me  to  assume  it  to  be  the  only 
anrce  of  error,  and  also  to  be  of  comparative  unimportance. 
Ifen  if  it  were  the  only  source  of  error  I  cannot  see  that  it 
^ould  be  unimportant.  We  experience  hope  or  fear  in  so 
ftry  many  instances,  that  to  omit  such  influences  from  con- 
ideration  would  be  almost  equivalent  to  saying  that  whilst 
^  profess  to  consider  the  whole  quantity  of  our  belief  we 
ffll  in  reality  consider  only  a  portion  of  it.     Very  strong 
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feelings  are,  of  course,  exceptional,  but  we  should  never 
less  find  that  the  emotional  element,  in  some  form  or  o1 
makes  itself  felt  on  almost  every  occasion.  It  is  very  sel 
that  we  cannot  speak  of  our  surprise  or  expectation  in  K 
«nce  to  any  particular  event.  Both  of  these  expressions, 
especially  the  former,  seem  to  point  to  something  more  1 
mere  belief  It  is  true  that  the  word  *  expectation '  is  g 
rally  defined  in  treatises  on  Probability  as  equivalent 
belief;  but  it  seems  doubtful  whether  any  one  who  att< 
to  the  popular  use  of  the  terms  would  admit  that  they  ^ 
exactly  sjrnonymous.  Be  this  however  as  it  may,  the  e 
tional  element  is  present  upon  almost  every  occasion,  aiM 
disturbing  influence  therefore  is  constantly  at  work. 

§  8.  Another  cause,  which  co-operates  with  the  fon 
is  to  be  found  in  the  extreme  complexity  and  variety  of 
evidence  on  which  our  belief  of  any  proposition  depe 
Hence  it  results  that  our  actual  belief  at  any  given  mon 
is  one  of  the  most  fiigitive  and  variable  things  possibli 
that  we  can  scarcely  ever  get  suflficiently  clear  hold  of  i 
measure  it.  This  is  not  confined  to  the  times  when 
minds  are  in  a  turmoil  of  excitement  through  hope  or  J 
In  our  calmest  moments  we  shall  find  it  no  easy  thinj 
give  a  precise  answer  to  the  question,  How  firmly  do  1 1 
this  or  that  belief?  There  may  be  one  or  two  promii 
arguments  in  its  favour,  and  one  or  two  corresponding 
jections  against  it,  but  this  is  far  from  comprising  all 
causes  by  which  our  state  of  belief  is  produced.  Bed 
such  reasons  as  these  are  all  that  can  be  practically  in 
duced  into  oral  or  written  controversies,  we  must  not ' 
elude  that  it  is  by  these  only  that  our  conviction  is  influeo 
On  the  contrary,  our  conviction  generally  rests  upon  a 
of  chaotic  basis  composed  of  an  infinite  number  of  infers 
and  analogies  of  every  description,  and  these  moreover 
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prted  by  our  state  of  feeling  at  the  time,  dimmed  by  the 
Lgree  of  our  recollection  of  them  afterwards,  and  probably 
peeiyed  from  time  to  time  with  varying  force  according  to 
Pe  way  in  which  they  happen  to  combine  in  our  conscious- 
|hb  at  the  moment.  To  borrow  a  striking  illustration  from 
|iff^^ft^y"  Tucker,  the  substructure  of  our  convictions  is  not 
l^jnuch  to  be  compared  to  the  solid  foundations  of  an  ordi- 
iMBy  building,  as  to  the  piles  of  the  houses  of  Rotterdam 
Miii  li  rest  somehow  in  a  deep  bed  of  soft  mud.  They  bear 
peir  weight  securely  enough,  but  it  would  not  be  easy  to 
liint  out  accurately  the  dependence  of  the  different  parts 
JJtpODi  one  another.  Directly  we  begin  to  think  of  the  amount 
it  our  belief,  we  have  to  think  of  the  arguments  by  which  it 
fel{nroduced — ^in  fact,  these  arguments  will  intrude  themselves 
llikhoat  our  choice.  As  each  in  turn  flashes  through  the 
I^Bid,  it  modifies  the  strength  of  our  conviction ;  we  are  like 
)0  person  listening  to  the  confused  hubbub  of  a  crowd,  where 
Biere  is  always  something  arbitrary  in  the  particular  sound 
W%  choose  to  listen  to.  There  may  be  reasons  enough  to 
Ri£Bce  abundantly  for  our  ultimate  choice,  but  on  examina- 
pon  we  shall  find  that  they  are  by  no  means  apprehended 
^h  the  same  force  at  different  times.  The  belief  produced 
1^  some  strong  argument  may  be  very  decisive  at  the  mo- 
Hent,  but  it  will  often  begin  to  diminish  when  the  argument 
^  not  actually  before  the  mind.  It  is  like  being  dazzled  by 
I**  strong  light ;  the  impression  still  remains,  but  begins  al- 
liost  immediately  to  fade  away.  I  think  that  this  is  the 
^88,  however  we  try  to  limit  the  sources  of  our  conviction. 
I  §  9.  (II)  But  supposing  that  it  were  possible  to  strike 
^  sort  of  average  of  this  fluctuating  state,  should  we  find  this 
Irera^  to  be  of  the  amount  assigned  by  theory  ?  In  other 
Ittds,  is  our  natural  belief  in  the  happening  of  two  different 
^ents  in  direct  proportion  to  the  frequency  with  which  those 
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events  happen  in  the  long  run  ?  There  is  a  lottery  with 
tickets  and  ten  prizes;  is  a  man's  belief  that  he  will  g 
prize  fairly  represented  by  one-tenth  of  certainty  ?  The  i 
reference  to  a  lottery  should  be  sufficient  to  disprove 
Lotteries  have  flourished  at  all  times,  and  have  never  fi 
to  be  abundantly  supported,  in  spite  of  the  most  perfect 
viction,  on  the  part  of  many,  if  not  of  most,  of  those  who 
into  them,  that  in  the  long  run  all  will  lose.  Deduct 
should  undoubtedly  be  made  for  those  who  act  from  su 
stitious  motives,  from  belief  in  omens,  dreams,  and  so 
But  apart  from  these,  and  supposing  any  one  to  come  i 
fied  by  all  that  mathematics  can  do  for  him,  it  is  difficul 
believe  that  his  natural  impressions  about  single  events  w 
be  always  what  they  should  be  according  to  theory, 
there  many  who  can  honestly  declare  that  they  would  1 
no  desire  to  buy  a  single  ticket  ?  They  would  probably 
to  themselves  that  the  sum  they  paid  away  was  noil 
worth  mentioning  to  lose,  and  that  there  was  a  chanc 
gaining  a  great  deal;  in  other  words,  they  are  not  ap 
tioning  their  belief  in  the  way  that  theory  assigns. 

What  bears  out  this  view  is,  that  the  same  persons 
would  act  in  this  way  in  single  instances  would  often 
think  of  doing  so  in  any  but  single  instances.  In  o 
words,  the  natural  tendency  here  is  to  attribute  too  grea 
amount  of  belief  where  it  is  or  should  be  small ;  Le.  to 
preciate  the  risk  in  proportion  to  the  contingent  advani 
They  would  very  likely,  when  argued  with,  attach  dispa 
ing  epithets  to  this  state  of  feeling,  by  calling  it  an 
accountable  fascination,  or  something  of  that  kind,  bu 
its  existence  there  can  be  little  doubt.  We  are  speal 
now  of  what  is  the  natural  tendency  of  our  minds,  nc 
that  into  which  they  may  at  length  be  disciplined  by  ed 
tion  and  thought.     If,  however,  educated  persons  have 
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I  for  the  most  part  in  controlling  this  tendency  in 
of  chance,  the  spirit  of  reckless  speculation  has 
ly  yet  been  banished  from  commerce.  On  examination, 
3ndency  will  be  found  so  prevalent  in  all  ages,  ranks, 
Lspositions,  that  it  would  be  inadmissible  to  neglect  it  in 
to  bring  our  supposed  instincts  more  closely  into  ac- 
ice  with  the  commonly  received  theories  of  Probability. 
10.  There  is  another  aspect  of  this  question  which  has 
often  overlooked,  but  which  seems  to  deserve  s6m6 
ion.  Qxa^ted  that  we  have  an  instinct  of  credence, 
hould  it  be  assumed  that  this  must  be  just  of  that  in- 
^  which  subsequent  experience  will  justify?  Our" 
cts  are  implanXed  in  uy  for  guud  purposes,  and  are  in- 
d  to  act  inmiedig|,tely  and  unconsciously.  They  are, 
rer,  subject  to  control,  and  have  to  be  brought  into 
lance  with  what  we  believe  to  be  true  and  right.  In 
departments  of  psychology  we  do  not  assume  that 
spontaneous  prompting  of  nature  is  to  be  left  just  as 
id  it,  or  even  that  on  the  average,  omitting  individual 
ions,  it  is  set  at  that  pitch  that  will  be  found  in  the 
)  be  the  best  when  we  come  to  think  about  it  and  assign 
les.  Take,  for  example,  the  case  of  resentment.  Here 
,ve  an  instinctive  tendency,  and  one  that  on  the  whole 
kI  in  its  results.  But  moralists  are  agreed  that  almost 
X  efforts  at  self-control  are  to  be  directed  towards  sub- 
it  and  keeping  it  in  its  right  direction.  It  is  assumed 
given  as  a  sort  of  rough  protection,  and  to  be  set,  if 
night  so  express  oneself,  at  too  high  a  pitch  to  be 
irately  and  consciously  acted  on  in  society.  May  not 
hing  of  this  kind  be  the  case  also  with  our  belief? 
f  make  a  passing  reference  to  this  point  here,  as  on 
leory  of  Probability  adopted  in  this  work  it  does  not 
r  to  be  at  all  material  to  the  science.     But  it  seems 
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a  strong  argument  afflSSSt  the  uApedkaagg^of  commfii 
the  study  of  the  seiencs"  from  tne  subjective  side,"  oF'5Tl 
asgigmeg  any  great  degiee  of  pt'omiheiiCg-to  thio  sidg. 

That  men  do  not  believe  in  exact  accordance  with 
theory  must  have  struck  almost  every  one,  but  this 
probably  been  considered  as  mere  exception  and  irregula 
the  assumption  being  made  that  on  the  average,  and  ii 
the  majority  of  cases,  they  do  so  believe.  As  stated  a1 
it  Ls  very  doubtful  whether  the  tendency  which  has 
been  discussed  is  not  so  widely  prevalent  that  it  might 
far  more  propriety  be  called  the  rule  than  the  excep 
And  it  may  be  better  that  this  should  be  so :  many  i 
results  may  follow  from  that  cheerful  disposition  whid 
duces  a  man  sometimes  to  go  on  trying  after  some  { 
good,  the  chance  of  which  he  overvalues.  He  will  keq 
through  trouble  and  disappointment,  without  serious  1 
perhaps,  when  the  cool  and  calculating  bystander  sees  pli 
that  his  'measure  of  belief  is  much  higher  than  it  sh 
be.  So,  too,  the  tendency  also  so  common,  of  undent 
the  chance  of  a  great  evil  may  also  work  for  good.  By  n 
men  death  might  be  looked  upon  as  an  almost  infinite 
at  least  they  would  so  regard  it  themselves ;  suppose 
kept  this  contingency  constantly  before  them  at  its  I 
value,  how  would  it  be  possible  to  get  through  the  prac 
work  of  life  ?  Men  would  be  stopping  indoors  becau 
they  went  out  they  might  be  murdered  or  bitten  by  a 
dog.  To  say  this  is  not  to  advocate  a  return  to  our  instil 
indeed  when  we  have  once  reached  the  critical  and  consc 
state,  it  is  hardly  possible  to  do  so ;  but  it  should  be  mil 
that  the  advantage  gained  by  correcting  them  is  at  beal 
a  balanced  one\     What  is  most  to  our  present  purpoi 

1  An  iUustration  of   the  points      been  given  in  a  quarter  lAm 
here  insisted  on  haB  recently  [1876]      would  have  expected  it ;  I  aOd 
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_  ±he-ffleXpe3iency  oF  attempting  U)  fuimd..^  exact 
iLVvliiili  iiiiji  MirdcriiViinlii  [irf^n^Hi  Tk'  w  www  iiiwIihrTT 
rized  in  its  full  extent  by  experience. 
— Tt  may  he  rppliVrlj  that  though  people,  as  a  matter 
ot  apportion  belief  in  this  exact  way,  yet  they 
do  so.^The  purport  of  this  remark  will  be  examined 
Y ;  iluiieed  only  be  said  here  that  it  grants  all  that 
ontended  for.     For  it  jdmits  that  the  degree  of  our 
^capable  of  modificationrand>Jcui^^ne§d^^itr=^B      in" 
ice  with  what  is  the  belief  to  be  modified  ?  obviously 
dance  with  experience;  it  cannot  be  trusted  to  by 
iit_the  fraction  at  which  it  is  to  be  rated  must  be 
lod  by  the  comparative  frequency  of  tbe^  evehts -^Q^ 
/.refers.  -  Experience  then  furnishing  the  standard,  it 
'  most  rea.snnabls  ta  ntia.r*:iTnTTr4ilM«.-eYp^.riftnfift,  xnd  to 
'^  ^■^fif>Ty  <^f  ^^^^  proceasea  upon  it. 
e  do  not  do  this,  it  should  be  observed  that  we  are 
ig  Probability  altogether  from  the  study  of  things 
to  us,  and  making  it  nothing  else  in  effect  than  a 
of  Psychology.      If  we  refuse  to  be  controlled  by 
ice,  but  confine  our  attention  to  the  laws  according 
1  belief  is  naturally  or  instinctively  compounded  and 
ted  in  our  minds,  we  have  no  right  then  to  appeal  to 
ice  afterwards  even  for  illustrations,  unless  under  the 

ders  will  readily  infer,  to  stance  of  immortality  and  the  exist- 
L's  exceedingly  interesting  ence  of  the  Deity),  may  nevertheless 
Theism.  It  is  not  within  not  only  continue  to  exist  in  cnlti* 
ice  here  to  criticise  any  of  vated  minds,  but  may  also  be  pro- 
lusions, but  they  have  ex-  fitably  encouraged  there,  at  any  rate 
L  a  very  significant  way  the  in  the  shape  of  hopes,  for  certain 
.  entertained  by  him  that  supposed  advantages  attendant  on 
lich  are  not  justified  by  their  retention,  irrespective  even  of 
and  possibly  may  not  be  their  truth. 
'  jasiifioation  (those  for  in- 
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iress  uuderstandJDg  that  we  do  not  guarantee  its  aficuiaii:; 
Our  belief  in  some  single  events,  for  example,  might  be  c 
rect,  and  yet  that  in  a  compound  of  several  (if  derived  mer 
from  our  instinctive  laws  of  belief)  very  possibly  might  i 
be  correct,  but  might  lead  uh  into  practical  mistakes  if 
^eterniine^_to  act  upon  it.  Even  if  ^e  two  wei'e  in  aiaW 
ance,  this  accordance  would  have  to  be  proved,  which  ww 
lead  us  round,  by  what  I  cannot  but  think  a  circuiUK 
process,  to  the  point  which  has  been  already  chosea 
commencing  with. 

§  12.     De   Morgan  seems   to   imply   that   the   docliiD 
criticised   above  finds  a  justification   from   the  analogy 
Formal  Logic.      If  the  lawe  of  necessary  inference  can 
studied  apart  from   all  reference  to  external   facts  (excxf 
by  way  of  illustration),  why  not  those  of  probable  inference' 
There  does  not,  however,  seem  to  be  much  force  in  a^j  so 
analogy.      Formal  Logic,  at  any  rate  under  its  modem 
Kantian  mode  of  treatment,  is  based  upon  the  assumpti 
that  there  are  laws  of  thought  as  distinguished  from  tam 
things,  and  that  these  laws  of  thought  can  be  ascertained  l) 
studied  without  taking  into  account  their  reference  to  S 
particular  object.     Now  so  long  as  we  are  confined  to  ne« 
sary  or  irreversible  laws,  as  is  of  course  the  case  in  ordind] 
Formal  Logic,  this  assumption  leads  to  no  special  diJficuUi' 
We  mean  by  this,  that  no  conflict  arises  between  thvee 
jective  and  objective  necessities.     The  two  exist  in 
harmony  side  by  side,  the  one  baing  the  accurate 
part  of  the  other.     So  precise  is  the  correspondence  bet 
them,  that  few  persona  would  notice,  until  study  of  i 
physics  had  called  their  attention  to  such  points,  that 
were  these  two  sides  to  the  iiuestion.     They  would 
their  appeal  to  either  with  equal  confidence,  saying 
ently,  'the  thing  must  be  sfj,'  or, 'wc  cannot  conceive  i 
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^rwise.'     In  fact  it  is  only  since  the  time  of  Kant  that 

mental  analysis  has  been  to  any  extent  appreciated  and 
jpted.  And  even  now  the  dominant  experience  school  of 
losophy  would  not  admit  that  there  are  here  two  really 
inct  sides  to  the  phenomenon;  they  maintain  either  that 

subjective  necessity  is  nothing  more  than  the  conse- 
nce  by  inveterate  association  of  the  objective  uniformity, 
Use  that  this  so-called  necessity  (say  in  the  Law  of  Con- 
liction)  is  after  all  merely  verbal,  merely  a  diflferent  way  of 
ng  the  same  thing  over  again  in  other  words.     Whatever 

explanation  adopted,  the  general  result  is  that  fallacies, 
'ea.l  acts  of  thought,  are  impossible  within  the  domain  of 
e  logic ;  error  within  that  province  is  only  possible  by  a 
nentary  lapse  of  attention,  that  is  of  consciousness. 
§  13.  But  though  this  perfect  harmony  between  sub- 
ive  and  objective  uniformities  or  laws  may  exist  within 

domain  of  pure  logic,  it  is  far  from  existing  within  that 
probability.  The  moment  we  make  the  qitantity  of  our 
ef  an  integral  part  of  the  subject  to  be  studied,  any  such 
triable  correspondence  ceases  to  exist.  In  the  former 
5,  we  could  not  consciously  think  erroneously  even  though 
might  try  to  do  so ;  in  the  latter,  we  not  only  can  believe 
•neously  but  constantly  do  so.  Far  from  the  quantity  of 
belief  being  so  exactly  adjusted  in  conformity  with  the 
s  to  which  it  refers  that  we  cannot  even  in  imagination 
istray,  we  find  that  it  frequently  exists  in  excess  or  defect 
hat  which  subsequent  judgment  will  approve.  Our  in- 
cts  of  credence  are  unquestionably  in  frequent  hostility 
1  experience ;  and  what  do  we  do  then  ?  We  simply 
lify  the  instincts  into  accordance  with  the  things.  We 
constantly  performing  this  practice,  and  no  cultivated 
d  would  find  it  possible  to  do  anything  else.  No  man 
Id  think  of  divorcing  his  belief  from  the  things  on  which 
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it  was  exercised,  or  would  suppose  that  the  former  had 
thing  else  to  do  than  to  follow  the  lead  of  the  latter.    He 
it  results  that  that  separation  of  the  subjective  necessity 
the   objective,  and  that  determination  to  treat  the 
88  a  science  apart  by  itself,  for  which  a  plausible  < 
could  be  made  in  the  case  of  pure  logic,  is  entirely  i 
missible   in   the   case   of  probability.    However  we 
contrive  to  *  think'  aright  without  appeal  to  facts,  we 
not  believe  aright  without  incessantly  checking   our 
ceedings  by  such  appeals.      Whatever  then  may  be 
claims  of  Formal  Logic  to  rank  as  a  separate  science, 
does  not  appear  that  it  can  furnish  any  support  to 
theory  of  Probability  at  present  under  examination. 

§  14.     The  point   in   question   is  sometimes  urged 
follows.     Suppose  a  man  with  two,  and  only  two,  all 
tives   before   him,   one   of  which  he  knows   must    im 
success  and   the  other  failure.      He  knows  nothing 
about  them  than  this,  and  he  is  forced  to  act.     Would 
not  regard  them  with  absolutely  similar  and  equal 
of  confidence,  without  the  necessity  of  referring  them  to 
real  or  imaginary  series  ?     If  so,  is  not  this  equivalent 
saying  that  his  belief  of  either,  since   one  of  them  mi 
come  to  pass,  is  equal  to  that  of  the  other,  and  therefore 
his  belief  of  each  is  one-half  of  full  confidence  ?     Si 
if  there  are  more  than  two  alternatives :  let  it  be  sup] 
that  there   are   any  number  of  them,  amongst   whidi 
distinctions  whatever  can  be  discerned  except  in  such  pafr] 
ticulars  as  we  know  for  certain  will  not  aflfect  the  resoH; 
should  we  not  feel  equally  confident  in  respect  of  each 
them?  and  so  here  again  should  we  not  have  a  fi:acti( 
estimate    of  our   absolute   amount   of  belief?     It  is  thi 
attempted  to  lay  the  basis  of  a  pure  science  of  Probabilil}l| 
determining  the  distribution  and  combination  of  our 
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l^pothetically ;  viz.  if  the  contingencies  are  exactly  alike, 
Hien  our  belief  is  so  apportioned,  the  question  whether  the 
Ipntingencies  are  equal  being  of  course  de(^ided  as  the  ob- 
petive  data  of  Logic  or  Mathematics  are  decided, 
r  To  discuss  this  question  fully  would  require  a  statement 
|t  aome  length  of  the  reasons  in  favour  of  the  objective  or 
PMrfierial  view  of  Logic,  as  opposed  to  the  Formal  or  Con- 
leptaalist.  I  shall  have  to  speak  on  this  subject  in  another 
ibapter,  and  will  not  therefore  enter  upon  it  here.  But  one 
Ipnclusive  objection  which  is  applicable  more  peculiarly  to 
jPtobability  may  be  offered  at  once.  To  pursue  the  line  of 
IViquiry  just  indicated,  is,  as  already  remarked,  to  desert 
ihe  strictly  logical  ground,  and  to  take  up  that  appropriate 
la  psychology ;  the  proper  question,  in  all  these  cases,  being 
Wfc  what  do  men  believe,  but  what  ought  they  to  believe  ? 
Judmitting,  as  was  done  above,  that  in  the  case  of  Formal 
Logic  these  two  enquiries,  or  rather  those  corresponding  to 
them,  practically  run  into  one,  owing  to  the  fact  that  men 
cannot  consciously  *  think'  wrongly;  it  cannot  be  too  strongly 
IDsiBted  on  that  in  Probability  the  two  are  perfectly  sepa- 
nble  and  distinct.  It  is  of  no  use  sa)ring  what  men  do  or 
will  believe,  we  want  to  know  what  they  will  be  right  in 
believing ;  and  this  can  never  be  settled  without  an  appeal 
to  the  phenomena  themselves. 

§  15.  But  apart  from  the  above  considerations,  this  way 
of  putting  the  case  does  not  seem  to  me  at  all  conclusive. 
Take  the  following  example.     A  man^  finds  himself  on  the 

^  It  is  necessary  to  take  an  ex-  fore  there  is  nothing  of  the  nature 

V&ple  in  which  the  man  is  forced  to  of  belief  to  be  extracted  out  of  his 

IB(,  or  we  should  not  be  able  to  shew  mental  condition.      He  very  likely 

kftt  he  has  any  belief  on  the  subject  would  take  this  ground  if  we  asked 

ll   alL      He    may  declare  that  he  him,  as    De  Morgan  does,  with  a 

Mifther   knows  nor  cares  anything  slightly  different  reference  {Formal 

iboat  the  matter,  and  that  there-  Logic,  p.  183),  whether  he  considers 


Measurement  of  Belief. 


[CHiP.  VL 


i 


liS6 

Bands  (jf  the  Wash  or  Morecambe  Bay,  in  a  dense  miel,  when 
the  apring-tide  is  coming  in ;  and  knows  therefore  thai  M 
be  once  caught  by  the  tide   would  be  fatal.      He   hears  • 
church-bell   at   a  distance,  but  has  no  means   of  knowinj 
■whether  it  is  on  the  same  aide  of  the  water  with  himself 
on  the  opposite  side.     He  cannot  tell  therefore  whether  1 
following  its  sound  he  will  be  led  out  into  the  mid-Btre*il 
and  be  lost,  or  led  back  to  dry  land  and  safety.     Here  thert 
tan  be  no  repetition  of  the  event,  and  the  cases  are  iwfi^ 
tinguishably  alike,  to  him,  in  the  only  circumstances  wlu 
can  affect  the  issue :  is  not  then  hia  prospect  of  death, 
will  be  said,  necessarily  equal  to  one-half?  A  proper  aoaljsi 
of  his  state  of  mind  would  be  a  psychological  rather  t 
a  logical  enquiry,  and  in  any  case,  as  above  remarked, 
decision  of  this  question  does  not  touch  our  logical  positiaB 
But  according  to  the  best  introspection  I  can  give  I  shoul 
say  that  what  really  passes  through  the  niind  in  such  a  a 
is  something  of  this  kind :    In  most  doubtful  positions  i 
circumstances  we  are  accustomed  to  decide  our  conduct 
a  consideration  of  the  relative  advantages  and  disadvantog 
of  each  side,  that  is  by  the  observed  or  inferred  feequc 
with  which  one  or  the  other  alternative  has  succeeded, 
proportion  els  these  become   more  nearly  balanced,  we 
more  frequently  mistaken  in  the  individual  cases ;  that  i^ 
becomes  more  and  more   nearly  what  would  be  called 
mere  toss  up'  whether  we  are  right  or  wrong.     The  o 
in  question  seems  merely  the  limiting  case,  in  which  it  1 

that  there  are  Toloanaes  on  the  unseen 
tide  of  the  moon  larger  than  those 
on  the  side  turned  towards  aa;  or. 
with  Jflvons  IPriwiples  of  Sriaict, 
Ed.  n.  p.  SIS)  whuther  he  vtmBiietH 
that  a  Plat; thliptio  CoefGcient  ia 
poniliTC.      Tliese   do   not  thererom 


Beera  good  inatanoea  to  illnatnto  i 
position  that  vs  al«a>'s  tauiU 
certain  degree  o(  belief  on  i 
question  which  oaa  be  et«Md,  I 
that  otter  inabilit;  to  givn  i 
in  [avooi  ol  either  altenialh«  t 
re«ponde  to  halt  beliet 
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jontrived  that  there  shall  be  no  appreciable  difiference 
311  the  alternatives,  by  which  to  decide  in  favour  of 

other,  and  we  accordingly  feel  no  confidence  in  the 
liar  result.  Having  to  decide,  however,  we  decide  ac- 
g  to  the  precedent  of  similar  cases  which  have  occurred 
To  stand  still  and  wait  for  better  information  is 
I  death,  and  we  therefore  appeal  to  and  employ  the 
ale  we  know  of;  or  rather  we  feel,  or  endeavour  to 
J  we  have  felt  before  when  acting  in  the  presence  of 
itives  as  nearly  balanced  as  possible.  But  I  can 
r  perceive  in  my  own  case,  nor  feel  convinced  in  that 
ers,  that  this  appeal,  in  a  case  which  cannot  be  re- 
/,  to  a  rule  acted  on  and  justified  in  cases  which  can  be 
e  repeated,  at  all  forces  us  to  admit  that  our  state  of 
s  the  same  in  each  case. 

6.    This  example  serves  to  bring  out  very  clearly  a  point 

has  been  already  mentioned,  and  which  will  have  to  be 

d  upon  again,  viz.  that  all  which  Probability  discusses 

statistical  fi-equency  of  events,  or,  if  we  prefer  so  to 

the  quantity  of  belief  with  which  any  one  of  these 

should  be  individually  regarded,  but  leaves  all  the 
uent  conduct  dependent  upon  that  fi-equency,  or  that 
to  the  choice  of  the  agents.  Suppose  there  are  two 
ers  in  the  predicament  in  question:  shall  they  keep 
Br,  or  separate  in  opposite  directions  ?  In  either  case 
he  chance  of  safety  to  each  is  the  same,  viz.  one-half, 
arly  their  circumstances  must  decide  which  course  it 
jrable  to  adopt.  If  they  are  husband  and  wife,  they  will 
ly  prefer  to  remain  together ;  if  they  are  sole  deposi- 
>f  an  important  state  secret,  they  may  decide  to  part. 
jr  words,  we  have  to  select  here  between  the  two  alter- 

of  the  certainty  of  a  single  loss,  and  the  even  chance 

Kcept  indeed  on  the  principles  indicated  farther  on  in  §§  24,  25. 
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of  a  double  loss;   alternatives  which  the   common 
matical  statement  of  their  chances  has  a  decided 
to  make  us  regard  as  indistinguishable  from  one  anc 
But  clearly  the  decision  must  be  grounded  on  the 
feelings,  and  conscience  of  the  agents.     Probability 
say  a  word  upon  this  question.     As  I  have  pointed  out 
where,  there   has  been  much  confusion  on  this  mal 
applications  of  the  science  to  betting,  and  in  the 
of  the  Petersburg  problem. 

We  have  thus  examined  the  doctrine  in  question 
a  minuteness  which  may  seem  tedious,  but  in  consequ< 
the  eminence  of  its  supporters  it  would  have  been 
tuous  to  have  rejected  it  without  the  strongest  groimda 
objections  which  have  been  urged  might  be  summarii 
follows ; — the  amount  of  our  belief  of  any  given  pro] 
supposing  it  to  be  in  its  nature  capable  of  accurate  det 
nation  (which  does  not  seem  to  be  the  case),  depends  u] 
great  variety  of  causes,  of  which  statistical  frequem 
subject  of  Probability — ^is  but  one.  That  even  if  we 
our  attention  to  this  one  cause,  the  natural  amount  of 
belief  is  not  necessarily  what  theory  would  assign,  but 
be  checked  by  appeal  to  experience.  The  subjective 
Probability  therefore,  though  very  interesting  and  wett^ 
serving  of  examination,  seems  a  mere  appendage  of  the 
tive,  and  affords  in  itself  no  safe  ground  for  a  sci( 
inference. 

§  17.     The  conception  then  of  the  science  of  Pro! 
as  a  science  of  the  laws  of  belief  seems  to  break  doi 
every  point.     We  must  not  however  rest  content  with 
merely  negative  criticism.     The  degree  of  belief  we 
tain  of  a  proposition  may  be  hard  to  get  at  accurate^, 
when  obtained  may  be  often  wrong,  and  may  need  the 
to  be  checked  by  an  appeal  to  the  objects  of  belie£    Sti 
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estimation  we  do  seem  to  be  able  with  more  or  less 
to  form  a  graduated  scale  of  intensity  of  belief, 
we  have  to  examine  now  is  whether  this  be  possible, 
if  so,  what  is  the  explanation  of  the  &ct  ? 

it  is  generally  believed  that  we  can  form  such  a 
scarcely  admits  of  doubt.     There  is  a  whole  vocabulary 
imon  expressions  such  as,  'I  feel  almost  sure/  'I  do  not 


quite  certain,'  *I  am  less  confident  of  this  than  of  that,' 
so  on.     When  we  make  use  of  any  one  of  these  phrases 
aeldom  doubt  that  we  have  a  distinct  meaning  to  convey 
of  it     Nor  do  we  feel  much  at  a  loss,  under  any 
circumstances,  as  to  which  of  these  expressions  we 
employ  in  preference  to  the  others.     If  we  were  asked 
in  order,  according  to  the  intensity  of  the  belief 
which  we  respectively  hold  them,  things  broadly  marked 
one  another,  we  could  do  it  from  our  consciousness 
Kef  alone,  without  a  fresh  appeal  to  the  evidence  upon 
the  belief  depended.     Passing  over  the  looser  proposi- 
which  are  used  in  common  conversation,  let  us  take  but 
simple  example  from  amongst  those  which  furnish  nume- 
dat&    Do  I  not  feel  more  certain  that  some  one  will  die 
week  in  the  whole  town,  than  in  the  particular  street  in 
I  live  ?  and  if  the  town  is  known  to  contain  a  popula- 
one  hundred  times  greater  than  that  in  the  street,  would 
hk  almost  any  one  be  prepared  to  assert  on  reflection  that 
felt  a  hundred  times  more  sure  of  the  first  proposition 
of  the  second?    Or  to  take  a  non-numerical  example,  are 
not  often  able  to  say  unhesitatingly  which  of  two  propo- 
we  believe  the  most,  and  to  some  rough  degree  how 
i^h  more  we  believe  one  than  the  other,  at  a  time  when  all 
*  evidence   upon  which  each   rests  has   faded  from   the 
i,  so  that  each  has  to  be  judged,  as  we  may  say,  solely  on 
own  merits? 
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Here  then  a  problem  proposes  itself.  If  popular  o 
as  illustrated  in  common  language,  be  correct, — an* 
considerable  weight  must  of  course  be  attributed  to  it,- 
does  exist  something  which  we  call  partial  belief  in 
ence  to  any  proposition  of  the  numerical  kind  de« 
above.  Now  what  we  want  to  do  is  to  find  some  1 
justification  of  this  belief,  to  obtain  in  fact  some  intel 
answer  to  the  question,  Is  it  correct?  We  shall  find  in( 
ally  that  the  answer  to  this  question  will  throw  a  goc 
of  light  upon  another  question  nearly  as  important  a 
more  intricate,  viz.  What  is  the  meaning  of  this  partial 

§  18.      WBrahaU  find  it  q^yiPf*^^^  t^  ^^mmf^nfif  ^J 

^isaiaing^  howsnch.  enquiries  as  the  above  wotilcl  be  suS 
in  the  oaser  oT'ordmary  full  belief  Such  a  step  won 
offer  the  slightest  difficulty.  Suppose,  to  take  a 
example,  that  we  have  obtained  the  following  proposi 
whether  by  induction,  or  by  the  rules  of  ordinary  dec 
logic,  does  not  matter  for  our  present  purpose, — that  a  < 
mixture  of  oxygen  and  hydrogen  is  explosive.  Here  w 
an  inference,  and  consequent  belief  of  a  proposition, 
suppose  there  were  any  enquiry  as  to  whether  our 
were  correct,  what  should  we  do?  The  sii 
settling-theTnatTer  w6utd"15e  to^^nd-ou^Nby.  auiigtinct 
to  experience  whether  tbe_proposition  was  truftr^   Sii 

reasoning  about  things,  the  justification  of  the  beUi 
i^  test  <rf4ts  eorrectnessr  would  be  most  readily  fo 
e  truth  of  the  proposition.  If  by  any  process  oTlBl 
I  have  come  to  believe  that  a  certain  mixture  will  exp 
cdnsider  my  belief  to  be  justified,  that  is  to  be  con 
under  proper  circumstances  the  explosion  always  does 
if  it  does  not  occur  the  belief  was  wrong. 

Such  an  answer,  no  doubt,  goes  but  a  little  way,  or 
no  way  at  all,  towards  explaining  what  is  the  nature  oi 
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it  is  suflScient  foi<our  present  purpose,  which  is 
of  determinin£jkhat4»«4nfi«mU«^^^ 

In  all  infer- 
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about  things,  in  which  the  amomit  of  our  belief  is  not 

into  account,  such  an  explanation  as  the  above  is  quite 

;  it  would  be  the  ordinary  one  in  any  question  of 

It  is  moreover  perfectly  intelligible,  whether  the 

is  particular  or  universal.     Whether  we  believe 

'some  men  die',  or  that  'all  men  die',  our  bcBeTmaywi^ 

>e  tested  by  tha.appropnate  train  of  experience. 

j§  19.     But  when  we  attempt  to  apply  the  same  test  to 

belief,  we  shall  find  ourselves  reduced  to  an  awkward 

laxity.     A  diflSculty  now  emerges  which  has  been  singu- 

overlooked  by  those  who  have  treated  of  the  subject. 

simple  example  will  serve  our  purpose,  we  will  take  the 

of  a  penny.    I  am  about  to  toss  one  up,  and  I  therefore 

believe,  to  adopt  the  current  language,  that  it  will  give 

Now  it  seems  to  be  overlooked  that  if  we  appeal  to 

event,  as  we  did  in  the  case  last  examined,  our  belief 

inevitably  be  wrong,  and  therefore  the  test  above  men- 

led  will  fail.     For  the  thing  must  either  happen  or  not 

sn :  Le.  in  this  case  the  penny  must  either  give  head,  or 

give  it;  there  is  no  third  alternative.     But  whichever 

it  occurs,  our  half-belief,  so  far  as  such  a  state  of  mind 

its  of  interpretation,  must  be  wrong.    If  head  does  come, 

wrong  in  not  having  expected  it  enough;  for  I  only  half 

ived    in  its  occurrence.     If  it  does  not  happen,  I  am 

[y  wrong  in  having  expected  it  too  much;  for  I  half 

jved  in  its  occurrence,  when  in  fact  it  did  not  occur  at  all. 

k  The  same  difficulty  will  occur  in  every  case  in  which  we 

ttempt  to  justify  our  state  of  partial  belief  in  a  single  con- 

Ipgent  event.     Let  us  take  another  example,  slightly  differ- 

from  the  last.     A  man  is  to  receive  £1  if  a  die  gives  six, 
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to  pay  Is.  if  it  gives  any  other  number.    It  will  genei 
admitted,  that  he  ought  to  give  2».  6d.  for  the  chanc 
that  if  he  does  so  he  will  be  paying  a  fair  sum. 
ample  only  differs  from  the  last  in  the  fact  that 
simple  belief  in  a  proposition,  we  have  taken  what  mat 
ticians  call  'the  valvs  of  the  expectation'.     In  other 
we  have  brought  into  greater  prominence,  not  merely 
lief,  but  the  conduct  which  is  founded  upon  the  beUe£ 
precisely  the  same  difficulty  recurs  here.    For  appealing 
event, — the  single  event,  that  is, — we  see  that  one  or 
party  must  lose  his  money  without  compensation.    In 
sense  then  can  such  an  expectation  be  said  to  be  a  £air 

§  20.     A  possible  answer  to  this,  and  so  far  as  ap] 
only  possible  answer,  will  be,  that  what  we  really  meaal 
sapng  that  we  half  believe  in  the  occurrence  of  head 
express  our  conviction  that  head  will  certainly  hap] 
the  average  every  other  time.     And  similarly,  in  the 
example,  by  calling  the  sum  a  fair  one  it  is  meant 
the  long  run  neither  party  will  gain  or  lose.     As  we 
recur  presently  to  the  point  raised  in  this  form  of  answef,^ 
only  notice  that  need  be  taken  of  it  at  this  point  is 
attention  to  the  fact   that  it  entirely  abandons  the 
question  in  dispute,  for  it  admits  that  this  partial  behef  i 
not  in  any  strict  sense  apply  to  the  individual  event, 
clearly  cannot  be  justified  there.    At  such  a  result  ind< 
cannot  be  surprised;  at  least  we  cannot  on  the  theory  ad( 
throughout  this  Essay.     For  bearing  in  mind  that  the 
ployment  of  Probability  postulates  ignorance  of  the 
event,  it  is  not  easy  to  see  how  we  are  to  justify  any 
opinion  or  statement  about  the  single  event  than  a 
sion  of  such  ignorance. 

§  21.     So  far  then  we  do  not  seem  to  have  made 
slightest    approximation   to   a  solution    of    the 
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ion  now  under  examination.     The  more  closely  we  have 

lysed  special  examples,  the  more  unmistakeably  are  we 

;ht  to  the  conclusion  that  in  the  individual  instance  no 

Lcation   of  anything  like  quantitative  belief  is  to  be 

;  at  least  none  is  to  be  found  in  the  same  sense  in 

we  expect  it  in  ordinary  scientific  conclusions,  whether 

stive    or   Deductive.     And  yet   we  have  to  face  and 

it  for  the  fact  that  common  impressions,  as  attested  by 

Lole  vocabulary  of  common  phrases,  are  in  favour  of  the 

>nce  of  this  quantitative  belief     How  are  we  to  account 

this  ?     If  we  appeal  to  an  example  again,  and  analyse  it 

mhskt  more  closely,  we  may  yet  find  our  way  to  some 

ttory  explanation. 
In  our  previous  analysis  (§  18)  we  found  it  sufficient  to  stop 
an  early  stage,  and  to  give  as  the  justification  of  our  belief 
&ct  of  the  proposition  being  true.  Stopping  however  at 
stage,  we  have  found  this  explanation  fail  altogether  to 
a  justification  of  partial  belief;  fail,  that  is,  when  applied 
the  individual  instance.  The  two  states  of  belief  and  dis- 
ief  correspond  admirably  to  the  two  results  of  the  event 
opening  and  not  happening  respectively,  and  unless  for 
ihological  purposes  we  saw  no  reason  to  analyse  further ; 
to  partial  belief  there  is  nothing  corresponding  in  the  re- 
it,  for  the  event  cannot  partially  happen  in  such  cases  as  we 
^  concerned  with.  Suppose  then  we  advance  a  step  further 
hi  the  analysis,  and  ask  again  what  is  meant  by  the  proposi- 

f.  being  true  ?  This  introduces  us,  of  course,  to  a  very  long 
intricate  path ;  but  in  the  short  distance  along  it  which 
shjill  advance,  we  shall  not,  it  is  to  be  hoped,  find  any 
liry  serious  difficulty.  As  before,  we  will  illustrate  the 
femlysis  by  first  applpng  it  to  the  case  of  ordinary  full  belie£ 
I  §  22.  Whatever  opinion  then  may  be  held  about  the 
^Kntial  nature  of  belief,  it  will  probably  be  admitted  that  a 
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readiness  to  act  upon  the  proposition  believed  is  an 
able  accompaniment  of  that  state  of  mind.     There  can 
alteration  in  our  belief  (at  any  rate  in  the  case  of  sane 
without  a  possible  alteration  in  our  conduct,  nor  anytl 
our  conduct  which  is  not  connected  with  something  in 
belief.    We  will  first  take  an  example  in  connection  wiA^ 
penny,  in  which  there  is  full  belief;  we  will  analyse  it  a 
further  than  we  did  before,  and  then  attempt  to  apply 
same  analysis  to  an  example  of  a  similar  kind,  but  oi 
which  the  belief  is  partial  instead  of  full. 

Suppose  that  I  am  about  to  throw  a  penny  up,  and 
template  the  prospect  of  its  falling  upon  one  of  its  sides 
not  upon  its  edge.     We  feel  perfectly  confident  that  it 
do  so.     Now  whatever  else  may  be  implied  in  our  belief 
certainly  mean  this ;  that  we  are  ready  to  stake  our 
upon  its  falling  thus.     All  our  betting,  and  everything 
that  we  do,  is  carried  on  upon  this  supposition.     Any 
whatever  that  might  ensue  upon  its  falling  otherwise  willi 
incurred  without  fear.     This,  it  must  be  observed,  is  eqi 
the  case  whether  we  are  speaking  of  a  single  throw  or 
long  succession  of  throws. 

But  now  let  us  take  the  case  of  a  penny  falling,  not 
one  side  or  the  other,  but  upon  a  given  side,  ?iead,    1 
certain  extent  this  example  resembles  the  last.     We  are 
fectly  ready  to  stake  our  conduct  upon  what  comes  to 
the  long  run.     When  we  are  considering  the  result  of  a 
number  of  throws,  we  are  ready  to  act  upon  the  supposil 
that  head  comes  every  other  time.     If  e.g.  we  are  bel 
upon  it,  we  shall  not  object  to  paying  £1  every  time 
head  comes,  on  condition  of  receiving  £1  every  time 
Jiead  does  not  come.     This  is  nothing  else  than  the 
tioTiy  as  we  may  call  it,  into  practice,  of  our  belief  that 
and  tail  ocCur  equally  often. 
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Now  it  will  be  obvious,  on  a  moment's  consideration,  that 
inr  conduct  is  capable  of  being  slightly  varied:  of  being 
led,  that  is,  in  form,  whilst  it  remains  identical  in  respect 
itB  results.  It  is  clear  that  to  pay  £1  every  time  we  lose, 
to  get  £1  every  time  we  gain,  comes  to  precisely  the  same 
,  in  the  case  under  consideration,  as  to  pay  ten  shillings 
time  without  exception,  and  to  receive  £1  every  time 
head  occurs.  It  is  so,  because  heads  occur,  on  the 
e,  every  other  time.  In  the  long  run  the  two  results 
Lcide ;  but  there  is  a  marked  difference  between  the  two 
considered  individually.  The  difference  is  two-fold. 
the  first  place  we  depart  from  the  notion  of  a  payment 
other  time,  and  come  to  that  of  one  made  every  time. 
the  second  place,  what  we  pay  every  time  is  half  of  what 
get  in  the  cases  in  which  we  do  get  anything.  The  dif- 
ince  may  seem  slight ;  but  mark  the  effect  when  our  con- 
is  translated  back  again  into  the  subjective  condition 
»n  which  it  depends,  viz.  into  our  belief.  It  is  in  conse- 
nce  of  such  a  translation,  as  it  appears  to  me,  that  the 
lotion  has  been  acquired  that  we  have  an  accurately  deter- 
minable amount  of  belief  as  to  every  such  proposition.  To 
mve  losses  and  gains  of  equal  amount,  and  to  incur  them 
Penally  often,  was  the  experience  connected  with  our  belief 
kt  the  two  events,  head  and  tail,  would  occur  equally  often. 
Rus  was  quite  intelligible,  for  it  referred  to  the  long  run. 
pD  find  that  this  could  be  commuted  for  a  payment  made 
!iy  time  without  exception,  a  payment,  observe,  of  half  the 
lount  of  what  we  occasionally  receive,  has  very  naturally 
n  interpreted  to  mean  that  there  must  be  a  state  of  half- 
mief  which  refers  to  each  individual  throw. 
^  §  23.  One  such  example,  of  course,  does  not  go  far  to- 
puds  establishing  a  theory.  But  the  reader  will  bear  in 
Und  that  almost  all  our  conduct  tends  towards  the  same 
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result ;  that  it  is  not  in  betting  only,  but  in  every  cours( 
action  in  which  we  have  to  count  the  events,  that  sue 
numerical  apportionment  of  our  conduct  is  possible.  H« 
by  the  ordinary  principles  of  association,  it  would  ap[ 
exceedingly  likely  that,  not  exactly  a  numerical  cqpditioi 
mind,  but  rather  numerical  associations,  become  msepan 
connected  with  each  particular  event  which  we  know  to  oc 
in  a  certain  proportion  of  times.  Once  in  six  times  a 
gives  ace;  a  knowledge  of  this  fact,  taken  in  combinal 
with  all  the  practical  results  to  which  it  leads,  produces, 
cannot  doubt,  an  inseparable  notion  of  one-sixth  connec 
with  each  single  throw.  But  it  surely  cannot  be  called  be 
to  the  amount  of  one-sixth ;  at  least  it  admits  neithei 
justification  nor  explanation  in  these  single  cases,  to  wl 
alone  the  firactional  belief,  if  such  existed,  ought  to  apply. 

It  is  in  consequence,  I  apprehend,  of  such  association  t 
we  act  in  such  an  unhesitating  manner  in  reference  to  i 
single  contingent  event,  even  when  we  have  no  expectal 
of  its  being  repeated.  A  die  is  going  to  be  thrown  up  oi 
and  once  only.  I  bet  5  to  1  against  ace,  not,  as  is  commo 
asserted,  because  I  feel  one-sixth  part  of  certainty  in 
occurrence  of  ace;  but  because  I  know  that  such  cond 
would  be  justified  in  the  long  run  of  such  cases,  and  I  aj 
to  the  solitary  individual  the  same  rule  that  I  should  af 
to  it  if  I  knew  it  were  one  of  a  long  series.  This  accov 
for  my  conduct  being  the  same  in  the  two  cases ;  by  asso( 
tion,  moreover,  we  probably  experience  very  similar  feeli 
in  regard  to  them  both. 

§  24.     And  here,  on  the  view  of  the  subject  adopted 
this  Essay,  we  might  stop.     We  are  bound  to  explain 
'measure  of  our  belief  in  the  occurrence  of  a  single  &9 
when  we  judge  solely  from  the  statistical  frequency  n 
which  such  events  occur,  for  such  a  series  of  events  was 
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j^BTting-point ;  but  we  are  not  bound  to  inquire  whether  in 
case  in  which  persons  have,  or  claim  to  have,  a  certain 
of  belief  there  must  be  such  a  series  to  which  to 
it,  and  by  which  to  justify  it.     Those  who  start  from 
subjective  side,  and  regard  Probability  as  the  science  of 
ititative  belief,  are  obliged  to  do  this,  but  we  are  free 
the  obligation. 
Still  the  question  is  one  which  is  so  naturally  raised  in 
lection  with  this  subject,  that  it  cannot  be  altogether 
by.      I  think  that  to  a  considerable  extent  such  a 
ication  as  that  mentioned  above  will  be  found  applicable 
other  cases.     The  feet  is  that  we  are  very  seldom  called 
m  to  decide  and  act  upon  a  single  contingency  which  can- 
be  viewed  as  being  one  of  a  series.     Experience  intro- 
ices  us,  it  must  be  remembered,  not  merely  to  a  succession 

E  events  neatly  arranged  in  a  single  series  (as  we  have 
iherto  assumed  them  to  be  for  the  purpose  of  illustration), 
t  to  an  infinite  number  belonging  to  a  vast  variety  of 
^erent  series.  A  man  is  obliged  to  be  acting,  and  there- 
fore exercising  his  belief  about  one  thing  or  another,  almost 
the  whole  of  every  day  of  his  life.  Any  one  person  will  have 
k>  decide  in  his  time  about  a  multitude  of  events,  each  one 
pf  which  may  never  recur  again  within  his  own  experience. 
^t  by  the  very  fact  of  there  being  a  multitude,  though  they 
pie  all  of  difiFerent  kinds,  we  shall  still  find  that  order  is 
Vudntained,  and  so  a  course  of  conduct  can  be  justified.  In 
I  plantation  of  trees  we  should  find  that  there  is  order  of  a 
certain  kind  if  we  measure  them  in  any  one  direction,  the 
trees  being  on  an  average  about  the  same  distance  fi:om  each 
ylher.  But  a  somewhat  similar  order  would  be  found  if  we 
fere  to  examine  them  in  any  other  direction  whatsoever.  So 
D  nature  generally;  there  is  regularity  in  a  succession  of 
(?ents  of  the  same  kind     But  there  may  also  be  regularity 
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if  we  form  a  series  by  taking  successively  a  number  out 
totally  distinct  kinds. 

It  is  in  this  circumstance  that  we  find  an  extension  of 
practical  justification  of  the  measure  of  our  belief    A 
"say,  buys  a  life  annuity,  insures  his  life  on  a  railway  joi 
puts  into  a  lottery,  and  so  on.     Now  we  may  make  a 
out  of  these  acts  of  his,  though  each  is  in  itself  a  single  e\ 
which  he  may  never  intend  to  repeat.    His  conduct,  and  the 
fore  his  belief,  measured  by  the  result  in  each  indi^ 
instance,  will  not  be  justified,  but  the  reverse,  as  shewn 
§  19.     Could  he  indeed  repeat  each  kind  of  action  ai 
enough  it  would  be  justified ;  but  from  this,  by  the  condil 
of  life,  he  is  debarred.     Now  it  is  perfectly  conceivable 
in  the  new  series,  formed  by  his  successive  acts  of 
kinds,  there  should  be  no  regularity.     As  a  matter  of 
however,  it  is  found  that  there  is  regularity.    In  this  way 
equalization  of  his  gains  and  losses,  for  which  he  cannot 
in  annuities,  insurances,  arid  lotteries  taken  separately, 
yet  be  secured  to  him  out  of  these  events  taken  coUectii 
If  in  each  case  he  values  his  chance  at  its  right  propoi 
(and  acts  accordingly)  he  will  in  the  course  of  his  life 
gain  nor  lose.     And  in  the  same  way  if,  whenever  he  has 
alternative  of  different  courses  of  conduct,  he  acts  in 
ance  with   the   estimate  of  his  belief  described  above,  i< 
chooses  the  event  whose  chance  is  the  best,  he  will  in  the 
gain  more  in  this  way  than  by  any  other  course.     By  the 
istence,  therefore,  of  these  cross-series^  as  we  may  term  the 
there  is  an  immense  addition  to  the  number  of  actions  wl 
may  be  fairly  considered  to  belong  to  those  courses  of 
duct  which  offer  many  successive  opportunities  of  equf 
gains  and  losses.     All  these  cases  then  may  be  regarded 
admitting  of  justification  in  the  way  now  under  discussion. 

§  25.     In  the  above  remarks  it  will  be  observed  that 
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>ave  been  giving  what  is  to  be  regarded  as  a  justification  of 
belief  from  the  point  of  view  of  the  individual  agent  him- 
If  we  suppose  the  existence  of  an  enlarged  fellow-feel- 
^,  the  applicability  of  such  a  justification  becomes  still  more 
jnsive.     We  can  assign  a  very  intelligible  sense  to  the 
irtion  that  it  is  999  to  1  that  I  shall  not  get  a  prize  in  a 
jry,  even  if  this  be  stated  in  the  form  that  my  belief  in 
so  doing  is  represented  by  the  fraction  jTj'^th  of  certainty. 
>perly  it  means  that  in  a  very  large  number  of  throws  I 
Id  gain  once  in  1000  times.     If  we  include  other  contin- 
ies  of  the  same  kind,  as  described  in  the  last  section, 
individual  may  be  supposed  to  reach  to  something  like 
experience  within  the  limits  of  his  own  life.     He  could 
do  it  in  this  particular  line  of  conduct  alone,  but  he  could 
it  in  this  line  combined  with  others.     Now  introduce  the 
ability  of  each  man  feeling  that  the  gain  of  others  offers 
le  analogy  to  his  own  gains,  which  we  may  conceive  his 
except  in  the  case  of  the  gains  of  those  against  whom 
is  directly  competing,  and  the  above  justification  becomes 
more  extensively  applicable. 

The  following  would  be  a  fair  illustration  to  test  this 
sw.  I  know  that  I  must  die  on  some  day  of  the  week,  and 
lere  are  but  seven  days.  My  belief,  therefore,  that  I  shall 
on  a  Sunday  is  one-seventh.  Here  the  contingent  event 
clearly  one  that  does  not  admit  of  repetition;  and  yet 
id  not  the  belief  of  every  man  ha;ve  the  value  assigned  it 
the  formula  ?  It  would  appear  that  the  same  principle 
be  found  to  be  at  work  here  as  in  the  former  examples. 
is  quite  true  that  I  have  only  the  opportunity  of  dying 
myself,  but  I  am  a  member  of  a  class  in  which  deaths 
with  frequency,  and  I  form  my  opinion  upon  evidence 
kawn  from  that  class.  If,  for  example,  I  had  insured  my 
|fe  for  £1000, 1  should  feel  a  certain  propriety  in  demanding 


150  Measvrement  of  Belief,  [chai 

£7000  in  case  the  office  declared  that  it  would  only  pa 
the  event  of  my  djdng  on  a  Sunday.  /,  indeed,  for  my 
private  part,  might  not  find  the  arrangement  an  equit 
one;  but  mankind  at  large,  in  case  they  acted  on  su< 
principle,  might  fairly  commute  their  aggregate  gains  in  t 
a  way,  whilst  to  the  Insurance  Office  it  would  not  make 
difference  at  all. 

§  26.  The  results  of  the  last  few  sections  might  be  8 
marised  as  follows : — the  different  amounts  of  belief  w 
we  entertain  upon  different  events,  and  which  are  recogn 
by  various  phrases  in  common  use,  have  undoubtedly  s 
meaning.  But  the  greater  part  of  their  meaning,  and 
tainly  their  only  justification,  are  to  be  sought  in  the  a 
of  corresponding  events  to  which  they  belong ;  in  regain 
which  it  may  be  shewn  that  far  more  events  are  capabl 
being  referred  to  a  series  than  might  be  supposed  at 
sight.  The  test  and  justification  of  belief  are  to  be  foum 
conduct ;  in  this  test  applied  to  the  series  as  a  whole,  ti 
is  nothing  peculiar,  it  differs  in  no  way  from  the  similar 
when  we  are  acting  on  our  belief  about  any  single  ev 
But  so  applied,  from  the  nature  of  the  case  it  is  app 
successively  to  each  of  the  individuals  of  the  series ;  here 
conduct  generally  admits  of  being  separately  considerec 
reference  to  each  particular  event ;  and  this  has  been  \m 
stood  to  denote  a  certain  amount  of  belief  which  should  1 
fraction  of  certainty.  Probably  on  the  principles  of  asso 
tion,  a  peculiar  condition  of  mind  is  produced  in  refereno 
each  single  event.  And  these  associations  are  not  unnatui 
retained  even  when  we  contemplate  any  one  of  these  su 
events  isolated  from  any  series  to  which  it  belongs.  W 
it  is  found  alone  we  treat  it,  and  feel  towards  it,  as  w< 
when  it  is  in  company  with  the  rest  of  the  series. 

§  27.     We   may  now   see,  more   clearly  than  we  a 
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ore,  why  it  is  that  we  are  free  from  any  necessity  of  as- 
oing  the  existence  of  causation,  in  the  sense  of  necessary 
triable  sequence,  in  the  case  of  the  events  which  compose 
:  series.  Against  such  a  view  it  might  very  plausibly  be 
^d,  that  we  constantly  talk  of  the  probability  of  a  single 
mt ;  but  how  can  this  be  done,  it  may  reasonably  be  said, 
we  once  admit  the  possibility  of  that  event  occurring  for- 
tously  ?  Take  an  instance  from  human  life ;  the  average 
ration  of  the  lives  of  a  batch  of  men  aged  thirty  will  be 
)ut  thirty-four  years.  We  say  therefore  to  any  individual 
them.  Your  expectation  of  life  is  thirty-four  years.  But 
8^  can  this  be  said  if  we  admit  that  the  train  of  events 
nposing  his  life  is  liable  to  be  destitute  of  all  regular 
[uence  of  cause  and  eflfect?  To  this  it  may  be  replied 
it  the  denial  of  causation  enables  us  to  say  neither  more 
r  less  than  its  assertion,  in  reference  to  the  length  of  the 
lividual  life,  for  of  this  we  are  ignorant  in  each  case  alike. 
^  assigning,  as  above,  an  expectation  in  reference  to  the 
lividual,  we  mean  nothing  more  than  to  make  a  statement 
out  the  average  of  his  class.  Whether  there  be  causation 
not  in  these  individual  cases  does  not  affect  our  knowledge 
the  average,  for  this  by  supposition  rests  on  independent 
perience.  The  legitimate  inferences  are  the  same  on  either 
pothesis,  and  of  equal  value.     The  only  difference  is  that 

the  hjrpothesis  of  non-causation  we  have  forced  upon  our 
iention  the  impropriety  of  talking  of  the  'proper'  expecta- 
»n  of  the  individual,  owing  to  the  fact  that  all  knowledge  of 

amount  is  formally  impossible ;  on  the  other  hypothesis 
3  impropriety  is  overlooked  from  the  fact  of  such  know- 
Ige  being  only  practically  unattainable.  As  a  matter  of 
t  the  amount  of  our  knowledge  is  the  same  in  each  case ; 
Is  a  knowledge  of  the  average,  and  of  that  only\ 

1  For  a  faUer  disoussion  of  this,  see  the  Chapter  on  Causation. 
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§  28.     We  may  conclude,  then,  that  the  limits  wi 

which  we  are  thus  able  to  justify  the  amount  of  our  b 

are   far  more  extensive  than  might  appear  at  first  si 

Whether  every  case   in  which  persons  feel  an  amoun 

belief  short  of  perfect  confidence  could  be  forced  into 

province  of  Probability  is  a  wider  question.     Even,  howe 

if  the  belief  could  be  supposed  capable  of  justification  oi 

principles,  its  rules  could  never  in  such  cases  be  made  use 

Suppose,  for  example,  that  a  father  were  in  doubt  whel 

to  give  a  certain  medicine  to  his  sick  child.     On  the 

hand,  the  doctor  declared  that  the  child  would  (He  unless 

medicine  were  given ;  on  the  other,  through  a  mistake, 

father  cannot  feel  quite  sure  that  the  medicine  he  has  is' 

right  one.     It  is  conceivable  that  some  mathematicians, 

their  conviction  that  everything  has  its  definite  numeii 

probability,  would  declare  that  the  man's  belief  had  so 

*  value'  (if  they  could  only  find  out  what  it  is),  say  ni 

tenths ;  by  which  they  would  mean  that  in  nine  cases  oul 

ten  in  which  he  entertained  a  belief  of  that  particular  va 

he  proved  to  be  right.     So  with  his  belief  and  doubt 

the  other  side  of  the  question.     Putting  the  two  togeti 

there  is  but  one  course  which,  as  a  prudent  man  and  a  g( 

father,  he  can  possibly  follow.     It  may  be  so,  but  when 

here)  the  identification  of  an  event  in  a  series  depends 

purely  subjective  conditions,  as  in  this  case  upon  the  degi 

of  vividness  of  his  conviction,  of  which  no  one  else  can  jud, 

no  test  is  possible,  and  therefore  no  proof  can  be  found. 

§  29.  So  much  then  for  the  attempts,  so  fi-equen 
made,  to  found  the  science  on  a  subjective  basis ;  they  c 
lead,  as  it  has  here  been  endeavoured  to  show,  to  no  satirf 
tory  result.  Still  our  belief  is  so  inseparably  connected  w: 
our  action,  that  something  of  a  defence  can  be  made  for  1 
attempts  described  above ;  but  when  it  is  attempted,  as 
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the  case,  to  import  other  sentiments  besides  pure  belief, 

to  find  a  justification  for  them  also  in  the  results  of  our 

ice,  the  confusion  becomes  far  worse.     The  following 

it  fi-om  Archbishop  Thomson's  Laws  of  Thought  (§  122, 

n.)  will  show  what  kind  of  applications  of  the  science  are 

itemplated  here:  "In  applying  the  doctrine  of  chances  to 

subject  in  connexion  with  which  it  was  invented — ^games 

ehance, — the  principles  of  what  has  been  happily  termed 

1  arithmetic '  must  not  be  forgotten.     Not  only  would 

be  difficult  for  a  gamester  to  find  an  antagonist  on  terms, 

to  fortune  and  needs,  precisely  equal,  but  also  it  is  im- 

dble   that   with   such   an  equality  the  advantage  of  a 

iderable  gain  should  balance  the  harm  of  a  serious  loss. 

two  men,'  says  Buffon,  'were  to  determine  to  play  for 

whole  property,  what  would  be  the  effect  of  this  agree- 

it?     The   one  would  only  double  his  fortune,  and  the 

ir  reduce  his  to  naught.     What  proportion  is  there  be- 

sn  the  loss  and  the  gain?    The  same  that  there  is  between 

and  nothing.     The  gain  of  the  one  is  but  a  moderate 

I, — the   loss   of  the   other  is  numerically  infinite,   and 

►rally  so  great  that  the  labour  of  his  whole  life  may  not 

tps  suflSce  to  restore  his  property.' " 
As  moral  advice  this  is  all  very  true  and  good.     But  if  it 
regarded  as  a  contribution  to  the  science  of  the  subject  it 
quite  inappropriate,  and  seems  calculated  to  cause  con- 
Lon.     The  doctrine  of  chances  pronounces  upon  certain 
ids  of  events  in  respect  of  number  and  magnitude ;  it  has 
Jutely  nothing  to  do  with  any  particular  person's  feelings 
►ut  these  relations.     We  might  as  well  append  a  corollary 
the  rules  of  arithmetic,  to  point  out  that  although  it  is 
true  that  twice  two  are  four  it  does  not  follow  that  four 
!8  will  give  twice  as  much  pleasure  to  the  owner  as  two 
rDL     If  two  men  play  on  equal  terms  their  chances  are 
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equal;  in  other  words,  if  they  were  often  to  play  in 
manner  each  would  lose  as  frequently  as  he  would  gain. 
is  all  that  Probability  can  say;  what  under  the  circunw 
may  be  the  determination  and  opinions  of  the  men  in 
tion,  it  is  for  them  and  them  alone  to  decide.     There 
many  persons  who  cannot  bear  mediocrity  of  any  kind, 
to  whom  the  prospect  of  doubling  their  fortune  would 
weigh  a  greater  chance  of  losing  it  altogether.     They 
are  the  judges. 

If  we  will  introduce  such  a  balance  of  pleasure  and 
the  individual  must  make  the  calculation  for  himsel£ 
supposition  is  that  total  ruin  is  very  painful,  partial 
painful  in  a  less  proportion  than  that  assigned  by  the 
of  the  losses  themselves;  the  inference  is  therefore 
that  on  the  average  more  pain  is  caused  by  occasional 
losses  than  by  frequent  small  ones,  though  the  money 
of  the  losses  in  the  long  run  may  be  the  same  in  each 
But  if  we  suppose  a  country  where  the  desire  of  spen( 
largely  is  very  strong,  and  where  owing  to  abundant  pi 
tion  loss  is  easily  replaced,  the  calculation  might  incline 
other  way.     Under  such  circumstances  it  is  quite 
that  more  happiness  might  result  from  plajdng  for  high 
for  low  stakes.     The  fact  is  that  all  emotional  considei 
of  this  kind  are  irrelevant ;  they  are,  at  most,  mere  ap] 
tions  of  the  theory,  and  such  as  each  individual  is 
competent  to  make  for  himself.     Some  more  remarks  will 
made  upon  this  subject  in  the  chapter  upon  Insurance 
Gambling. 

§  30.     It  is  by  the  introduction  of  such  considerations 
these  that  the  Petersburg  Problem  has  been  so  perpli 
Having  already  given  some  description  of  this  problem 
will  refer  to  it  very  briefly  here.     It  presents  us  witk] 
sequence  of  sets  of  throws  for  each  of  which  sets  I  am  i 
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ve  something,  say  a  shilling,  as  the  minimum  receipt, 
receipts  increase  in  proportion  to  the  rarity  of  each 
.cular  kind  of  set,  and  each  kind  is  observed  or  inferred 
x)w  more  rare  in  a  certdin  definite  but  unlimited  order, 
he  wording  of  the  problem,  properly  interpreted,  I  am 
osed  never  to  stop.  Clearly  therefore,  however  large  a 
'.  pay  for  each  of  these  sets,  I  shall  be  sure  to  make  it  up 
tne.  The  mathematical  expression  of  this  is,  that  I 
it  always  to  pay  an  infinite  sum.  To  this  the  objection 
)posed,  that  no  sensible  man  would  think  of  advancing 
a  large  finite  sum,  say  £50.  Certainly  he  would  not ; 
why?  Because  neither  he  nor  those  who  are  to  pay 
would  be  likely  to  live  long  enough  for  him  to  obtain 
ws  good  enough  to  remunerate  him  for  one-tenth  of  his 
ly ;  to  say  nothing  of  his  trouble  and  loss  of  time.  We 
:  not  suppose  that  the  problem,  as  stated  in  the  ideal 
,  will  coincide  with  the  practical  form  in  which  it 
3nts  itself  in  life.  A  carpenter  might  as  well  object  to 
id's  second  postulate,  because  his  plane  came  to  a  stop 
Lx  feet  on  the  plank  on  which  he  was  at  work.  Many 
ans  have  failed  to  perceive  this,  and  have  assumed  that, 
ies  enabling  us  to  draw  numerical  inferences  about  the 
ibers  of  a  series,  the  theory  ought  also  to  be  called  upon 
istify  all  the  opinions  which  average  respectable  men 
it  be  inclined  to  form  about  thqm,  as  well  as  the  conduct 
might  choose  to  pursue  in  consequence.  It  is  obvious 
to  enter  upon  such  considerations  as  these  is  to  diverge 
our  proper  ground.  We  are  concerned,  in  these  cases, 
the  actions  of  men  only,  as  given  in  statistics ;  with  the 
iions  they  experience  in  the  performance  of  these  actions 
ave  no  direct  concern  whatever.  The  error  is  the  same 
any  one  were  to  confound,  in  political  economy,  value  in 
with  value  in  exchange,  and  object  to  measuring  the 
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value  of  a  loaf  by  its  cost  of  production,  because  bres 
worth  more  to  a  man  when  he  is  hungry  than  it  is  just 
his  dinner. 

§  31.  One  class  of  emotions  indeed  ought  to  be 
oepted,  which,  from  the  apparent  uniformity  and  coi 
ency  with  which  they  show  themselves  in  different  pe 
and  at  different  times,  do  really  present  some  better  clai 
consideration.  In  connection  with  a  science  of  infe 
they  can  never  indeed  be  regarded  as  more  than  an  ace 
of  what  is  essential  to  the  subject,  but  compared  with 
-emotions  they  seem  to  be  inseparable  accidents. 

The  reader  will  remember  that  attention  was  dra\ 
the  earlier  part  of  this  chapter  to  the  compound  natu 
the  state  of  mind  which  we  term  belief.  It  is  partly 
lectual,  partly  also  emotional;  it  professes  to  rest 
experience,  but  in  reality  the  experience  acts  througl 
distorting  media  of  hopes  and  fears  and  other  distu 
agencies.  So  long  as  we  confine  our  attention  to  the 
of  mind  of  the  person  who  believes,  it  appears  to  me 
these  two  parts  of  belief  are  quite  inseparable.  Inde( 
speak  of  them  as  two  parts  may  convey  a  wrong  impres 
for  though  they  spring  from  different  sources,  they  s- 
tirely  merge  in  one  result  as  to  produce  what  migl 
called  an  indistinguishable  compound.  Every  kind  of  : 
ence,  whether  in  probability  or  not,  is  liable  to  be  disti 
in  this  way.  A  timid  man  may  honestly  believe  that  h< 
be  wounded  in  a  coming  battle,  when  others,  with  the 
experience  but  calmer  judgments,  see  that  the  chan 
too  small  to  deserve  consideration.  But  such  a  man's  I 
if  we  look  only  to  that,  will  not  differ  in  its  nature 
sound  belief.  His  conduct  also  in  consequence  of  his  i 
will  by  itself  afford  no  ground  of  discrimination;  he 
make  his  will  as  sincerely  as  a  man  who  is  unmistakeab 
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death-bed  The  only  resource  is  to  check  and  correct 
belief  by  appealing  to  past  and  current  experience  \  This 
g  advanced  as  an  objection  to  the  theory  on  which  proba- 
plty  is  regarded  as  concerned  primarily  with  laws  of  belief 
on  the  view  taken  in  this  Essay  in  which  we  are  sup- 
to  be  concerned  with  laws  of  inference  about  things, 
and  diflSculty  from  this  source  vanish.  Let  us  bear  clearly 
lind  that  we  are  concerned  with  inferences  about  things, 
whatever  there  may  be  in  belief  which  does  not  depend 
^ejqperience  will  disappear  from  notice. 
§  32.  These  emotions  then  can  claim  no  notice  as  an 
portion  of  any  science  of  inference,  and  should  in 
less  be  rigidly  excluded  from  it.  But  if  any  of  them 
imiform  and  regular  in  their  production  and  magnitude, 
may  be  fairly  admitted  as  accidental  and  extraneous 
ipaniments.  This  is  really  the  case  to  some  extent 
our  surprise.  This  emotion  does  show  a  considerable 
of  uniformity.  The  rarer  any  event  is  the  more  am  I, 
,eommon  with  most  other  men,  surprised  at  it  when  it  does 
in.  This  surprise  may  range  through  all  degrees,  from 
most  languid  form  of  interest  up  to  the  condition  which 
term  'being  startled'.  And  since  the  surprise  seems 
be  pretty  much  the  same,  under  similar  circumstances, 
diflFerent  times,  and  in  the  case  of  different  persons,  it  is 
from  that  extreme  irregularity  which  is  found  in  most 
the  other  mental  conditions  which  accompany  the  con- 


^  The  best  example  I  can  recall 
the  distinction  between  judging 
the  subjective  and  the  objec- 
side,  in  such  cases  as  these, 
red  once  in  a  railway  train. 
a  timid  old  lady  who  was 
much  fear  of  accidents.  I  en- 
to    soothe   her    on    the 


usual  statistical  ground  of  the  ex- 
treme rarity  of  such  events.  She 
listened  patiently,  and  then  replied, 
*' Yes,  Sir,  that  is  all  very  well;  but 
I  don't  see  how  the  real  danger  will 
be  a  bit  the  less  because  I  don't  be- 
lieve in  it." 


-  / 
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templation  of  unexpected  events.  Hence  our  surprise,  th 
as  stated  above,  having  no  proper  claim  to  admissioii 
the  science  of  Probability,  is  such  a  constant  and  re 
accompaniment  of  that  which  Probability  is  concerned 
that  notice  must  often  be  taken  of  it.  References  wi 
casionally  be  found  to  this  aspect  of  the  question  i 
following  chapters. 

It  may  be  remarked  in  passing,  for  the  sake  of  ft 
illustration  of  the  subject,  that  this  emotional  accom 
ment  of  surprise,  to  which  we  are  thus  able  to  assign  i 
thing  like  a  fractional  value,  differs  in  two  important  refi 
jfrom  the  commonly  accepted  fraction  of  belief  In  the 
place,  it  has  what  may  be  termed  an  independent  exisfe 
it  is  intelligible  by  itself.  The  belief,  as  we  endeavoun 
show,  needs  explanation  and  finds  it  in  our  consequent 
duct.  Not  so  with  the  emotion;  this  stands  upon  its 
footing,  and  may  be  examined  in  and  by  itself.  Hem 
the  second  place,  it  is  as  applicable,  and  as  capable  of  any 
of  justification,  in  relation  to  the  single  event,  as  to  a  ser 
events.  In  this  respect,  as  will  be  remembered,  it  ofi 
complete  contrast  to  our  state  of  belief  about  any  one 
tingent  event.  May  not  these  considerations  help  to  aa 
for  the  general  acceptance  of  the  doctrine,  that  we  hi 
certain  definite  and  measurable  amount  of  belief  about 
events?  I  cannot  help  thinking  that  what  is  so  obvi< 
true  of  the  emotional  portion  of  the  belief,  has  been  ui 
sciously  transferred  to  the  other  or  intellectual  portion  o 
compound  condition,  to  which  it  is  not  applicable,  and  u 
it  cannot  find  a  justification. 

§33.  A  further  illustration  may  now  be  given  oi 
subjective  view  of  Probability  at  present  under  di 
sion. 

An  appeal  to  common  language  is  always  of  servic 
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iployment  of  any  distinct  word  is  generally  a  proof 
ankind  have  observed  some  distinct  properties  in  the 
which  have  caused  them  to  be  singled  out  and  have 
ame  appropriated  to  them.  There  is  such  a  class  of 
assigned  by  popular  usage  to  the  kind  of  events  of 
Probability  takes  account.  If  we  examine  them  we 
nd,  I  think,  that  they  direct  us  unmistakeably  to  the 
d  aspect  of  the  question, — the  objective  and  the  sub- 
,  the  quality  in  the  events  and  the  state  of  our  minds 
jsidering   them, — that   have   occupied   our   attention 

the  former  chapters. 

B  word  '  extraordinary ',  for  instance,  seems  to  point  to 

served  fact,  that  events  are  arranged  in  a  sort  of  ordo 

L.     No  one  of  them  might  be  so  exactly  placed  that 

Id  have  inferred  its  position,  but  when  we  take  a  great 

into   account  together,  running  our  eye,  as  it  were, 

the  line,  we  begin  to  see  that  they  really  do  for  the 

lart  stand  in  order.     Those  which  stand  away  from  the 

lave    this   divergence    observed,    and    are    called    ex- 

inary,  the  rest  ordinary,  or  in  the  line.     So  too  '  irre- 

and  '  abnormal '  are  doubtless  used  from  the  appear- 

f  things,  when  examined  in  large  numbers,  being  that 

arrangement  by  rule  or  measure.     This   only  holds 

there  are  a  good  many;  we  could  not  speak  of  the 

events  being  so  arranged.    Again  the  word  'law',  in 

ilosophical  sense,  has  now  become  quite  popularised. 

the    term   became    introduced    is    not    certain,    but 

can   be  little  doubt  ^  that   it   was  somewhat   in  this 

-The    effect  of  a   law,   in    its    usual    application    to 

a  conduct,  is  to  produce  regularity  where  it  did  not 

usly  exist ;  when  then  a  regularity  began  to  be  per- 

in  nature,  the  same  word  was  used,  whether  the  cause 

iipposed  to  be  the  same  or  not.     In  each  case  there 
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was  the  same  generality  of  agreement,  subject  to  occa 
deflection  \ 

On  the  other  hand,  observe  the  words  '  wonderful ' 
expected',  'incredible*.  Their  connotation  describes 
of  mind  simply ;  they  are  of  course  not  confined  to  f 
bility,  in  the  sense  of  statistical  frequency,  but  imply  s 
that  the  events  they  denote  are  such  as  from  some  cau 
did  not  expect  would  happen,  and  at  which  therefore, 
they  do  happen,  we  are  surprised. 

Now  when  we  bear  in  mind  that  these  two  clast 
words  are  in  their  origin  perfectly  distinct; — the  on 
noting  simply  events   of  a  certain   character;    the 
though   also  denoting   events,  connoting   simply  stat 
mind; — and  yet  that  they  are  universally  applied  t 
same  events,  so  as  to  be  used  as  perfectly  synonymoi 
have  in  this  a  striking  illustration  of  the  two  sides 
which  Probability  may  be  viewed,  and  of  the  universal 
nition  of  a  close  connection  between  them.     The  wor 
popularly  used  as  synonymous,  and  we  must  not  press 
meaning  too  far ;   but  if  it  were  to  be  observed,  as 
rather  inclined  to  think  it  could,  that  the  application 
words  which  denote  mental  states  is  wider  than  that 
others,  we  should   have  an  illustration   of  what  has 
already  observed,  viz.  that  the  province  of  Probability 
so  extensive  as  that  over  which  variation  of  belief  mi| 
observed.     Probability  only  considers  the  case  in  whic 
variation  is  brought  about  in  a  certain  definite  stal 
way. 

§  34.     It  will  be  found  in  the  end  both  interestii 
important  to  have  devoted  some  attention  to  this  sub 

'  This  would  still  hold  of  empiri-      shifted  the  word,  to  denote 
cal  laws  which  may  be  capable  of  be-      mate  law  which  it  is  supposec 
ing  broken :  we  now  have  very  much      be  broken. 
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I  of  the  question.  In  the  first  place,  as  a  mere  specu- 
ire  inquiry  the  quantity  of  our  belief  of  any  proposition 
BTves  notice.  To  study  it  at  all  deeply  would  be  to  tres- 
s  into  the  province  of  Psychology,  but  it  is  so  intimately 
nected  with  our  own  subject  that  we  cannot  avoid  all 
nrence  to  it.  We  therefore  discuss  the  laws  under  which 
expectation  and  surprise  at  isolated  events  increases  or 
linishes,  so  as  to  account  for  these  states  of  mind  in  any 
ividual  instance,  and,  if  necessary,  to  correct  them  when 
y  vary  from  their  proper  amount. 

But  there  is  another  more  important  reason  than  this. 
38  quite  true  that  when  the  subjects  of  our  discussion  in 
particular  instance  lie  entirely  within  the  province 
bability,  they  may  be  treated  without  any  reference 
belief.  We  may  or  we  may  not  employ  this  side  of 
question  according  to  our  pleasure.  If,  for  example,  I 
asked  whether  it  is  more  likely  that  A.  B.  will  die  this 
,  than  that  it  will  rain  to-morrow,  I  may  calculate  the 
(which  really  is  at  bottom  the  same  thing  as  my 
lef)  of  each,  find  them  respectively,  one-sixth  and  one- 
inth,  say,  and  therefore  decide  that  my  '  expectation '  of 
former  is  the  greater,  viz.  that  this  is  the  more  likely 
t.  In  this  case  the  process  is  precisely  the  same  whether 
suppose  our  belief  to  be  introduced  or  not ;  our  mental 
is,  in  fact,  quite  immaterial  to  the  question.  But,  in 
cases,  it  may  be  different.  Suppose  that  we  are  com- 
two  things,  of  which  one  is  wholly  alien  to  Proba- 
,  in  the  sense  that  it  is  hopeless  to  attempt  to  assign 
degree  of  numerical  frequency  to  it,  the  only  ground 
have  in  common  may  be  the  amount  of  belief  to  which 
are  respectively  entitled.  We  cannot  compare  the 
uency  of  their  occurrence,  for  one  may  occur  too  seldom 
judge  by,  perhaps  it  may  be  unique.     It  has  been  already 

v.  11 
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said,  that  our  belief  ot  many  events  rests  upon  a  very  • 
plicated  and  extensive  basis.  My  belief  may  be  the  pre 
of  many  conflicting  arguments,  and  many  analogies  moi 
less  remote ;  these  proofs  themselves  may  have  mostly  i 
from  my  mind,  but  they  will  leave  their  effect  behind  \ 
in  a  weak  or  strong  conviction.  At  the  time,  therefo 
may  still  be  able  to  say,  with  some  degree  of  acea 
though  a  very  slight  degree,  what  amount  of  belief  I  a 
tain  upon  the  subject.  Now  we  cannot  compare  things 
are  heterogeneous:  if,  therefore,  we  are  to  decide  bet^ 
this  and  an  event  determined  naturally  and  proper!] 
Probability,  it  is  impossible  to  appeal  to  chances  or  freqo 
of  occurrence.  The  measure  of  belief  is  the  only  com 
ground,  and  we  must  therefore  compare  this  quantity  in 
case.  The  test  afforded  will  be  an  exceedingly  rough 
for  the  reasons  mentioned  above,  but  it  will  be  better 
none ;  in  some  cases  it  will  be  found  to  furnish  all  we  w 

Suppose,  for  example,  that  one  letter  in  a  million  is 
in  the  Post  Office,  and  that  in  any  given  instance  I  wis 
know  which  is  more  likely,  that  a  letter  has  been  so  loa 
that  my  servant  has  stolen  it?  If  the  latter  altemi 
could,  like  the  former,  be  stated  in  a  numerical  form, 
comparison  would  be  simple.  But  it  cannot  be  reduce 
this  form,  at  least  not  consciously  and  directly.  Still,  i 
could  feel  that  our  belief  in  the  man's  dishonesty  was  gw 
than  one-millionth,  we  should  then  have  homogeneous  tl 
before  us,  and  therefore  comparison  would  be  possible. 

§  35.  We  are  now  in  a  position  to  give  a  tolerably  s 
rate  definition  of  a  phrase  which  we  have  frequently 
obliged  to  employ,  or  incidentally  to  suggest,  and  of  ^ 
the  reader  may  have  looked  for  a  definition  already,  vix 
probability  of  an  event,  or  what  is  equivalent  to  this, 
chance  of  any  given  event  happening.     I  consider  that  t 
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presuppose  a  series ;  within  the  indefinitely  numerous 
(^hich  composes  this  series  a  smaller  class  is-4istm-_ 
Td  by  the  presence  or  absence  of  some  attribute  or 
ites,  as  was  fully  illustrated  and  explained  in  a  pre- 
chapter.  These  larger  and  smaller  classes  respectively 
unmonly  spoken  of  as  instances  of  the  *  event/  and  of 
appening  in  a  given  particular  way/  Adopting  this 
jology,  which  with  proper  explanations  is  suitable 
h,  we  may  define  the  probability  or  chance  (the  terms 
3re  regarded  as  synonymous)  of  the  event  happening 
t  particular  way  as  the  numerical  fraction  which  repre- 
the  proportion  between  the  two  different  classes  in  the 
run.  Thus,  for  example,  let  the  probability  be  that 
yiven  infant  living  to  be  eighty  years  of  age.     The 

series  will  comprise  all  infants,  the  smaller  all  who  live 
hty.     Let  the  proportion  of  the  former  to  the  latter  be 

;  in  other  words,  suppose  that  one  infant  in  ten  lives 
^hty.     Then  the  chance  or  probability  that  any  given 

will  live  to  eighty  is  the  numerical  fi:'action  ^.  This 
les  that  the  series  are  of  indefinite  extent,  and  of  the 
which  we  have  described  as  possessing  a  fixed  type. 
B  be  not  the  case,  but  the  series  be  supposed  termi- 
,  or  regularly  or  irregularly  fluctuating,  as  might  be  the 
for  instance,  in  a  society  where  owing  to  sanitary  or 

causes  the  average  longevity  was  steadily  undergoing 
age,  then  in  so  far  as  this  is  the  case  the  series  ceases 
a  subject  of  science.  What  we  have  to  do  under  these 
astances,  is  to  substitute  a  series  of  the  right  kind  for 
lappropriate  one  presented  by  nature,  choosing  it,  of 
J,  with  as  little  deflection  as  possible  from  the  observed 
This  is  nothing  more  than  has  to  be  done,  and  in- 
)ly  is  done,  whenever  natural  objects  are  made  subjects 
ct  science. 

11—2 
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§  36.   A  word  or  two  of  explanation  may  be  added  a 
the  expression  employed  above, '  the  proportion  in  the 
run.*    The  run  must  be  supposed  to  be  very  long  indee 
fact  never  to  stop.    As  we  keep  on  taking  more  terms  of 
series  we  shall  find  the  proportion  still  fluctuating  a  li 
but  its  fluctuations  will  grow  less.     The  proportion,  in 
will  gradually  approach  towards  some  fixed  numerical  v\ 
what  mathematicians  term  its  limit     This  fractional  v 
is  the  one  spoken  of  above.     In  the  cases  in  which  deduc 
reasoning  is  possible,  this  fraction  may  be  obtained  witl 
direct  appeal  to  statistics,  from   reasoning  about  the 
ditions  under  which  the  events  occur,  as  was  explainei 
the  fourth  chapter.  * 

Here  becomes  apparent  the  full  importance  of  the 
tinction  so  frequently  insisted  on,  between  the  actual  irreg 
series  before  us  and  the  substituted  one  of  calculation, 
the  meaning  of  the  assertion  (Ch.  I.  §  13),  that  it  was  in 
case  of  the  latter  only  that  strict  scientific  inferences  o 
be  made.  For  how  can  we  have  a  'limit'  in  the  cas 
those  series  which  ultimately  exhibit  irregular  fluctuatk 
When  we  say,  for  instance,  that  it  is  an  even  chance 
a  given  person  recovers  from  the  cholera,  the  meaninj 
this  assertion  is  that  in  the  long  run  one  half  of  the  pen 
attacked  by  that  disease  do  recover.  But  if  we  exami 
a  sufficiently  extensive  range  of  statistics,  we  might 
that  the  manners  and  customs  of  society  had  produced  { 
a  change  in  the  type  of  the  disease  or  its  treatment,  thai 
were  no  neansr  approaching  towards  a  fixed  limit  thai 
were  at  first.  The  conception  of  an  ultimate  limit  in 
ratio  between  the  numbers  of  the  two  classes  in  the  s< 
necessarily  involves  an  absolute  fixity  of  the  type.  \( 
therefore  nature  does  not  present  us  with  this  absolute  fi: 
as  she  seldom  or  never  does  except  in  games  of  chance  \ 
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t  demonstrably  there),  our  only  resource  is  to  introduce 
eh  a  series,  in  other  words,  as  has  so  often  been  said,  to 
bstitute  a  series  of  the  right  kind. 

§  37.  The  above,  which  may  be  considered  tolerably 
mplete  as  a  definition,  might  equally  well  have  been 
ren  in  the  last  chapter.     It  has  been  deferred  however 

the  present  place,  in  order  to  connect  with  it  at  once  a 
oposition  involving  the  conceptions  introduced  in  this 
apter ;  viz.  the  state  of  our  own  minds,  in  reference  to  the 
aount  of  belief  we  entertain  in  contemplating  any  one 

the  events  whose  probability  has  just  been  described. 
masons  were  given  against  the  opinion  that  our  belief  ad- 
itted  of  any  exact  apportionment  like  the  numerical  one 
Bt  mentioned.  Still,  it  was  shown  that  a  reasonable  expla- 
ttion  could  be  given  of  such  an  expression  as, '  my  belief  is 
&L  of  certainty '^though  it  was  an  explanation  whichpomtec 
^latakeably  to  a  series  of  events,  and  ceased  to  be  intel- 
gible,  or  at  any  rate  justifiable,  when  it  was  not  viewed  in 
ich  a  relation  to  a  series.  In  so  far,  then,  as  this  expla- 
Ition  is  adopted,  we  may  say  that  our  belief  is  in  pro- 
ion  to  the  above  fraction.  Tj^ia  vf^^f^rrc^A  f,o_the_purely 
-part  of  belief  which  cguanot  be-€OBceivedjto_  ^ 

^ble,   even   in   thnnght,  frnm    ih(^.  things  npoTi   whip.h_it 

atercised, — With   thjg  intellectual  jgart   there  are  com- 


^sociated   various   emotions.     These   we   can  to  a 

in  extent  separate,  and,  when  separated,  can  measure 

^h  that  degree  of  accuracy  which  is  possible  in  the  case  of 

ler  emotions.     They  are  moreover  intelligible  in  reference 

the  individual  events.     They  will  be  found  to  increase 

diminish  in  accordance,  to  some  extent,  with  the  fraction 

lich  represents  the  scarcity  of  the  event.     The  emotion  of 

)rise  does  so  with  some  degree  of  accuracy. 

The  above  investigation  describes,  though  in  a  very  brief 


I 
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form,  the  amount  of  truth  which  appears  to  me  to  be  oa 
tained  in  the  assertion  frequently  made,  that_-th£LJ&acl| 
expressive  of  thf^  prohflhility  roprrnontn  aino  thr  frn^tifi 
part  of  full  certainty  to  which  our  belief  of  the  individn 
event  amounts.  Any  fiir^hft^'^^^Q^yftiP  of  the  TTla1ltnT^w^^ 
seem  to  belong  to  Psychology  rather  than  to  Probability. 


CHAPTER  VIL 

THE  RULES  OF  INFERENCE  IN  PROBABILITY. 

In  the  previous  chapter,  an  investigation  was  made  into 
%t  may  be  called,  from  the  analogy  of  Logic,  Immediate 
ierences.  Given  that  nine  men  out  of  ten,  of  any  assigned 
>,  live  to  forty,  what  could  be  inferred  about  the  prospect 
life  of  any  particular  man  ?  It  was  shown  that,  although 
is  step  was  very  far  from  being  so  simple  as  it  is  frequently 
pposed  to  be,  and  as  the  corresponding  step  really  is  in 
ogic,  there  was  nevertheless  an  intelligible  sense  in  which 
^  might  speak  of  the  amount  of  our  belief  in  any  one  of 
*  proportional  propositions,'  as  they  may  succinctly  be 
led,  and  justify  that  amount.  We  must  now  proceed  to 
consideration  of  inferences  more  properly  so  called,  I 
kean  inferences  of  the  kind  analogous  to  those  which  form  the 
laple  of  ordinary  logical  treatises.  In  other  words,  having 
icertained  in  what  manner  particular  propositions  could  be 
iferred  from  the  general  propositions  which  included  them, 
HB  must  now  examine  in  what  cases  one  general  proposition 
in  be  inferred  from  another.  By  a  general  proposition  here 
I  meant,  of  course,  a  general  proposition  of  the  statistical 
bd  contemplated  in  Probability.  The  rules  of  such  infer- 
ice  being  very  few  and  simple,  their  consideration  will  not 
stain  us  long.     From  the  data  now  in  our  possession  we  are 
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able  to  deduce  the  rules  of  probability  given  in  ord 
treatises  upon  the  science.  It  would  be  more  correct  1 
that  we  are  able  to  deduce  some  of  these  rules,  for,  a 
appear  on  examination,  they  are  of  two  very  diBFerent  1 
resting  on  entirely  distinct  grounds.  They  might  be  di 
into  those  which  are  formal,  and  those  which  are  more  o 
experimental.  This  may  be  otherwise  expressed  by  s 
that,  from  the  kind  of  series  described  in  the  first  cha 
some  rules  will  follow  necessarily  by  the  mere  applicati 
arithmetic ;  whilst  others  either  depend  upon  peculiar  1 
theses,  or  demand  for  their  establishment  continuall 
newed  appeals  to  experience,  and  extension  by  the  aid  c 
various  resources  of  Induction.  We  shall  confine  our  s 
tion  at  present  principally  to  the  former  class ;  the  latte 
only  be  fully  understood  when  we  have  considered  the 
nection  of  our  science  with  Induction. 

§  2.  The  fundamental  rules  of  Probability  strict 
called,  that  is  the  formal  rules,  may  be  divided  iato 
classes, — those  obtained  by  addition  or  subtraction  oi 
one  hand,  corresponding  to  what  are  generally  terme< 
connection  of  exclusive  or  incompatible  events*;  and 
obtained  by  multiplication  or  division,  on  the  other 
corresponding  to  what  are  commonly  termed  depe: 
events.     We  will  examine  these  in  order. 

(1)  We  can  make  inferences  by  simple  additior 
for  instance,  there  are  two  distinct  properties  observa 
various  members  of  the  series,  which  properties  do  not 
in  the  same  individual;  it  is  plain  that  in  any  bate 
number  that  are  of  one  kind  or  the  other  will  be  equal 
sum  of  those  of  the  two  kinds  separately.     Thus  36.4  i 

^  It  might  be  more  accurate  to      or   *  mutually    exclusive    cU 
speak  of  'incompatible   hypotheses      events', 
with  respect  to  any  individual  case*, 
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n  100  live  to  over  sixty,  35.4  in  100  die  before  they  are 
ibh*;  take  a  large  number,  say  10,000,  then  there  will  be 
About  3640  who  live  to  over  sixty,  and  about  3540  who  do 
lot  reach  ten ;  hence  the  total  number  who  do  not  die  within 
be  assigned  limits  will  be  about  2820  altogether.  Of  course 
f  these  proportions  were  accurately  assigned,  the  resultant 
inm  would  be  equally  accurate :  but,  as  the  reader  knows,  in 
Probability  this  proportion  is  merely  the  limit  towards  which 
lie  numbers  tend  in  the  long  run,  not  the  precise  result 
nigned  in  any  particular  case.  Hence  we  can*  only  venture 
H)  say  that  this  is  the  limit  towards  which  we  tend  as  the 
knmbers  become  greater  and  greater. 

This  rule,  in  its  general  algebraic  form,  would  be  ex- 
Kessed  in  the  language  of  Probability  as  follows: — If  the 
liances   of    two    exclusive   or  incompatible   events   be   re- 

©ectively  —  and  -  the  chance  of  one  or  other  of  them 
^  '^    m  n 

lappeninsf  will  be  — h  -  or .     Similarly  if  there  were 

^^         °  m     n         mn  "^ 

aore  than  two  events  of  the  kind  in  question.  On  the  prin- 
iples  adopted  in  this  work,  the  rule,  when  thus  algebraically 
ixpressed,  means  precisely  the  same  thing  as  when  it  is 
ixpressed  in  the  statistical  form.  It  was  shown  at  the  con- 
tusion of  the  last  chapter  that  to  say,  for  example,  that  the 

•hance  of  a  given  event  happening  in  a  certain  way  is  ^ ,  is 

ialy  another  way  of  sajdng  that  in  the  long  run  it  does  tend 

ko  happen  in  that  way  once  in  six  times. 

)     It  is  plain  that  a  sort  of  corollary  to  this  rule  might  be 


I    1  Tl 


*  The  examples,  of  this  kind,  re-  high  authority  of  De  Morgan  for  re- 

■rring  to  human  mortality  are  taken  garding  them  as  the  best  representa- 

lom    the    Carlisle    tables.      These  tive  of  the  average  mortality  of  the 

iffer  considerably,  as  is  well  known,  English  middle  classes  at  the  piresent 

fcom  other  tables,  but  we  have  the  day. 
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obtained,  in  precisely  the  same  way,  by  subtraction  instea 
addition.     Stated  generally  it  would  be  as  follows: — K 

chance  of  one  or  other  of  two  incompatible  events  be  — 

the  chance  of  one  alone  be  -,  the  chance  of  the  remaii 

n 

.„  ,      1      1       n  —  m 

one  will  be or . 

m     n        nm 

For  example,  if  the  chance  of  any  one  djdng  in  a  yef 

^ ,  and  his  chance  of  dying  of  some  particular  disease  is  z 

9 
his  chance  of  dying  of  any  other  disease  is  ^^^ . 

The  reader  will  remark  here  that  there  are  two  apparei 
different  modes  of  stating  this  rule,  according  as  we  sp 
of  '  one  or  other  of  two  or  more  events  happening,'  or  of ' 
same  event  happening  in  one  or  other  of  two  or  more  wi 
But  no  confusion  need  arise  on  this  ground ;  either  wa; 
speaking  is  legitimate,  the  difference  being  merely  ver 
and  depending  (as  was  shown  in  the  first  chapter,  §  8)  u 
whether  the  distinctions  between  the  '  ways '  are  or  are 
too  deep  and  numerous  to  entitle  the  event  to  be  com 
tionally  regarded  as  the  same. 

We  may  also  here  point  out  the  justification  for  the  o 

mon  doctrine  that  certainty  is  represented  by  unity,  jus 

any  given  degree  of  probability  is  represented  by  its  ap] 

priate  firaction.    If  the  statement  that  an  event  happens  ( 

in  m  times,  is  equivalently  expressed  by  saying  that  its  clu 

1     . 
is  — ,  it  follows  that  to  say  that  it  happens  nn  times  i 

times,  or  every  time  without   exception,  is   equivalent 

saying  that  its  chance  is  —  or  1.    Now  an  event  that  hap] 

every  time  is  of  course  one   of  whose  occurrence  we 
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Miain ;  hence  the  fraction  which  represents  the  '  chance '  of 

h  event  which  is  certain  becomes  unity.  ' 

j    It  will  be  equally  obvious  that  given  that  the  chance  that 

b  event  will  happen  is  — ,  the  chance  that  it  will  not  happen 

^       1        m-1 

il or . 

m  m 

§  3.  (2)  We  can  also  make  inferences  by  multiplication 
It  division.  Suppose  that  the  two  events,  instead  of  being 
Icompatible,  are  connected  together  in  the  sense  that  one 
%  contingent  upon  the  occurrence  of  the  other.  Let  us  be 
aid  that  a  given  proportion  of  the  members  of  the  series 
a  certain  property,  and  a  given  proportion  again  of 
possess  another  property,  then  the  proportion  of  the 

Je  which  possess  both  properties  will  be  found  by  multi- 
together  the  two  fractions  which  represent  the  above 

proportions.  Of  the  inhabitants  of  London,  twenty-five 
i.  a  thousand,  say,  will  die  in  the  course  of  the  year ;  we 
Xppose  it  to  be  known  also  that  one  death  in  five  is  due  to 
kver ;  we  should  then  infer  that  one  in  200  of  the  inhabitants 
ill  die  of  fever  in  the  course  of  the  year.  It  would  of  course 
&  equally  simple,  by  division,  to  make  a  sort  of  converse 
tference.  Given  the  total  mortality  per  cent,  of  the  popula- 
on  from  fever,  and  the  proportion  of  fever  cases  to  the 
Jgregate  of  other  cases  of  mortality,  we  might  have  inferred^ 
f  dividing  one  fraction  by  the  other,  what  was  the  total 
lortality  per  cent,  from  all  causes. 

The  rule  as  given  above  is  variously  expressed  in  the 
nguage  of  Probability.  Perhaps  the  simplest  and  best 
atement  is  that  it  gives  us  the  rule  of  dependent  events. 

liat  is ;  if  the  chance  of  one  event  is  — ,  and  the  chance  that 

m 

it  happens  another  will  also  happen  is  —  ,  then  the  chance 


J 
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of  the  latter  is  — .   In  this  case  it  is  assumed  that  the  bw 

mn 

is  so  entirely  dependent  upon  the  former  that  though  it  d) 

not  always  happen  with  it,  it  certainly  will  not  happen  wJ 

out  it;  the  necessity  of  this  assumption  however  may 

obviated  by  saying  that  what  we   are   speaking   of  in  \ 

latter  case  is  the  jcdnt  event,  viz.  both  together  if  they  i 

simultaneous   events,   or  the   latter  in  consequence  of  i 

former,  if  they  are  successive.  j 

§  4.  The  above  inferences  are  necessary,  in  the  senfl^ 
which  arithmetical  inferences  are  necessary,  and  they  do  i 
demand  for  their  establishment  any  arbitrary  hypotl 
We  assume  in  them  no  more  than  is  warranted,  and  in 
necessitated  by  the  data  actually  given  to  us,  and  make 
inferences  from  these  data  by  the  help  of  arithmetic.  In 
simple  examples  given  above  nothing  is  required  be; 
arithmetic  in  its  most  familiar  form,  but  it  need  hardly' 
added  that  in  practice  examples  may  often  present  thfli 
selves  which  will  require  much  profounder  methods  til 
these.  It  may  task  all  the  resources  of  that  higher  and  mi 
abstract  arithmetic  known  as  algebra  to  extract  a  soluti 
But  as  the  necessity  of  appeal  to  such  methods  as  these  di 
not  touch  the  principles  of  this  part  of  the  subject  we  nc 
not  enter  upon  them  here. 

§  5.  The  formula  next  to  be  discussed  stands  upd 
somewhat  different  footing  from  the  above  in  respect  of 
cogency  and  freedom  from  appeal  to  experience,  or  to  hy] 
thesis.  In  the  two  former  instances  we  considered  cases 
which  the  data  were  supposed  to  be  given  under  the  conditi 
that  the  properties  which  distinguished  the  different  kindi 
events  whose  frequency  was  discussed,  were  respectii 
known  to  be  disconnected  and  known  to  be  connected  1 
us  now  suppose  that  no  such   conditions   are    given  to 
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5  man  in  ten,  say,  has  black  hair,  and  one  in  twelve 
ihort-sighted ;  what  conclusions  could  we  then  draw  aS 
the  chance  of  any  given  man  having  one  only  of  these 
>  attributes,  or  neither,  or  both  ?  It  is  clearly  possible 
t  the  properties  in  question  might  be  inconsistent  with 
)  another,  so  as  never  to  be  found  combined  in  the  same 
son;  or  all  the  short-sighted  might  have  black  hair;  or 
I  properties  might  be  allotted*  in  almost  any  other  proper- 
a  whatever.  If  we  are  perfectly  ignorant  upon  these 
nts,  it  would  seem  that  no  inferences  whatever  could  be 
Bwn  about  the  required  chances. 

Inferences  however  are  drawn,  and  practically,  in  most 
es,  quite  justly  drawn.  An  escape  from  the  apparent 
leterminateness  of  the  problem,  as  above  described,  is 
md  by  assuming  that,  not  merely  will  one-tenth  of  the 
iole  number  of  men  have  black  hair  (for  this  was  given  as 
B  of  the  data),  but  also  that  one-tenth  alike  of  those  who 
J  and  who  are  not  short-sighted  have  black  hair.  Let  us 
te  a  batch  of  1200,  as  a  sample  of  the  whole.  Now,  from 
5  data  which  were  originally  given  to  us,  it  will  easily  be 
HI  that  in  every  such  batch  there  will  be  on  the  average 
0  who  have  black  hair,  and  therefore  1080  who  have  not. 
id  here  in  strict  right  we  ought  to  stop,  at  least  until  we 
ve  appealed  again  to  experience ;  but  we  do  not  stop  here. 
am  data  which  we  assume,  we  go  on  to  infer  that  of  the 
B,  10  (i.e.  one-twelfth  of  120)  will  be  short-sighted,  and 
0  (the  remainder)  will  not.     Similarly  we  infer  that  of  the 

*  I  say,  almost  any  proportion,  be-  men  are  short-sighted,  for  in  any 

we,  as  may  easily  be  seen,  arith-  given  batch  of  men  the  former  are 

ie    imposes    certain  restrictions  more  numerous.    But  the  range  of 

n  the  assumptions  that  can  be  these    restrictions    is    limited,    and 

le.     We  could  not,  for  instance,  their  existence  is  not  of  importance 

pose    that    all   the  black-haired  in  the  above  discussion. 
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1080,  90  are  short-sighted,  and  990  are  not.  On  the  wkifc; 
then,  the  1200  are  thus  divided: — ^black-haired  short-fiij^ 
10 ;  short-sighted  without  black  hair,  90 ;  black-haired 
who  are  not  short-sighted,  110;  men  who  are  neither  dioi- 
sighted  nor  have  black  hair,  990. 

This  rule,  expressed  in  its  most  general  form,  in 
language  of  Probability,  would  be  as  follows : — If  the 

of  a  thing  being  p  and  q  are  respectively  —  and  - ,  then 

,  p  and  not  g  is  - 


chance  of  its  being  both  p  and  q  is 


mn 


,  .m-1  jx-    (m-l)(ii-l) 

<]  and  not  p  is  ,  not  p  and  not  q  is  ^ '-^ -i 

^  ^  mn  ^  ^  mn 

where  p  and  q  are  independent.     The  sum  of  these 

is  obviously  unity;  as  it  ought  to  be,  since  one  or  other 

the  four  alternatives  must  necessarily  exist. 

§  6.     I  have   purposely  emphasized  the  distinction 

tween  the  inference  in  this  case,  and  that  in  the  two  pieced-j 

ing,  to  an  extent  which  to  many  readers  may  seem  uni 

ranted.     But  it  appears  to  me  that  where  a  science 

use,  as  Probability  does,  of  two  such  very  distinct  sources 

conviction   as   the   necessary  rules  of   arithmetic  and 

merely  more  or  less  cogent  ones  of  Induction,  it  is 

possible  to  lay  too  much  stress  upon  the  distinction.    F« 

will  be  prepared  to  deny  that  very  arbitrary  assum] 

have  been  made  by  many  writers  on  the  subject,  and 

will  deny  that  in  the  case  of  what  are  called  *  inverse 

bilities '  assumptions  are  sometimes  made  which  are  at 

decidedly  open  to  question.     The  best  course  therefore  » 

make  a  pause  and  stringent  enquiry  at  the  point  at  which' 

possibility  of  such  error  and  doubtfulness  first  exhibits  it 

These  remarks  apply  to  some  of  the  best  writers  on  the 

jcct ;  in  the  case  of  inferior  writers,  or  those  who  appeil 
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■obability  without  having  properly  mastered  its  principles, 
J  may  go  further.  It  would  really  not  be  asserting  too 
ach  to  say  that  they  seem  to  think  themselves  justified  in 
Burning  that  where  we  know  nothing  about  the  distribution 

the  properties  alluded  to  we  must  assume  them  to  be  dis- 
ibuted  as  above  described,  and  therefore  apportion  our 
Jief  in  the  same  ratio.  This  is  called  '  assuming  the  events 
be  independent,'  the  supposition  being  made  that  the  rule 
ill  certainly  follow  from  this  independence,  and  that  we 
we  a  right,  if  we  know  nothing  to  the  contrary,  to  assume 
At  the  events  are  independent. 

The  validity  of  this  last  claim  has  already  been  discussed 

the  first  chapter ;  it  is  only  another  of  the  attempts  to 
ikstruct  a  priori  the  series  which  experience  will  present  to 
J,  and  one  for  which  no  such  strong  defence  can  be  made  as 
r  the  equality  of  heads  and  tails  in  the  throws  of  a  penny. 
at  the  meaning  to  be  assigned  to  the  'independence'  of  the 
rents  in  question  demands  a  moment  s  consideration. 

The  circumstances  of  the  problem  are  these.  There  sure 
ro  different  qualities,  by  the  presence  and  absence  respec- 
vely  of  each  of  which,  amongst  the  individuals  of  a  series, 
ro  distinct  pairs  of  classes  of  these  individuals  are  pro- 
iced.     For  the  establishment  of  the  rule  under  discussion 

was  found  that  one  supposition  was  both  necessary  and 
ifficient,  namely,  that  the  division  into  classes  caused  by 
ich  of  the  above  distinctions  should  subdivide  each  of  the 
Bgses  created  by  the  other  distinction  in  the  same  ratio 

which  it  subdivides  the  whole.  If  the  independence  be 
anted  and  so  defined  as  to  mean  this,  the  rule  of  course 
ill  stand,  but,  without  especial  attention  being  drawn  to 
e  point,  it  does  not  seem  that  the  word  would  naturally 

so  understood. 

§  7.     The  above,  then,  being  the  fundamental  rules  of 
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inference  in  probability,  the  question  at  once  arises,  Whitii 
their  relation  to  the  great  body  of  formulse  which  are 
use  of  in  treatises  upon  the  science,  and  in  practical  a] 
tions  of  it  ?     The  reply  would  be  that  these  formnbe,  in 
far  as  they  properly  belong  to  the  science,  are  nothing 
in  reality  than  applications  of  the  above  fundamental 
Such  applications  may  assume  any  degree  of  complexity,! 
owing  to  the  difl&culty  of  particular  examples,  in  the  formi 
which  they  actually  present  themselves,  recourse  must 
times  be  made  to  the  profoundest  theorems  of  mathei 
Still  we  ought  not  to  regard  these  theorems  as  being 
thing  else  than  convenient  and  necessary  abbreviatiooB 
arithmetical   processes,  which  in  practice  have  become 
cumbersome  to  be  otherwise  performed. 

This  explanation  will  account  for  some  of  the  rules 
they  are  ordinarily  given,  but  by  no  means  for  all  of  tl 
It  will  account  for  those  which  are  demonstrable  by  the  CM^ 
tain  laws  of  arithmetic,  but  not  for  those  which  in  leafitj 
rest  only  upon  inductive  generalizationa  And  it  can  hardlf 
be  doubted  that  many  rules  of  the  latter  description  baw 
become  associated  with  those  of  the  former,  so  that  in  popu- 
lar estimation  they  have  been  blended  into  one  system,  ot 
which  all  the  separate  rules  are  supposed  to  possess  a  simibi 
origin  and  equal  certainty.  Hints  have  already  been  fe* 
quently  given  of  this  tendency,  but  the  subject  is  one  d 
such  extreme  importance  that  a  separate  chapter  (that 
Induction)  must  be  devoted  to  its  consideration. 

§  8.  In  establishing  the  validity  of  the  above  rules.  «• 
have  taken  as  the  basis  of  our  investigations,  in  accordaM 
with  the  general  scheme  of  this  work,  the  statistical  frequencf 
of  the  events  referred  to ;  but  it  was  also  shown  that  etcfc 
formula,  when  established,  might  with  equal  propriety  be  ex- 
pressed in  the  more  familiar  form  of  a  fraction  representinir 
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*  chance '  of  the  occurrence  of  the  particular  event.  The 
tion  may  therefore  now  be  raised,  Can  those  writers  who 
described  in  the  last  chapter)  take  as  the  primary  subject 
the  science  not  the  degree  of  statistical  frequency,  but  the 
tity  of  belief,  with  equal  consistency  make  this  the  basis 
their  rules,  and  so  also  regard  the  fraction  expressive  of 
chance  as  a  merely  synonjrmous  expression  ?  De  Morgan 
tains  that  whei:eas  in  ordinary  logic  we  suppose  the 
Ibnuses  to  be  absolutely  true,  the  province  of  Probability  is 
|Btady  *  the  efifect  which  partial  belief  of  the  premises  pro- 

tj  with  respect  to  the  conclusion/  It  would  appear 
fore  as  if  in  strictness  we  ought  on  this  view  to  be  able 
l^termine  this  consequent  diminution  at  first  hand,  from 
[hospection  of  the  mind,  that  is  of  the  conceptions  and 

Efe  which  it  entertains;  instead  of  makiag  any  recourse 
atistics  to  tell  us  how  much  we  ought  to  believe  the 
iusion. 
r  Any  readers  who  have  concurred  with  me  in  the  general 
Holts  of  the  last  chapter,  will  naturally  agree  in  the  conclu- 
to  that  nothing  deserving  the  name  of  logical  science  can 
►  extracted  from  any  results  of  appeal  to  our  consciousness 
•  to  the  quantity  of  belief  we  entertain  of  this  or  that  pro- 
iition.  Suppose,  for  example,  that  one  person  in  100  dies 
i  the  sea  passage  out  to  India,  and  that  one  in  9  dies  dur- 
I  a  5  years  residence  there.  It  would  commonly  be  said 
fet  the  chance  that  any  one,  who  is  now  going  out,  has  of 
ing  to  start  homewards  5  years  hence,  is  ^ ;  for  his  chance 
getting  there  is  -^^jj;  and  of  his  surviving,  if  he  gets 
Bfe,  f ;  hence  the  result  or  dependent  event  is  got  by 
dtiplying  these  fractions  together,  which  gives  ^.  Here 
I  real  basis  of  the  reasoning  is  statistical,  and  the  processes 
lesults  are  merely  translated  afterwards  into  fractions. 
It  can  we  say  the  same  when  we  look  at  the  belief  side  of 

V.  12 
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the  question  ?  I  quite  admit  the  psychological  fact  thj 
have  degrees  of  belief,  more  or  less  corresponding  tc 
frequency  of  the  events  to  which  they  refer.  In  the  aboT 
ample,  for  instance,  we  should  undoubtedly  admit  on  em 
that  our  belief  in  the  man's  return  was  aflfected  by  ea 
the  risks  in  question,  so  that  we  had  less  expectation 
than  if  he  were  subject  to  either  risk  separately ;  that  i 
should  in  some  way  compound  the  risks.  But  what  I  « 
recognise  is  that  we  should  be  able  to  perform  the  pr 
with  any  approach  to  accuracy  without  appeal  to  the  sr 
tics,  or  that,  even  supposing  we  could  do  so,  we  si 
have  any  guarantee  of  the  correctness  of  the  result  ' 
out  similar  appeal.  It  appears  to  me  in  fact  that  but 
meaning,  and  certainly  no  security,  can  be  attained  I 
regarding  the  process  of  inference.  The  probabilitiec 
pressed  as  degrees  of  belief,  just  as  those  which  are  expr^ 
as  fractions,  must,  when  we  are  put  upon  our  justifies 
first  be  translated  into  their  corresponding  facts  of  statu 
frequency  of  occurrence  of  the  events,  and  then  th< 
ferences  must  be  drawn  and  justified  there.  This  pa 
the  operation,  as  we  have  already  shown,  is  mostly  ca 
on  by  the  ordinary  rules  of  arithmetic.  When  we 
obtained  our  conclusion  we  may,  if  we  please,  transla 
back  again  into  the  subjective  form,  just  as  we  can  ai 
for  convenience  into  the  fractional,  but  I  do  not  see  ho^ 
process  of  inference  can  be  conceived  as  taking  place  in 
form,  and  still  less  how  any  proof  of  it  can  thus  be  given 
therefore  the  process  of  inference  be  so  expressed  it  mui 
regarded  as  a  symbolical  process,  symbolical  of  such  ai 
ference  about  things  as  has  been  described  above,  ai 
therefore  seems  to  me  more  advisable  to  state  and  exp 
it  in  this  latter  form. 
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On  Inverse  Probability  and  the  Rules  required  for  it. 

§  9.     It  has  been  already  stated  that  the  only  funda- 

ital  rules  of  inference  in  Probability  are  the  two  described 

§§  2,  3,  but  there  are  of  course  abundance  of  derivative 

I,  the  nature  and  use  of  which  are  best  obtained  from  the 

ly  of  any  manual  upon  the  subject.     One  class  of  these 

ivative  rules,  however,  is  sufficiently  distinct  in  respect  of 

questions  to  which  it  may  give  rise,  to  deserve  special 

ation.     It  involves  the  distinction  commonly  recog- 

as  that  between  Direct  and  Inverse  Probability.     It  is 

introduced  by  De  Morgan  : — 

In  the  preceding  chapter  we  have  calculated  the  chances 
an  event,  knowing  the  circumstances  under  which  it  is  to 
in  or  foil.  We  are  now  to  place  ourselves  in  an  inverted 
ition :  we  know  the  event,  and  ask  what  is  the  probability 
ih  results  from  the  event  in  favour  of  any  set  of  circum- 
under  which  the  same  might  have  happened  \'*  The 
Lction  might  therefore  be  summarily  described  as  that 
^een  finding  an  effect  when  we  are  given  the  causes,  and 
a  cause  when  we  are  given  effects. 
L  On  the  principles  of  the  science  involved  in  the  definition 
bch  was  discussed  and  adopted  in  the  earlier  chapters  of 
pS  work,  the  reader  will  easily  infer  that  no  such  distinction 
^this  can  be  regarded  as  fundamental.  One  common  feature 
he  traced  in  all  the  objects  which  were  to  be  referred  to 
p(^bility,  and   from    this  feature   the  possible  rules  of 

'  Essay  on  Prohabilitiest  p.  53.  I  padia  Metropolitana  he  has  stated 
^  been  reminded  that  in  his  arti-  that  such  rules  involve  no  new  prin- 
>  on   Probability  in  the  Eneydo-      ciple. 

12—2 
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inference  can  be  immediately  derived.    All  other  distinction! 
are  merely  those  of  arrangement  or  management. 

But  although  the  distinction  is  not  by  any  means  fun- 
damental, it  is  nevertheless  true  that  the  practical  treatmeii 
of  such  problems  as  those  principally  occurring  in  Inyem 
Probability,  does  correspond  to  a  very  serious  souioe  d 
ambiguity  and  perplexity.  The  arbitrary  assumptions 
appear  in  Direct  Probability  are  not  by  any  means  seric 
but  those  which  invade  us  in  a  large  proportion  of  the 
j  lems  offered  by  Inverse  Probability  are  both  serious 
inevitable. 

§  10.     This  will   be   best   seen  by  the  examination 
special   examples;  as  any,  however  simple,  will  serve 
purpose,  let  us  take  the  two  following : — 

(1)  A  ball  is  drawn  firom  a  bag  containing  nine 
balls  and  one  white:   what  is  the  chance  of  its  being 
white  ball  ? 

(2)  A  ball  is  drawn  from  a  bag  containing  ten  balls, 
is  found  to  be  white;  what  is  the  chance  of  there  hani 
been  but  that  one  white  ball  in  the  bag  ? 

The  class  of  which  the  first  example  is  a  simple 
has  been  already  abundantly  discussed     The  interpret 
of  it  is  as  follows :   If  balls  be  continually  drawn  and 
placed,  the  proportion  of  white  ones  to  the  whole  ni 
drawn  will  tend  towards  the  fraction  -j^.     The  contem] 
action  is  a  single  one,  but  we  view  it  as  one  of  the 
series ;  at  least  our  opinion  is  formed  upon  that  assun 
We  conclude  that  we  are  going  to  take  one  of  a  serici 
events   which   may  appear  individually   fortuitous,  bat 
which,  in  the  long  run,  those  of  a  given  kind  are  one-tentki 
the  whole ;  this  kind  (white)  is  then  singled  out  by  j 
tion.     By  stating  that  its  chance  is  i^,  we  merely 
assert  this  physical  fact,  together  with  '  such   other 
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,  emotions,  inferences,  &c.,  as  may  be  properly  associ- 
with  it. 

§  11.     Have  we  to  interpret   the  second  example  in  a 

srent  way  ?     Here  also  we  have  a  single  instance,  but  the 

of  the  question  would  seem  to  decide  that  the  only 

ies  to  which  it  can  properly  be  referred  is  the  following : — 

are  continually  drawn  from  different  bags  each  contain- 

ten,  and  are  always  found  to  be  white ;  what  is  ultimately 

proportion  of  cases  in  which  they  will  be  found  to  have 

taken  from  bags  with  only  one  white  ball  in  them? 

it  may  be  readily  shown  ^  that  time  has  nothing  to 

with  the  question;  omitting  therefore  the  consideration 

this  element,  we  have  for  the  two  series  from  which  our 

Ions   in    these    two    examples    respectively  are   to   be 

led: — (1)  balls  of  different  colours  presented  to  us  in  a 

m  ultimate  ratio;  (2)  bags  with  different  contents  simi- 

presented.     From  these  data  respectively  we  have  to 

their  due  weight  to  our  anticipations  of  (1)  a  white 

(2)  a  bag  containing  but  one  white  ball.    So  stated  the 

>lems  would  appear  to  be  formally  identical. 

When,  however,  we  begin  the  practical  work  of  solving 

we  perceive  a  most  important  distinction.      In  the  first 

iple  there  is  not  much   that  is  arbitrary;  balls  would 

such  circumstance  really  come  out  more  or  less  accu- 

jly   in   the   proportion   expected.     Moreover,   in  case   it 

lid  be  objected  that  it  is  difficult  to  prove  that  they  will 

so,  it  does  not  seem  an  unfair  demand  to  say  that  the  balls 

to  be  '  well-mixed '  or  *  fairly  distributed/  or  to  introduce 

of  the  other  conditions  by  which,  under  the  semblance  of 

ig  d,  priori,  we  take  care  to  secure  our  prospect  of  a 

rhis  point  wiU  bd  fuUy  discussed      of  logic  has  been  explained  and  illus- 
!iitare  chapter,  after  the  general      trated. 
l-point  of  an  objective  system 
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series  of  the  desired  kind.     But  we  cannot  say  the  sam 
the  case  of  the  second  example. 

§  12.  The  line  of  proof  by  which  it  is  generally 
tempted  to  solve  the  second  example  is  of  this  kind ; — \ 
shown  that  there  being  one  white  ball  for  certain  in  the 
the  only  possible  antecedents  are  of  ten  kinds,  viz.  \ 
each  of  which  contains  ten  balls,  but  in  which  the  w 
balls  range  respectively  from  one  to  ten  in  number.  Th: 
course  imposes  limits  upon  the  kind  of  terms  to  be  fi) 
in  our  series.  But  we  want  more  than  such  limitationfl 
must  know  the  proportions  in  which  these  terms  are  i 
mately  found  to  arrange  themselves  in  the  series.  Now 
requires  an  experience  about  bags  which  may  not,  and 
deed  in  a  la^rge  proportion  of  similar  cases,  cannot,  be  gi 
to  us.  If  therefore  we  are  to  solve  the  question  at  all 
must  make  an  assumption ;  let  us  make  the  following  ;— 
each  of  the  hags  described  above  occurs  equally  often, — and 
what  follows.  The  bags  being  drawn  from  equally  oftei 
does  not  follow  that  they  will  each  yield  equal  numbei 
white  balls.  On  the  contrary  they  will,  as  in  the 
example,  yield  them  in  direct  proportion  to  the  numbe 
such  balls  which  they  contain.  The  bag  with  one  w 
and  nine  black  will  yield  a  white  ball  once  in  ten  times;  ■ 
with  two  white,  twice ;  and  so  on.  The  result  of  this,  it 
be  easily  seen,  is  that  in  100  drawings  there  will  be  obtai 
on  the  average  55  white  balls  and  45  black.  Now  y 
those  drawings  that  do  not  yield  white  balls  we  have,  by 
question,  nothing  to  do,  for  that  question  postulated 
drawing  of  a  white  ball  as  an  accomplished  fact.  The  « 
we  want  is  therefore  composed  of  those  which  do  jdeld  irf 
Now  what  is  the  additional  attribute  which  is  found  in  s 
members,  and  in  some  members  only,  of  this  series, 
which  we  mentally  anticipate  ?     Clearly  it  is  the  attribol 
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kving  been  drawn  from  a  bag  which  only  contained  one  of 
lese  white  balls.  Of  these  there  is,  out  of  the  55  drawings, 
it  one.  Accordingly  the  required  chance  is  ^.  That  is  to 
y,  the  white  ball  will  have  been  drawn  from  the  bag  con- 
pDing  only  that  one  white,  once  in  55  times. 
i  §  13.  Now,  with  the  exception  of  the  passage  in  italics, 
p  process  here  is  precisely  the  same  as  in  the  other  exam- 
^;  it  is  somewhat  longer  only  because  we  are  not  able  to 

KbI  immediately  to  experience,  but  are  forced  to  try  to 
ce  what  the  result  will  be,  though  the  validity  of  this 
hduction  itself  rests,  of  course,  ultimately  upon  experience, 
■t  the  above  passage  is  a  very  important  one.  It  is  scarcely 
^cessary  to  point  out  how  arbitrary  it  is. 
,  For  is  the  supposition,  that  the  different  specified  kinds  . 
fbags  are  equally  likely,  the  most  reasonable  supposition 
pder  the  circumstances  in  question  ?  One  man  may  think 
iis,  another  may  take  a  contrary  view.  In  fact  in  an  excel- 
nt  manual*  upon  the  subject  a  totally  different  supposition 
!  made,  at  any  rate  in  one  example ;  it  is  taken  for  granted 
i  that  instance,  not  that  every  possible  number  of  black  and 
hite  balls  respectively  is  equally  likely,  but  that  every  - 
(wible  way  of  getting  each  number  is  equally  likely,  whence 
t  follows  that  bags  with  an  intermediate  number  of  black 
id  white  balls  are  far  more  likely  than  those  with  an  ex- 
jBme  number  of  either.  On  this  supposition  five  black 
id  five  white  being  obtainable  in  252  ways  against  the 
b  ways  of  obtaining  one  white  and  nine  black,  it  fol- 
irs  that  the  chance  that  we  have  drawn  from  a  bag  of 
ke  latter  description  is  much  less  than  on  the  hypothesis 
fst  made.  The  chance,  in  fact,  becomes  now  ^^  instead 
^.     In  the   one  case  each  distinct  result  is  considered 

'  Whitworth's   Choice  and  Chance,   Ed.   ii.,   p.   123.     See  also  Boole's 

W9  of  Thought,  p.  370.  X 
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equally  likely,  in  the  other  every  distinct  way  of  j 
each  result. 

§  14.  Uncertainties  of  this  kind  are  peculiarly  lil 
arise  in  these  inverse  probabilities,  because  when  ^ 
merely  given  an  effect  and  told  to  look  out  for  the  chj 
some  assigned  cause,  we  are  often  given  no  clue  as  to  th 
tive  prevalence  of  these  causes,  but  are  left  to  determin( 
on  general  principles.  Give  us  either  their  actual  pret 
in  statistics,  or  the  conditions  by  which  such  prevail 
brought  about,  and  we  know  what  to  do;  but  witho 
help  of  such  data  we  are  reduced  to  guessing.  In  the 
example,  if  we  had  been  told  how  the  bag  had  been  orij 
filled,  that  is  by  what  process,  or  under  what  circums 
we  should  have  known  what  to  do.  If  it  had  been  fi 
random  from  a  box  containing  equal  numbers  of  bla< 
white  balls,  the  supposition  in  Mr  Whitworth's  exan 
the  most  reasonable ;  but  in  the  absence  of  any  such 
mation  as  this  we  are  entirely  in  the  dark,  and  the  si 
tion  made  in  §  12  is  neither  more  nor  less  trustworti 
reasonable  than  many  others,  though  it  doubtless  pc 
the  merit  of  superior  simplicity  \  If  the  reader  will  r 
Ch.  v.  §§  4,  5,  he  will  find  this  particular  difficult; 
explained.  Everybody  practically  admits  that  a 
characteristic  arrangement  or  distribution  has  to  be 
duced  at  some  prior  stage ;  and  that,  as  soon  as  thi 
has  been  selected,  there  are  no  fiirther  theoretic  diff 
to  be  encountered.  But  when  we  come  to  decide,  in  ex 
of  the  class  in  question,  at  what  stage  it  is  most  reaj 


1  Opinions  differ  about  the  defence  doubtful,  call  it  the  most  i 

of  Buch  suppositions,  as  they  do  about  hypothesis.     Others  regard 

the  nature  of  them.     Some  writers,  sort  of  mean  hypothesis, 
admitting  the  above  assumption  to  be 
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make  our  postulate,  we  are  often  left  without  any  very 
ite  or  rational  guidance.  — ' 

§  15.     When,  however,  we  take  what  may  be  called,  by 
iparison  with  the  above  purely  artificial  examples,  instances 
mted  by  nature,  much  of  this  uncertainty  will  disappear, 
then   all   real  distinction  between   direct  and  inverse 
>bability  will  often  vanish.     In  such  cases  the  causes  are 
jtly   determined   by   tolerably  definite   rules,  instead  of 
a  mere  cloud-land  of  capricious  guesses.     We   may 
ler  find  their  relative  frequency  of  occurrence  by  refer- 
to  tables,  or  may  be  able  to  infer  it  by  examination  of 
circumstances   under   which   they  are    brought   about, 
lost  any  simple  example  would  then  serve  to  illustrate 
&ct   that  under   such    circumstances    the    distinction 
reen  direct  and  inverse  probability  disappears  altogether, 
merely  resolves  itself  into  one  of  timey  which,  as  will  be 
ftiUy  shown  in  a  future  chapter,  is  entirely  foreign  to 
inr  subject. 

►  It  is  not  of  course  intended  to  imply  that  difficulties 
jimilar  to  those  mentioned  above  do  not  occasionally  invade 
IB  here  also.  As  already  mentioned,  they  are,  if  not  inherent 
ik  the  subject,  at  any  rate  almost  unavoidable  in  comparison 
^th  the  simpler  and  more  direct  procedure  of  determining 
what  is  likely  to  follow  from  assigned  conditions.  What  is 
peant  is  that  so  long  as  we  confine  ourselves  within  the 
Unnparatively  regular  and  uniform  field  of  natural  sequences 
Vid  coexistences,  statistics  of  causes  may  be  just  as  readily 
{vailable  as  those  of  effects.  There  will  not  be  much  more 
hat  is  arbitrary  in  the  one  than  in  the  other.  But  of  course 
his  security  is  lost  when,  as  will  be  almost  immediately 
oticed,  what  may  be  called  metaphysical  rather  than  na- 
iral  causes  are  introduced  into  the  enquiry. 

For  instance,  it  is  known  that  in  London  about  20  people 
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die  per  thousand  each  year.  Suppose  it  also  known  thi 
every  100  deaths  there  are  about  4  attributable  to  brond 
The  odds  therefore  against  any  unknown  person  dyinj 
bronchitis  in  a  given  year  are  1249  to  1.  Exactly  the  s 
statistics  are  available  to  ^olve  the  inverse  problem: — ^Ai 
is  dead,  what  is  th^  chance  that  he  died  of  bronchitis  ?  B 
since  the  man  s  death  is  taken  for  granted,  we  do  not  req 
to  know  the  general  average  mortality.  All  that  we  wai 
the  proportional  mortality  from  the  disease  in  questioi 
given  above.  If  Probability  dealt  only  with  infera 
founded  in  this  way  upon  actual  statistics,  and  these  t( 
ably  extensive,  it  is  scarcely  likely  that  any  distinction  i 
as  this  between  direct  and  inverse  problems  would  ever  1 
been  drawn. 

§  16.  Considered  therefore  as  a  contribution  to  the  ib 
of  the  subject,  the  distinction  between  Direct  and  Inverse] 
bability  must  be  abandoned.  When  the  appropriate  sta 
tics  are  at  hand  the  two  classes  of  problems  become  ident 
in  method  of  treatment,  and  when  they  are  not  we  have 
more  right  to  extract  a  solution  in  one  case  than  in  the  ot 
The  discussion  however  may  serve  to  direct  renewed  atl 
tion  to  another  and  far  more  important  distinction.  It 
remind  us  that  there  is  one  class  of  examples  to  which 
calculus  of  Probability  is  rightfully  applied,  because  statist 
data  are  all  we  have  to  judge  by ;  whereas  there  are  o1 
examples  in  regard  to  which,  if  we  will  insist  upon  mal 
use  of  these  rules,  we  may  either  be  deliberately  abandoi 
the  opportunity  of  getting  far  more  trustworthy  informa 
by  other  means,  or  we  may  be  obtaining  solutions  al 
matters  on  which  the  human  intellect  has  no  right  to 
definite  quantitative  opinion. 

§  17.     The  nearest  approach  to  any  practical  jtistifica 
of  such  judgments  that  I  remember  to  have  seen  is  affoi 
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cases  of  which  the  following  example  is  a  specimen: — 
10  cases  treated  by  Lister  s  method,  7  did  well  and  3 
from  blood-poisoning:  of  14  treated  with  ordinary 
dngs,  9  did  well  and  5  had  blood-poisoning;  what  are 
odds  that  the  success  of  Lister's  method  was  due  to 
ice  ?*".    Or,  to  put  it  into  other  words,  a  short  experience 
shown  an  actual  superiority  in   one   method  over  the 
:  what  are  the  chances  that  an  indefinitely  long  expe- 
j,  under  similar  conditions,  will  confirm  this  superiority  ? 
The  proposer  treated  this  as  a  '  bag  and  balls '  problem, 
logous   to  the   following:   10  balls  from  one   bag  gave 
rhite  and  3  black,  14  from  another  bag  gave  9  white  and 
lUack :  what  is  the  chance  that  the  actual  ratio  of  white  to 
balls  was  greater  in  the  former  than  in  the  latter  ? — 
actual  ratio  being  of  course  considered  a  true  indication 
rhat  would  be  the  ultimate  proportions  of  white  and  black 
kwings.     This  seems  to  me  to  be  the  only  reasonable  way 
treating  the  problem,  if  it  is  to  be  considered  capable  of 
himerical  solutiou  at  alL 

Of  course  the  inevitable  assumption  has  to  be  made  here 
pbout  the  equal  prevalence  of  the  different  possible  kinds  of 
■g, — or,  as  the  supporters  of  the  justice  of  the  calculation 
kmld  put  it,  of  the  obligation  to  assume  the  equal  d  priori 
kelihood  of  each  kind, — but  I  think  that  in  this  particular 
kaunple  the  arbitrariness  of  the  assumption  is  less  than 
Hnal.  This  is  because  the  problem  discusses  simply  a 
ilance  between  two  extremely  similar  cases,  and  there  is  a 
Ktain  set-off  against  each  other  of  the  objectionable  assump- 

'  Educational  Ti7ne8;'RepTmt,Yol,  kind  hardly  any  two  of  the  writers 

xvii.    p.    40.    The   question   was  were  in  agreement  as  to  the  assump- 

oposed  by  Dr  Macalister  and  gave  tions  to  be  made,  or  therefore  as  to 

le  to  considerable  controversy.    As  the  numerical  estimate  of  the  odds. 
oal  with  problems  of  this  inverse 
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tions  on  each  side.  Had  wie  set  of  experiments  only  In 
proposed,  and  had  we  been  asked  to  evaluate  the  probafa3 
of  continued  repetition  of  them  confirming  their  verdid 
should  have  felt  all  the  scruples  I  have  already  mention 
But  here  we  have  got  two  sets  of  experiments  carried 
under  almost  exactly  similar  circumstances,  and  there 
therefore  less  arbitrariness  in  assuming  that  their  unkno 
conditions  are  tolerably  equally  prevalent. 

§  18.  Examples  of  the  description  commonly  introdn 
seem  objectionable  enough,  but  if  we  wish  to  realize  to 
full  extent  the  vagueness  of  some  of  the  problems  suhn 
ted  to  this  Inverse  Probability,  we  have  not  far  to  seek, 
natural  as  in  artificial  examples,  where  statistics  are  unattfl 
able  the  enquiry  becomes  utterly  hopeless,  and  all  attem 
at  laying  down  rules  for  calculation  must  be  abandoi 
Take,  for  instance,  the  question  which  has  given  rise  to  sc 
discussion  \  whether  such  and  such  groups  of  stars  are  or 
not  to  be  regarded  as  the  results  of  an  accidental  distri 
tion ;  or  the  still  wider  and  vaguer  question,  whether  such  i 
such  things,  or  say  the  world  itself,  have  been  produced 
chance  ? 

In  cases  of  this  kind  the  insuperable  difficulty  is  in  dei 
mining  what  sense  exactly  is  to  be  attached  to  the  wc 
'accidental'  and  'random'  which  enter  into  the  discuss 
Some  account  was  given,  in  the  fourth  chapter,  of  tl 
scientific  and  conventional  meaning  in  Probability.  Tl 
seem  to  be  the  same  objections  to  generalizing  them  oul 
such  relation,  as  there  is  in  metaphysics  to  talking  of 
Infinite   or   the  Absolute.     Infinite  magnitude,  or  infii 

^  See    Todhunter's    History,    pp.  Forbes  in  a  paper  in  the  Philon 

333,  4.  cal  Magazine  for  Dec.  1850.    It 

There  is  an  interesting  discussion  replied  to  in  a  subsequent  numbi 

upon  this  question  by  the  late  J.  D.  Prof.  Donkin. 
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Htoer,  one  can  to  some  extent  comprehend,  or  at  least  one 
^■j^  understand  what  is  being  talked  about,  but  'the  infi- 
^K'  seems  to  me  a  term  devoid  of  meaning.  So  of  anjrthing 
3d  to  have  been  produced  at  random:  tell  us  the 
of  the  agency,  the  limits  of  its  randomness  and  so  on, 
we  can  venture  upon  the  problem,  but  without  such  data 
know  not  what  to  do.  The  further  consideration  of  such 
^blem  might,  I  think,  without  arrogance  be  relegated  to 
Chapter  on  Fallacies.  Accordingly  any  further  remarks 
I  have  to  make  upon  the  subject  will  be  found  there,. 
at  the  conclusion  of  the  chapter  on   Causation  and 
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THE    RULE    OF   SUCCESSIONK 


§  1.     In  the  last  chapter  we  discussed  at  some  lengtl 
nature  of  the  kinds  of  inference  in  Probability  which  < 
spond  to  those  termed,  in  Logic,  immediate  and  mediate 
ences.     We  ascertained  what  was  the  meaning  of  sayin 
example,  that  the  chance  of  any  given  man  A.  B.  < 
in  a  year  is  J,  when  concluded  from  the  general  propoi 
that  one  man  out  of  three  in  his  circumstances  dies, 
also  discussed  the  nature  and  evidence  of  rules  of  a 
completely  inferential  character.     But  to  stop  at  this 
would  be  to  take  a  very  imperfect  view  of  the  subject 
Probability  is  a  science  of  real  inference   about  thinj 
must  surely  lead  up  to  something  more  than  such  m 
formal  conclusions ;  we  must  be  able,  if  not  by  means  of 
any  rate  by  some  means,  to  step  beyond  the  limits  of 
has  been  actually  observed,  and  to  draw  conclusions  { 
what  is  as  yet  unobserved.     This  leads  at  once  to  the  < 
tion.  What  is  the  connection  of  Probability  with  Indue 
This  is  a  question  into  which  it  will  be  necessary  to  < 
now  with  some  minuteness. 

That  there  is  a  close  connection  between  Probabilitj 
Induction,  must  have  been  observed  by  almost   everj 

^  A  word  of  apology  may  be  offered  one  of  Induction.     Bat  such  a 

here  for  the  introduction  of  a  new  cannot  admit,  for  reasons  whi< 

name.     The  only  other  alternative  be  almost  immediately  expUun 
would  have  been  to  entitle  the  rule 
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has  treated  of  either  subject ;  I  have  not  however  seen 

account  of  this   connection   that   seemed  to  me  to  be 

jtory.     An  explicit  description  of  it  should  rather  be 

fht  in  treatises  upon  the  narrower  subject,  Probability ; 

it  is  precisely  here  that  the  most   confusion  is  to  be 

id.     The  province  of  Probability  being  somewhat  narrow, 

dons  have  been  constantly  made  from  it  into  the  ad- 

mt  territory  of  Induction.     In   this  way,  amongst   the 

letical  rules  discussed  in  the  last  chapter,  others  have 

frequently  introduced  which  ought  not  in  strictness  to 

classed  with  them,  as  they  rest  on  an  entirely  diflferent 

§  2.     The  origin  of  such  confusion  is. easy  of  explana- 

it  arises,  doubtless,  from  the  habit  of  laying  imdue 

upon   the   subjective  side   of  Probability,  upon   that 

treats  of  the   quantity  of  our  belief  upon  diflferent 

and  the  variations  of  which  that  quantity  is  sus- 

Ible.     It  has  been  already  urged  that  this  vaiiation  of 

f  is  at  most  but  a  constant  accompaniment  of  what  is 

ly  essential  to  Probability,  and  is  moreover  common  to 

ir  subjects  as  well.     By  defining  the   science   therefore 

this  side  these  other  subjects  would  claim  admittance 

it ;  some  of  these,  as  Induction,  have  been  accepted,  but 

lers  have  been  somewhat  arbitrarily  rejected.     Our  belief 

a  wider  proposition  gained  by  Induction  is,  prior  to  verifi- 

m,  not  so  strong  as  that  of  the  narrower  generalization 

which  it  is  inferred.     This  being  observed,  a  so-called 

of  probability  has  been  given  by  which  it  is  supposed 

tt  this  diminution  of  assent  could  in  many  instances  be 

tulated. 

'  But  time  also  works  changes  in  our  conviction ;  our  belief 
I  the  happening  of  almost  every  event,  if  we  recur  to  it  long 
fterwards,  when  the  evidence  has  faded  from  the  mind,  is 
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less  strong  than  it  was  at  the  time.  Why  are  not  ru 
oblivion  inserted  in  treatises  upon  Probability  ?  If  a  n 
told  how  firmly  he  ought  to  expect  the  tide  to  rise  i 
because  it  has  already  risen  ten  times,  might  he  not  als 
for  a  rule  which  should  tell  him  how  firm  should  be  his 
of  an  event  which  rests  upon  a  ten  years'  recollection?^ 
infiractions  of  a  rule  of  this  latter  kind  could  scarcely  be 
numerous  and  extensive,  as  we  shall  see  presently,  than 
of  the  former  confessedly  are.  The  fact  is  that  the  age: 
by  which  the  strength  of  our  conviction  is  modified,  a 
indefinitely  numerous  that  they  cannot  all  be  assembled 
one  science ;  for  purposes  of  definition  therefore  the  qua 
of  belief  had  better  be  omitted  from  consideration,  or  ai 
rate  regarded  as  a  mere  appendage,  and  the  science,  de 
from  the  other  or  statistical  side  of  the  subject,  in  w 
as  has  been  shown,  a  tolerably  clear  boundary-line  ca 
traced. 

§  3.  Induction,  however,  from  its  importance  does  i 
a  separate  discussion ;  a  single  example  will  show  its  hex 
upon  this  part  of  our  subject.  We  are  considering  the  ] 
pect  of  a  given  man,  A.B.  living  another  year,  and  we 
that  nine  out  of  ten  men  of  his  age  do  survive.  In  fori 
an  opinion  about  his  surviving,  however,  we  shall  find 
there  are  in  reality  two  very  distinct  causes  which  ai 
determining  the  strength  of  our  conviction ;  distinct,  bi 
practice  so  intimately  connected  that  we  are  very  ap 
overlook  one,  and  attribute  the  effect  entirely  to  the  oth( 

(I)     There  is  that  which  strictly  belongs  to  Probabi 

1  John  Craig,  in  his  often  named  problems  as: — Quando evaneaoc 

work,    Theologice    Christiana   Prin-  babilitas  cujusvis  HistoriaB,  cujii 

cipia  Mathematica  (Lond.  1699)  at-  jectum  est  transiens,   vivA  ta 

tempted  something  in  this  direction  voce  transmissie,  determinaie. 
when    he    proposed   to    solve    such 
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which  (as  was  explained  in  Chap,  vi.)  measures  our 
of  the  individual  case  as  deduced  from  the  general 
dtion.  Granted  that  nine  men  out  of  ten  of  the  kind 
which  A.  B.  belongs  do  live  another  year,  it  obviously 
not  follow  at  all  necessarily  that  he  will  We  describe 
state  of  things  by  saying,  that  our  belief  of  his  surviving 
ished  fi^m  certainty  in  the  ratio  of  10  to  9,  or,  in 
words,  is  measured  by  the  fraction  ^. 
(II)  But  are  we  certain  that  nine  men  out  of  ten  like 
will  live  another  year  ?  we  know  that  they  have  so  sur- 
in  time  past,  but  will  they  continue  to  do  so?  Since 
B.  is  still  alive  it  is  plain  that  this  proposition  is  to  a 
extent  assumed,  or  rather  obtained  by  Induction, 
cannot  however  be  as  certain  of  the  inductive  inference 
we  are  of  the  data  from  which  it  was  inferred.  Here, 
jfore,  is  a  second  cause  which  tends  to  diminish  our 
Bef ;  in  practice  these  two  causes  always  accompany  each 
r,  but  in  thought  they  can  be  separated. 
The  two  distinct  causes  described  above  are  very  liable 
be  confused  together,  and  the  class  of  cases  from  which 
iples  are  necessarily  for  the  most  part  drawn  increases 
liability.  The  step  from  the  statement  *all  men  have 
in  a  certain  proportion '  to  the  inference  '  they  will  con- 
le  to  die  in  that  proportion '  is  so  slight  a  step  that  it  is 
loticed,  and  the  diminution  of  conviction  that  should 
>mpany  it  is  unsuspected.  In  what  are  called  d  priori 
iples  the  step  is  still  slighter.  We  feel  so  certain  about 
permanence  of  the  laws  of  mecl^anics,  that  few  people 
Id  think  of  regarding  it  as  an  inference  when  they 
jve  that  a  die  will  in  the  long  run  turn  up  all  its  faces 
ly   often,  because   other  dice   have  done   so  in   time 


§  4.     It  has  been  already  pointed  out  (in  Chapter  vi.) 
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that,  so  far  as  concerns  that  definition  of  Probability  wl 
regards  it  as  the  science  which  discusses  the  degree 
modifications  of  our  belief,  the  question  at  issue  seems  tO^j 
simply  this: — ^Are  the  causes  alluded  to  above  in  (II) 
of  being  reduced  to  one  simple  coherent  scheme,  so  that 
universal  rules  for  the  modification  of  assent  can  be  obi 
fix)m  them  ?  If  they  are,  strong  grounds  will  have 
shown  for  classing  them  with  (I),  in  other  words,  for 
sidering  them  as  rules  of  probability.  Even  then 
would  be  rules  practically  of  a  very  different  kind, 
gent  instead  of  necessary  (if  one  may  use  these  terms 
out  committing  oneself  to  any  philosophical  system),  but 
objection  might  perhaps  be  overruled  by  the  greater 
city  secured  by  classing  them  together.  This  view  ia^ 
various  modifications,  generally  adopted  by  writers  on 
bability,  or  at  least,  as  I  understand  the  matter,  imp! 
their  methods  of  definition  and  treatment.  Or,  on  the 
hand,  must  these  causes  be  regarded  as  a  vast  system, 
might  almost  say  a  chaos,  of  perfectly  distinct 
which  may  indeed  be  classified  and  arranged  to  some 
but  from  which  we  can  never  hope  to  obtain  any 
perfect  generality  which  shall  not  be  subject  to  coi 
exception  ?  If  so,  but  one  course  is  left ;  to  exclude 
all  alike  fi'om  Probability.  In  other  words,  we  must 
the  general  proposition,  viz.  that  which  has  been  d< 
throughout  as  our  starting-point,  to  be  given  to  us ;  it 
be  obtained  by  any  of  the  numerous  rules  furnished- 
Induction,  or  it  may  be  inferred  deductively,  or  given  by 
own  observation;  its  value  may  be  diminished  by  its  d< 
ing  upon  the  testimony  of  witnesses,  or  its  being 
our  own  memory.  Its  real  value  may  be  infiuencec. 
these  causes  or  any  combinations  of  them ;  but  all  these 
preliminary  questions  with  which  we  have  nothing  dirt 
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do.      We  assume  our  statistical  proposition  to  be  tnie, 
lecting   the  diminution  of  its  value  by  the  process  of 

lent ;  we  take  it  up  first  at  this  point  and  then  apply  / 
rules  to  it.     We  receive  it  in  fact,  if  one  may  use  the 

don,  ready-made,  and  ask  no  questions  about  the  pro-   . 

or  completeness  of  its  manufacture. 

§  5.     It  is  not  to  be  supposed,  of  course,  that  any  writers 

seriously  attempted  to  reduce  to  one  system  of  calcula- 

all  the  causes  mentioned  above,  and  to  embrace  in  one 

lula  the  diminution  of  certainty  to  which  the  inclusion  of 

subjects  us.      But  on  the  other  hand,  they  have  been 

rilling  to  restrain  themselves  from  all  appeal  to  them. 

an  early  period  in  the  study  of  the  science  attempts 

been  made  to  proceed,  by  the  Calculus  of  Probability, 

the  observed  cases  to  adjacent  and  similar  cases.     In    ^ 

ice,  as  has  been  already  said,  it  is  not  possible  to  avoid 

extension  of  this  kind.      But  it  should  be  observed. 

in  these  instances  the  divergence  from  the  strict  ground 

experience  is  not  in  reality  recognized,  at  least  not  as  a 

of  our  logical  procedure.     We  have,  it  is  true,  wandered 

iwhat  beyond  it,  and  so  obtained  a  wider  proposition 

our  data  strictly  necessitated,  and  therefore  one  of  less 

ity.     Still  we  assume  the  conclusion  given  by  induc- 

to  be  equally  certain  with  the  data,  or  rather  omit  all 

of  the  divergence  from  consideration.      It  is  assumed 

the  unexamined  instances  will  resemble  the  examined,     ^ 

assumption  for  which  abundant  warrant  may  exist ;  the 

of  the  calculation  rests  upon  the  supposition  that 

will  be  no  difference  between  them,  and  the  practical 

is  insignificant  simply  because  this  difference  is  small. 

§  6.     But  the  rule  we  are  now  about  to  discuss,  and 

kich  may  be  called  the  Rule  of  Succession,  is  of  a  very 

jnt  kind.      It  not  only  recognizes  the  fact  that  we  are 
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leaving  the  ground  of  past  experience,  but  takes  the  c 
quences  of  this  divergence  as  the  express  subject  of  its  ( 
lation.  It  professes  to  give  a  general  rule  for  the  measi 
expectation  that  we  should  have  of  the  reappearance 
phenomenon  that  has  been  already  observed  any  numl 
times.  This  rule  is  generally  stated  somewhat  as  fol 
"To  find  the  chance  of  the  recurrence  of  an  event  al 
observed,  divide  the  number  of  times  the  event  has 
observed,  increased  by  one,  by  the  same  number  incr 
by  two." 

§  7.  It  will  be  instructive  to  point  out  the  orij 
this  rule ;  if  only  to  remind  the  reader  of  the  necessi 
keeping  mathematical  formulae  to  their  proper  pro 
and  to  show  what  astonishing  conclusions  are  a] 
be  accepted  on  the  supposed  warrant  <tf  mathen: 
Revert  then  to  the  example  of  Inverse  Probability  < 
182.  We  saw  that  under  certain  assumptions,  it  i 
follow  that  when  a  single  white  ball  had  been  c 
from  a  bag  known  to  contain  10  balls  which  were 
or  black,  the  chance  could  be  determined  that  then 
only  one  white  ball  in  it.  Having  done  this  we  n 
calculate  'directly'  the  chance  that  this  white  baU 
be  drawn  next  time.  Similarly  we  can  reckon  the  ch 
of  there  being  two,  three,  &c.  up  to  ten  white  balls 
and  determine  on  each  of  these  suppositions  the  cl 
of  a  white  ball  being  drawn  next  time.  Adding 
together  we  have  the  answer  to  the  question : — a  ' 
ball  has  been  drawn  once  from  a  bag  known  to  co 
ten  balls,  white  or  black ;  what  is  the  chance  of  a  a 
time  drawing  a  white  ball  ? 

So  far  only  arithmetic  is  required.  For  the  next  etc 
need  higher  mathematics,  and  by  its  aid  we  solve 
problem  : — A  white  ball   has  been  drawn  m  times  fr 
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which   contains   any  number,  we   know  not   what,  of 
each  of  which  is  white   or  black,  find  the  chance  of 
next  drawing  also  yielding  a  white  ball.     The  answer  is 

m+1 
mH-2' 

Thus  far  mathematica     Then   comes  in    the   physical 

iption  that  the  universe  may  be  likened  to  such  a  bag 

isbe  above,  in  the   sense   that   the  above  rule   may  be 

Bed  to  solve  this  question : — an  event  has  been  observed 

happen  m  times  in  a  certain  way,  find  the  chance  that 

happen  in  that  way  next  time.     Laplace,  for  instance, 

pointed  out  that  at  the  date  of  the  writing  of  his  Essai 

)hiqiLe,  the  odds  in  favour  of  the  sun's  rising  again 

the   old  assumption  as  to  the  age  of  the  world)  were 

J^14  to  1.     De  Morgan  says  that  a  man  who  standing 

|ihe  bank  of  a  river  has  seen  ten  ships  pass  by  with  flags 

Id  judge  it  to  be  11  to  1  that  the  next  ship  will  also 

a  flag. 

§  8.  It  is  hard  to  take  such  a  rule  as  this  seriously,  for 
does  not  seem  to  be  even  that  moderate  confirmation 
it  which  we  shall  find  to  hold  good  in  the  case  of  the 
ktion  of  abstract  formulae  to  the  estimation  of  the 
lence  of  witnesses.  If  however  its  validity  is  to  be  dis- 
there  appear  to  be  two  very  distinct  lines  of  enquiry 
which  we  may  be  led. 
(1)  In  the  first  place  we  may  take  it  for  what  it  pro- 
to  be,  and  for  what  it  is  commonly  understood  to 
viz.  a  rule  which  assigns  the  measure  of  expectation 
ought  to  entertain  of  the  recurrence  of  the  event  under 
circumstances  in  question.  Of  course,  on  the  view 
)ted  in  this  work,  we  insist  on  enquiring  whether  it  is 
ly  true  that  on  the  average  events  do  thus  repeat  their 
Tormance  in  accordance  with  this  law.     Thus  tested,  no 
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one  surely  would  attempt  to  defend  such  a  fonnu 
far  from  past  occurrence  being  a  ground  for  belief  in 
recurrence,  there  are  (as  will  be  more  fully  point 
in  the  Chapter  on  Fallacies)  plenty  of  cases  in  whi 
direct  contrary  holds  good.  Then  again  a  rule  of  th 
is  subject  to  the  very  serious  perplexity  to  be  ex] 
in  our  next  chapter,  arising  out  of  the  necessary  arbitr 
of  such  inverse  reference.  That  is,  when  an  eve: 
happened  but  a  few  times,  we  have  no  certain  guid 
when  it  has  happened  but  once  \  we  have  no  guide  wh 
as  to  the  class  of  cases  to  which  it  is  to  be  refenx 
the  example  above,  about  the  flags,  why  did  we  stop  s 
this  notion  simply,  instead  of  specifying  the  size,  sha 
of  the  flags  ? 

De  Morgan,  it  must  be  remembered,  only  accept 
rule  in  a  qualified  sense.  He  regards  it  as  ftimisl 
minimimi  value  for  the  amount  of  our  expectatioi 
terms  it  "  the  rule  of  probability  of  a  pure  inditctwi 
says  of  it,  "The  probabilities  shown  by  the  above 
are  merely  minima  which  may  be  augmented  by 
sources  of  knowledge."  That  is,  he  recognizes  only 
instances  in  which  our  belief  in  the  Uniformity  of  1 
and  in  the  existence  of  special  laws  of  causation  coi 

^  When  m=l  the  fraction  becomes  seen  before,  how  many  of 

%;  i,e.  the  odds  are  2  to  1  in  favour  served  oharacteristics  of  ihi 

of  recurrence.    And  there  are  writers  '  event '  are  to  be  considered  et 

who  accept  this  result.    For  instance,  Must  the  pilot  precede ;  anc 

Jevons  {Principles  of  Science  p.  258)  same  distance?    Mast  we  • 

says  *'Thus  on  the  first  occasion  on  the  latitude,  the  ocean,  the 

which  a  person  sees  a  shark,  and  the  species  of  shark,  as  mal 

notices  that  it  is  accompanied  by  a  of  repetition  on  the  next  w 

little  pilot  fish,  the  odds  are  2  to  1  and  so  on.    I  cannot  see  1 

that  the  next  shark  will  be  so  accom-  Inductive  problem  can  be  e 

panied."    To  say  nothing  of  the  fact  telligibly    stated,    for    quaz 

that  recognizing  and  naming  the  fish  purposes,  on  the  first  oooon 

implies  that  they  have  often  been  any  event. 
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supplement  that  which  arises  from  the  mere  frequency 
pwt  occurrence.  This  however  does  not  meet  those  cases 
vfaich  past  occurrence  is  a  positive  ground  of  disbelief  in 

recurrence. 

§  9.  (2)  There  is  however  another  and  very  different 
which  might  be  taken  of  such  a  rule.  It  is  one,  an 
recognition  of  which  has  very  likely  had  much  to 
vith  the  acceptance  which  the  rule  has  received. 
What  we  might  suppose  ourselves  to  be  thus  expressing 
ot  the  measure  of  rational  expectation  which  might  be 
by  minds  sufficiently  advanced  to  be  able  to  classify 
to  draw  conscious  inferences,  but, — the  law  according  to 
the  primitive  elements  of  belief  were  started  and 
ped.  Of  course  such  an  interpretation  as  this  would 
equivalent  to  quitting  the  province  of  Logic  altogether 
crossing  over  into  that  of  Psychology;  but  it  would  be  a 
tly  valid  line  of  enquiry.  We  should  be  attempting 
more  than  a  development  of  the  researches  of 
er  and  his  followers  in  psycho-physical  measurement, 
then  we  ought,  like  them,  not  to  start  with  any  analogy 
I  ballot  box  and  its  contents,  but  to  base  our  enquiry 
careful  determination  of  the  actual  mental  phenomena 
rienced.  We  know  how  the  law  has  been  determined 
accordance  with  which  the  intensity  of  the  feeling  of 
varies  with  that  of  its  objective  source.  We  see  how  it 
ible  to  measure  the  growth  of  Tnemory  according  to 
number  of  repetitions  of  a  sentence  or  a  succession 
mere  syllables.  In  this  latter  case,  for  instance,  we  just 
experiments,  and  determine  how  much  better  a  man  can 
mber  any  utterances  after  eight   hearings  than  after 


See  in  Mind  (x.  454)  Mr  Jacob's      Ebbinghaus  as  described  in  his  work 
It  of  the  reaearohee  of  Herr      Ueher  das  Oeddchtniss. 
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Now  this  case  furnishes  a  very  close  parallel  to  ! 
supposed  attempt  to  measure  the  increase  of  intensii^ 
belief  after  repeated  recurrence.  That  is,  if  it  were  pofld 
to  experiment  in  this  order  of  mental  phenomena,  we  09\ 
simply  to  repeat  a  phenomenon  a  certain  number  of  tk 
and  then  ascertain  by  actual  introspection,  or  by  some  sin 
test,  how  fast  the  belief  was  increasing.  Thus  viewed 
problem  seems  to  me  a  hopeless  one.  The  difficulties 
serious  enough,  when  we  are  trying  to  measure  our  m 
sensations,  of  laying  aside  the  effects  of  past  training,  an 
attempting,  as  it  were,  to  leave  the  mind  open  and  pae 
to  mere  reception  of  stimuli.  But  if  we  were  to  atte 
in  this  way  to  measure  our  belief  these  difficulties  w 
become  quite  insuperable.  We  can  no  more  divest 
selves  of  past  training  here  than  we  can  of  intelligenc 
thought.  I  do  not  see  how  any  one  could  possibly  fl 
classing  the  observed  recurrences  with  others  which  he 
experienced,  and  of  being  thus  guided  by  special  anal< 
and  inductions  instead  of  trusting  solely  to  De  Moij 
*pure  induction*.  The  same  considerations  tend  to  r 
another  form  of  defence  for  the  rule  in  question.  ] 
urged,  for  instance,  that  we  may  at  least  resort  to  i 
those  cases  in  which  we  are  in  entire  ignorance  as  to 
number  and  nature  of  the  antecedents.  This  is  a  positi( 
which  I  can  hardly  conceive  it  possible  that  we  should 
be  reduced.  However  remote  or  exceptional  may  be 
phenomenon  selected  we  may  yet  bring  it  into  relation 
some  accepted  generalizations  and  thus  draw  our  conclui 
from  these  rather  than  from  purely  d  priori  consic 
tions. 

§  10.  Since  then  past  acquisitions  cannot  be  laid  i 
or  allowed  for,  the  only  remaining  resource  would  b 
experiment  upon   the   infant   mind.     One   would   not 
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pronounce  that  any  line  of  enquiry  is  impossible;  but 
3  difficulties  would  certainly  be  enormous.    And  interesting 

the  facts  would  be,  supposing  that  we  had  succeeded 
securing  them,  they  would  not  be  of  the  slightest  im- 
rtance  in  Logic.  However  the  question  were  settled: — 
lether,  for  instance,  we  proved  that  the  sentiment  or 
notion  of  belief  grew  up  slowly  and  gradually  from  a  sort 
:  zero  point  under  the  impress  of  repetition  of  experience ; 
t  whether  we  proved  that  a  single  occurrence  produced 

iplete  belief  in  the  repetition  of  the  event,  so  that 
Eperience  gradually  untaught  us  and  weakened  our  con- 
lions  ; — in  no  case  would  the  mature  mind  gain  any  aid 
I  to  what  it  ought  to  believe. 

I  cannot  but  think  that  some  such  view  as  this  must 
Dcasionally  underlie  the  acceptance  which  this  rule  has  re- 
i?eA  For  instance,  Laplace,  though  unhesitatingly  adopt-  • 
ig  it  as  a  real,  that  is,  objective  rule  of  inference,  has  gone 
ito  so  much  physiological  and  psychological  matter  towards 
le  end  of  his  discussion  {Essai  philosophique)  as  to  suggest 
tat  what  he  had  in  view  was  the  natural  history  of  belief 
ther  than  its  subsequent  justification 

Again,  the  curious  doctrine  adopted  by  Jevons,  that  the 
inciples  of  Induction  rest  entirely  upon  the  theory  of 
t)bability, — a  very  different  doctrine  from  that  which  is 
Dveyed  by  saying  that  all  knowledge  of  facts  is  probable 
ly,  ie.  not  necessary, — seems  unintelligible  except  on  some 
ch  interpretation  We  shall  have  more  to  say  on  this 
bject  in  our  next  chapter.  It  will  be  enough  here  to 
nark  that  in  our  present  reflective  and  rational  stage 
i  find  that  every  inference  in  Probability  involves  some 
peal  to,  or  support  from,  Induction,  but  that  it  is  im- 
ssible  to  base  either  upon  the  other.     However  far  back 

try  to  push  our  way,  and  however  disposed  we  might  be 


V 


202  The  Rule  of  Suocession.  [chap. 

to  account  for  our  ultimate  beliefe  by  Association,  it  i 
to  me  that  so  long  as  we  consider  ourselves  to  be  de 
with  rules  of  inference  we  must  still  distinguish  bet 
Induction  and  Probability. 


CHAPTER  IX. 

INDUCTION  AND  ITS  CONNECTION  WITH  PROBABILITY, 

L     We  were  occupied,  during  the  last  chapter,  with  the 
ination  of  a  rule,  the  object  of  which  was  to  enable 
to  make  inferences  about  instances  as  yet  unexamined, 
was  professedly,  therefore,  a  rule  of  an  inductive  cha- 
r.     But,  in  the  form  m  which  it  is  commonly 'expressed, 
was  found  to  fail  utterly.     It  is  reasonable  therefore  to 
[uire  at  this  point  whether  Probability  is  entirely  a  formal 
deductive  science,  or  whether,  on  the  other  hand,  we  are 
e,  by  means  of  it,  to  make  valid  inferences  about  instances 
yet  unexamined.     This  question  has  been  already  in  part 
ered  by  implication  in  the  course  of  the  last  two  chap- 
It  is  proposed  in  the  present  chapter  to  devote  a  fuller 
vestigation  to  this  subject,  and  to  describe,  as  minutely  as 
its  will  allow,  the  nature  of  the  connection  between  Pro- 
ity  and  Induction.     We  shall  find  it  advisable  for  clear- 
of  conception  to  commence  our  enquiry  at  a  somewhat 
ly  stage.     We  will  travel  over  the  ground,  however,  as 
pidly  as  possible,  until  we  approach  the  boundary  of  what 
properly  be  termed  Probability. 
§  2.     Let  us  then  conceive  some  one  setting  to  work  to 
investigate  nature,  under  its  broadest  aspect,  with  the  view 
oi  systematizing  the  fects  of  experience  that  are  known,  and 
thence  (in  case  he  should  find  that  this  is  possible)  discover- 
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ing  others  which  are  at  present  unknown.  He  observe 
multitude  of  phenomena,  physical  and  mental,  contempoi 
and  successive.  He  enquires  what  connections  are  tl 
between  them  ?  what  rules  can  be  found,  so  that  somi 
these  things  being  observed  I  can  infer  others  from  tb 
We  suppose  him,  let  it  be  observed,  deliberately  resolvinj 
investigate  the  things  themselves,  and  not  to  be  tui 
aside  by  any  prior  enquiry  as  to  there  being  laws  ui 
which  the  mind  is  compelled  to  judge  of  the  things.  ' 
may  arise  either  from  a  disbelief  in  the  existence  of 
independent  and  necessary  mental  laws,  and  a  conseqi 
conviction  that  the  mind  is  perfectly  competent  to  obs 
and  believe  anything  that  experience  oflfers,  and  sIm 
believe  nothing  else,  or  simply  from  a  preference  for  inv( 
gations  of  the  latter  kind.  In  other  words,  we  suppose 
to  reject  Formal  Logic,  and  to  apply  himself  to  a  stud; 
objective  existences. 

It  must  not  for  a  moment  be  supposed  that  we  are  1 
doing  more  than  conceiving  a  fictitious  case  for  the  puq 
of  more  vividly  setting  before  the  reader  the  nature  of 
inductive  process,  the  assumptions  it  has  to  make,  and 
character  of  the  materials  to  which  it  is  applied.  It  i3 
psychologically  possible  that  any  one  should  come  to  the  si 
of  nature  with  all  his  mental  faculties  in  full  perfection, 
void  of  all  materials  of  knowledge,  and  free  from  any  bii 
to  the  uniformities  which  might  be  found  to  prevail  an 
him.  In  practice,  of  course,  the  form  and  the  matter- 
laws  of  belief  or  association,  and  the  objects  to  which 
are  applied — ^act  and  react  upon  one  another,  and  ne: 
can  exist  in  any  but  a  low  degree  without  presupposing 
existence  of  the  other.  But  the  supposition  is  perfectly 
timate  for  the  purpose  of  calling  attention  to  the  req 
ments  of  such  a  system  of  Logic,  and  is  indeed  nothing  ] 
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9UI  what  has  to  be  done  at  almost  every  step  in  psycho- 
Jical  enquiry  \ 

§  3.  HiR  task  at  first  might  be  conceived  to  be  a  slow 
d  tedious  one.  It  would  consist  of  a  gradual  accumula- 
01  of  individual  instances,  as  marked  out  from  one  another 

various  points  of  distinction,  and  connected  with  one 
other  by  points  of  resemblance.  These  would  have  to  be 
ipectively  distinguished  and  associated  in  the  mind,  and 
b  consequent  results  would  then  be  summed  up  in  general 
^positions,  from  which  inferences  could  afterwards  be 
iwn.  These  inferences  could,  of  course,  contain  no  new 
ste,  they  would  only  be  repetitions  of  what  he  or  others 
d  previously  observed.  All  that  we  should  have  so  far 
ne  would  have  been  to  make  our  classifications  of  things 
d  then  to  appeal  to  them  again.  We  should  therefore  be 
eping  well  within  the  province  of  ordinary  logic,  the  pro- 
Bses  of  which  (whatever  their  ultimate  explanation)  may 

course  always  be  expressed,  in  accordance  with  Aristotle's 
ictum,  as  ways  of  determining  whether  or  not  we  can  show 
ttit  one  given  class  is  included  wholly  or  partly  within 
ttother,  or  excluded  from  it,  as  the  case  may  be. 

§  4.  But  a  very  short  course  of  observation  would  sug- 
|B8t  the  possibility  of  a  wide  extension  of  his  information, 
kperience  itself  would  soon  detect  that  events  were  con- 
tected  together  in  a  regular  way;  he  would  ascertain  that 
lere  are  *laws  of  nature.'  Coming  with  no  a  priori  neces- 
ily  of  believing  in  them,  he  would  soon  find  that  as  a  matter 

^  Some  of  my  readers  may  be  fa-  his  experience  to  gain,  and  speculates 

Qiar  with  a  very  striking  digression  on  the  gradual  acquisition  of  his 

Bnffon's  Natural  History  (Natural  knowledge.  Whatever  may  be  thought 

\tt.  of  Man,  §  vin.),  in  which  he  of  his  particular  conclusions  the  pas- 

pposeB  the  first  man  in  full  pos-  sage  is  very  interesting  and  sugges- 

■ion  of  hifl  faculties,  but  with  aU  tive  to  any  student  of  Psychology. 
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of  fJBWJt  they  do  exist,  though  he  could  not  feel  any  cei 
as  to  the  extent  of  their  prevalence.  The  discovery  of 
arrangement  in  nature  would  at  once  alter  the  plan  of  his 
ceedings,  and  set  the  tone  to  the  whole  range  of  his  mei 
of  investigation.  His  main  work  now  would  be  to  find 
by  what  means  he  could  best  discover  these  laws  of  natmai 

An  illustration  may  assist.     Suppose  I  were  engaged; 
breaking  up  a  vast  piece  of  rock,  say  slate,  into  small 
I  should  begin  by  wearily  working  through  it  inch  by  ii 
But  I  should  soon  find  the  process  completely  changed 
to  the  existence  of  cleavage.    By  this  arrangement  of 
a  very  few  blows  would  do  the  work — not,  as  I  might 
sibly  have  at  first  supposed,  to  the  extent  of  a  few  inch( 
but  right  through  the  whole  mass.    In  other  words,  by 
process  itself  of  cutting,  as  shown  in  experience,  and 
nothing  else,  a  constitution  would  be  detected  in  the 
that  would  make  that  process  vastly  more  easy  and  63 
sive.     Such  a  discovery  would  of  course  change  our 
Our  principal  object  would  thenceforth  be  to  ascertain 
extent  and  direction  of  this  cleavage.  \ 

Something  resembling  this  is  found  in  Induction.  TM 
discovery  of  laws  of  nature  enables  the  mind  to  dart  with  fl 
inferences  firom  a  few  facts  completely  through  a  whole  cU 
of  objects,  and  thus  to  acquire  results  the  successive  indifi 
dual  attainment  of  which  would  have  involved  long  ad 
wearisome  investigation,  and  would  indeed  in  multitoa 
of  instances  have  been  out  of  the  question.  We  have  d 
demonstrative  proof  that  this  state  of  things  is  univeml 
but  having  found  it  prevail  extensively,  we  go  on  with  th 
resolution  at  least  to  try  for  it  everywhere  else,  and  we  U 
not  disappointed.  From  propositions  obtained  in  this  wij 
or  rather  from  the  original  &cts  on  which  these  propositkfl 
rest,  we  can  make  n&U)  inferences,  not  indeed  with  abflcM 
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ity,  but  with  a  degree  of  conviction  that  is  of  the 
practical  use.     We  have  gained  the  great  step  of 
able  to  make  trustworthy  generalizations.     We  con- 
fer instance,  not  merely  that  John  and  Henry  die, 
that  all  men  die. 

§  5.    The  above  brief  investigation  contains,  it  is  hoped, 

ibly  correct  outline  of  the  nature  of  the  Inductive 

ice,  as  it  presents  itself  in  Material  or  Scientific  Logic. 

flivolves  the  distinction  drawn  by  Mill,  and  with  which 

reader  of  his  System  of  Logic  will  be  familiar,  between 

inference  drawn  according  to  a  formula  and  one  drawn 

a  formula.    We  do  in  reality  make  our  inference  from 

data  afforded  by  experience  directly  to  the  conclusion ; 

a  mere  arrangement  of  convenience  to  do  so  by  passing 

the  generalization.    But  it  is  one  of  such  extreme 

mce,  and  one  so  necessarily  forced  upon  us  when  we 

appealing  to  our  own  past  experience  or  to  that  of  others 

the  grounds  of  our  conclusion,  that  practically  we  find  it 

best  plan  to  divide  the  process  of  inference  into  two 

The  first  part  is  concerned  with  establishing  the 

iralization ;  the  second  (which  contains  the  rules  of  ordi- 

logic)  determines  what  conclusions  can  be  drawn  from 

generalization. 

§  6.     We  may  now  see  our  way  to  ascertaining  the  pro- 
of Probability  and  its  relation  to  kindred  sciences. 
ictive  Logic  gives  rules  for  discovering  such  generaliza- 
as  those  spoken  of  above,  and  for  testing  their  correct- 
If  they  are  expressed  in  universal  propositions  it  is 
part  of  ordinary  logic  to  determine  what  inferences  can 
made  from  and  by  them;  if,  on  the  other  hand,  they  are 
in  proportional  propositions,  that  is,  propositions 
the  kind  described  in  our  first  chapter,  they  are  handed 
Iter  to  Probability.    We  find,  for  example,  that  three  infisuits 
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out  of  ten  die  in  their  first  four  years.  It  belongs  to  Ind 
tion  to  say  whether  we  are  justified  in  generalizing  our  oh 
vation  into  the  assertion,  All  infants  die  in  that  proporti 
When  such  a  proposition  is  obtained,  whatever  may  be  1 
value  to  be  assigned  to  it,  we  recognize  in  it  a  series  a 
familiar  kind,  and  it  is  at  once  claimed  by  Probability. 

In  this  latter  case  the  division  into  two  parts,  the  ind 
tive  and  the  ratiocinative,  seems  decidedly  more  than  onfl 
convenience ;  it  is  indeed  imperatively  necessary  for  cleaii 
of  thought  and  cogency  of  treatment.  It  is  true  thai 
almost  every  example  that  can  be  selected  we  shall  \ 
both  of  the  above  elements  existing  together  and  comfam 
to  determine  the  degree  of  our  conviction,  but  when  we  oo 
to  examine  them  closely  it  appears  to  me  that  the  groui 
of  their  cogency,  the  kind  of  conviction  they  produce,  i 
consequently  the  rules  which  they  give  rise  to,  are  so 
tirely  distinct  that  they  cannot  possibly  be  harmonized  i 
a  single  consistent  system. 

The  opinion  therefore  according  to  which  certain 
ductive  formulae  are  regarded  as  composing  a  portion 
Probability,  and  which  finds  utterance  in  the  Rule  of  S 
cession  criticised  in  our  last  chapter,  cannot,  I  think, 
maintained.  It  would  be  more  correct  to  say,  as  sti 
above,  that  Induction  is  quite  distinct  from  Probability, 
co-operates  in  almost  all  its  inferences.  By  Induction 
determine,  for  example,  whether,  and  how  far,  we  can  sa 
generalize  the  proposition  that  four  men  in  ten  live  t( 
fifty-six ;  supposing.such  a  proposition  to  be  safely  genendi 
we  hand  it  over  to  Probability  to  say  what  sort  of  infere 
can  be  deduced  from  it. 

§  7.  So  much  then  for  the  opinion  which  tends  to  r^ 
pure  Induction  as  a  subdivision  of  Probability.  By 
majority  of  philosophical  and  logical  writers  a  widely  diflfe 
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w  has  of  course  been  entertained.  They  are  mostly  dis- 
led  to  distinguish  these  sciences  very  sharply  from,  not  to 
''  to  contrast  them  with,  one  another;  the  one  being 
septed  as  philosophical  or  logical,  and  the  other  rejected 
mathematical  This  may  without  oflFence  be  termed  the 
pular  prejudice  against  Probability. 

A  somewhat  different  view,  however,  must  be  noticed 
re,  which,  by  a  sort  of  reaction  against  the  latter,  seems 
m  to  go  beyond  the  former ;  and  which  occasionally  finds 
ftression  in  the  statement  that  all  inductive  reasoning  of 
tty  kind  is  merely  a  matter  of  Probability.  Two  examples 
this  may  be  given. 

Beginning  with  the  older  authority,  there  is  an  often 
uted  saying  by  Butler  at  the  commencement  of  his  Ana- 
Jf,  that  '  probability  is  the  very  guide  of  life ' ;  a  saying 
ich  seems  frequently  to  be  understood  to  signify  that  the 
ies  or  principles  of  Probability  are  thus  all-prevalent  when 

are  drawing  conclusions  in  practical  life.  Judging  by 
B  drift  of  the  context,  indeed,  this  seems  a  fair  inter- 
etation  of  his  meaning,  in  so  far  of  course  as  there  could 

said  to  be  any  such  thing  as  a  science  of  Probability  in 
days.      Prof   Jevons,  in    his  Principles    of  Science 

197),  has  expressed  a  somewhat  similar  view,  of  course 

a  way  more  consistent  with  the  principles  of  modem 
ice,  physical  and  mathematical.  He  says,  "I  am  con- 
that  it  is  impossible  to  expound  the  methods  of  in- 
ion  in  a  sound  manner,  without  resting  them  on  the 

)ry  of  Probability.  Perfect  knowledge  alone  can  give 
ity,  and  in  nature  perfect  knowledge  would  be  infinite 

wledge,  which  is  clearly  beyond  our  capacities.  We  have, 
lerefore,  to  content  ourselves  with  partial  knowledge, — 
lowledge  mingled  with  ignorance,  producing  doubt*." 

.    1  See  also  Dngald  Stewart  (Ed.  by  Hamilton;  yii.  pp.  115—119). 

V.  14 
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§  8.  There  are  two  senses  in  which  this  dispodtioii  ll 
merge  the  two  sciences  into  one  may  be  understood.  Ufflf 
the  word  Probability  in  its  vague  popular  sigmfi< 
nothing  more  may  be  intended  than  to  call  attention  to 
fact,  that  in  every  case  alike  our  conclusions  are  noi 
more  than  '  probable/  that  is,  that  they  are  not,  and 
be,  absolutely  certain.  This  must  be  fully  admitted,  fcr 
course  no  one  acquainted  with  the  complexity  of  ph; 
and  other  evidence  would  seriously  maintain  that 
ideal  certainty  can  be  attained  in  any  branch  of  a] 
logic.  Hypothetical  certainty,  in  abstract  science,  may 
possible,  but  not  absolute  certainty  in  the  domain  of 
concrete.  This  has  been  already  noticed  in  a  former 
where,  however,  it  was  pointed  out  that  whatever  j 
tion  may  exist,  on  the  subjective  view  of  logic,  for 
this  common  prevalence  of  absence  of  certainty  as  warrani 
us  in  fusing  the  sciences  into  one,  no  such  justificatioD  i 
admitted  when  we  take  the  objective  view. 

§  9.  What  may  be  meant,  however,  is  that  the 
of  this  absence  of  certainty  are  always  of  the  same  gei 
character.  This  argument,  if  admitted,  would  have 
force,  and  must  therefore  be  briefly  noticed.  We  have 
abundantly  that  when  we  say  of  a  conclusion  within 
strict  province  of  Probability,  that  it  is  not  certain,  all 
we  mean  is  that  in  some  proportion  of  cases  only  will 
conclusion  be  right,  in  the  other  cases  it  will  be 
Now  when  we  say,  in  reference  to  any  inductive  concl 
that  we  feel  uncertain  about  its  absolute  cogency,  are 
conscious  of  the  same  interpretation  ?  It  seems  to  me 
we  are  not.  It  is  indeed  quite  possible  that  on  uhiintfl 
analysis  it  might  be  proved  that  experience  of  fiBdlure  i 
the  past  employment  of  our  methods  of  investigation  nj 
the  main  cause  of  our  present  want  of  perfect  confidenoe  I 
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JUL  But  this,  as  we  have  repeatedly  insisted,  does  not 
long  to  the  province  of  logical,  but  to  that  of  Psycholo- 
al  enquiry.  It  is  surely  not  the  case  that  we  are,  as  a  rule, 
isciously  guided  by  such  occasional  or  repeated  instances 
past  failure.  In  so  far  as  they  are  at  all  influential,  they 
on  to  do  their  work  by  infusing  a  vague  want  of  confi- 
ice  which  cannot  be  referred  to  any  statistical  grounds  for 
justification,  at  least  not  in  a  quantitative  way.  Part  of 
•  waat  of  confidence  is  derived  sympathetically  from  those 

0  have  investigated  the  matter  more  nearly  at  first  hand. 
re  again^  analysis  might  detect  that  a  given  proportion  of 
t  fiailures  lay  at  the  root  of  the  distrust,  but  it  does  not 
m  at  the  surface.     Moreover,  one  reason  why  we  cannot 

1  perfectly  certain  about  our  inductions  is,  that  the 
wwry  has  to  be  appealed  to  for  some  of  our  data ;  and  will 
f  one  assert  that  the  only  reason  why  we  do  not  place 
kolute  reliance  on  our  memory  of  events  long  past  is  that 
have  been  deceived  in  that  way  before  ? 

In  any  other  sense,  therefore,  than  as  a  needful  protest 
jt  attaching  too  great  demonstrative  force  to  the  con- 
ions  of  Inductive  Logic,  it  seems  decidedly  misleading  to 

of  its  reasonings  as  resting  upon  Probability. 

'§  10.     We   may   now  see   clearly   the   reasons  for  the 

within  which  causation^  is  necessarily  required,  but 

id  which  it  is  not  needed.     To  be  able  to  generalize 

lula  so  as  to  extend  it  fi'om  the  observed  to  the  unob- 

l,  it  is  clearly  essential  that  there  should  be  a  certain 

lanence  in  the  order  of  nature ;  this  permanence  is  one 

of  what  is   implied  in  the   term   causation.     If  the 

[Hired  that  is  for  purposes  of  versal  prevalence,  or  its  all-import- 

inference  within  the  limits  of  ance   for   scientific   purposes.    The 

ability;  it  is  not  intended  to  im-  subject  is  more  fully  discussed  in  a 

doubts  as  to  its  actual  uni-  future  chapter. 

14—2 
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circumstances  under  which  men  live  and  die  remaining 
Same,  we  did  not  feel  warranted  in  inferring  that  four 
out  of  ten  would  continue  to  live  to  fifty,  because  in  the  ej 
of  those  whom  we  had  observed  this  proportion  had  hitl 
done  so,  it  is  clear  that  we  should  be  admitting  that 
same  antecedents  need  not  be  followed  by  the  same 
sequents.  This  uniformity  being  what  the  Law  of  Cat 
asserts,  the  truth  of  the  law  is  clearly  necessary  to  enal 
to  obtain  our  generalizations :  in  other  words,  it  is  n( 
for  the  Inductive  part  of  the  process.  But  it  seems  to  j 
equally  clear  that  causation  is  not  necessary  for  that 
the  process  which  belongs  to  Probability.  Provided 
that  the  truth  of  our  generalizations  is  secured  to  us,  in 
way  just  mentioned,  what  does  it  matter  to  us  whetl 
not  the  individual  members  are  subject  to  causation  ? 
it  is  not  in  reality  about  these  individuals  that  we 
inferences.  As  this  last  point  has  been  already  folly 
in  Chapter  vi.,  any  further  allusion  to  it  need  not  be  made 

§  11.     The  above  description,  or  rather  indication,  of 
process  of  obtaining  these  generalizations  must  suffice  for 
present.     Let  us  now  turn  and  consider  the  means  by 
we  are  practically  to  make  use  of  them  when  they  are 
tained.   The  point  which  we  had  reached  in  the  course  of  i 
investigations  entered  into  in  the  sixth  and  seventh  chaj 
was  this : — Given  a  series  of  a  certain  kind,  we  could 
inferences  about  the  members  which  composed  it ;  infei 
that  is,  of  a  peculiar  kind,  the  value  and  meaning  of 
were  fully  discussed  in  their  proper  place. 

We  must  now  shift  our  point  of  view  a  little ; 
starting,  as  in  the  former  chapters,  with  a  determinate 
supposed  to  be  given  to  us,  let  us  assume  that  the  indivi 
only  is  given,  and  that  the  work  is  imposed  upon  us  of  1 
ing  out  the  appropriate  series.    How  are  we  to  set  aboul 
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k?  In  the  former  case  our  data  were  of  this  kind: — 
jht  out  of  ten  men,  aged  fifty,  will  live  eleven  years  more, 
i  we  ascertained  in  what  sense,  and  with  what  certainty, 
\  could  infer  that,  say,  John  Smith,  aged  fifty,  would  live 
sixty-one. 

§  12.     Let  us  then  suppose,  instead,  that  John   Smith 
leeents  himself,  how  should  we  in  this  case  set  about  ob- 

I 

ig  a  series  for  him?     In  other  words,  how  should  we 

lect  the  appropriate  statistics?     It  should  be  borne  in 

id  that  when  we  are  attempting  to  make  real  inferences 

it  things  as  yet  unknown,  it  is  in  this  form  that   the 

Jem  will  practically  present  itself. 

At  first  sight  the  answer  to  this  question  may  seem  to  be 
Led  by  a  very  simple  process,  viz.  by  counting  how 
ly  men  of  the  age  of  John  Smith,  respectively  do  and  do 
live  for  eleven  years.  In  reality  however  the  process  is 
f  from,  being  so  simple  as  it  appears.  For  it  must  be  re- 
imbered  that  each  individual  thing  has  not  one  distinct 
appropriate  class  or  group,  to  which,  and  to  which  alone, 
properly  belongs.  We  may  indeed  be  practically  in  the 
it  of  considering  it  under  such  a  single  aspect,  and  it  may 
fore  seem  to  us  more  familiar  when  it  occupies  a  place 
one  series  rather  than  in  another ;  but  such  a  practice  is 
sly  customary  on  our  part,  not  obligatory.  It  is  obvious 
kt  every  individual  thing  or  event  has  an  indefinite 
iber  of  properties  or  attributes  observable  in  it,  and 
light  therefore  be  considered  as  belonging  to  an  indefinite 
iber  of  diflferent  classes  of  things.  By  belonging  to  any 
class  it  of  course  becomes  at  the  same  time  a  member  of 
the  higher  classes,  the  genera,  of  which  that  class  was  a 
becies.  But,  moreover,  by  virtue  of  each  accidental  attri- 
kte  which  it  possesses,  it  becomes  a  member  of  a  class 
ptersecting,  so  to  say,  some  of  the  other  classes.    John  Smith 
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is  a  consumptive  man  say,  and  a  native  of  a  northern  clin 
Being  a  man  he  is  of  course  included  in  the  class  of 
tebrates,  also  in  that  of  animals,  as  well  as  in  any  hi] 
such  classes  that  there  may  be.  The  property  of  being 
sumptive  refers  him  to  another  class,  narrower  than  an 
the  above ;  whilst  that  of  being  bom  in  a  northern  clii 
refers  him  to  a  new  and  distinct  class,  not  conterminous  ^ 
any  of  the  rest,  for  there  are  things  bom  in  the  north  wl 
are  not  men. 

§  13.  When  therefore  John  Smith  presents  himsel 
our  notice  without,  so  to  say,  any  particular  label  attache 
him  informing  us  under  which  of  his  various  aspects  he : 
be  viewed,  the  process  of  thus  referring  him  to  a  class 
comes  to  a  great  extent  arbitrary.  If  he  had  been  indie 
to  us  by  a  general  name,  that,  of  course,  would  have  1 
some  clue ;  for  the  name  having  a  determinate  connote 
would  specify  at  any  rate  a  fixed  group  of  attributes  wi 
which  our  selection  was  to  be  confined.  But  names 
attributes  being  connected  together,  we  are  here  supp 
to  be  just  as  much  in  ignorance  what  name  he  is  t 
called  by,  as  what  group  out  of  all  his  innumerable  attrib 
is  to  be  taken  account  of;  for  to  tell  us  one  of  these  th 
would  be  precisely  the  same  in  eflfect  as  to  tell  us  the  o\ 
In  saying  that  it  is  thus  arbitrary  under  which  class  1: 
placed,  we  mean,  of  course,  that  there  are  no  logical  groi 
of  decision ;  the  selection  must  be  determined  by  some 
traneous  considerations.  Mere  inspection  of  the  indivit 
would  simply  show  us  that  he  could  equally  be  refe 
to  an  indefinite  number  of  classes,  but  would  in  itself  \ 
no  inducement  to  prefer,  for  our  special  purpose,  one  of  tl 
classes  to  another. 

This  variety  of  classes  to  which  the  individual  maj 
referred  owing  to  his  possession  of  a  multiplicity  of  a1 
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ses,  has  an  important  bearing  on  the  process  of  inference    3 
ich  was  indicated  in  the  earlier  sections  of  this  chapter, 
i  which  we  must  now  examine  in  more  special  reference 
our  particular  subject. 

§  14.     It  will  serve  to  bring  out  more  clearly  the  nature 

some  of  those  peculiarities  of  the  step  which  we  are  now 

Nmt  to  take  in  the  case  of  Probability,  if  we  first  examine 

le  form  which  the  corresponding  step  assumes  in  the  case 

X  ordinary  Logic.    Suppose  then  that  we  wished  to  ascertain 

ither   a  certain  John   Smith,  a  man  of  thirty,  who  is 

mgst  other  things  a  resident  in  India,  and   distinctly 

id   with   cancer,  will    continue   to  survive   there    for 

ity  years  longer.     The  terms  in  which  the  man  is  thus 

luced  to  us  refer  him  to  diflferent  classes  in  the  way 

ly  indicated     Corresponding  to  these  classes  there  will 

a  number  of  propositions  which  have  been  obtained  by 

ious  observations  and  inductions,  and  which  we  may 

3refore  assume  to  be  available  and  ready  at  hand  when 

want  to  make  use  of  them.     Let  us  conceive  them  to 

such  as  these  following : — Some  men  live  to  fifty ;  some 

residents  live  to  fifty;  no  man  suflfering  thus  from 

icer  lives  for  five  years.    From  the  first  and  second  of  these 

nothing  whatever  can  be  inferred,  for  they  are  both^ 

dcular  propositions,  and  therefore  lead  to  no  conclusion 

this  case.     The  third  answers  our  enquiry  decisively. 

To  the  logical  reader  it  will  hardly  be  necessary  to  point 

that  the  process  here  under  consideration  is  that   of 

ig    middle    terms  which   shall    serve   to  connect  the 

ibject  and  predicate  of  our  conclusion.     This  subject  and 

Lcate  in  the  case  in  question,  are  the  individual  before 

^  As  particular  propositions  they  corresponds  to  a  larger  proportion 
In  both  of  conrse  identical  in  form.  than  in  the  latter,  is  a  distinction 
khe  fact  that  the  *  some  *  in  the  former      alien  to  pore  Logic. 
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us  and  his  death  within  the  stated  period.  Regards 
themselves  there  is  nothing  in  common  between  then 
therefore  no  link  by  which  they  may  be  connected  o 
connected  with  each  other.  The  various  classes  i 
referred  to  are  a  set  of  such  middle  terms,  and  the  pr 
tions  belonging  to  them  are  a  corresponding  set  of  : 
premises.  By  the  help  of  any  one  of  them  we  are  enj 
under  suitable  circumstances,  to  connect  together  the  si 
and  predicate  of  the  conclusion,  that  is,  to  infer  whetht 
man  will  or  will  not  live  twenty  years. 

§  15.  Now  in  the  performance  of  such  a  logical  p: 
there  are  two  considerations  to  which  the  reader's  atte 
must  for  a  moment  be  directed.  They  are  simple  enou 
this  case,  but  will  need  careful  explanation  in  the  corres 
ing  case  in  Probability.  In  the  first  place,  it  is  clear 
whenever  we  can  make  any  inference  at  all,  we  can 
with  absolute  certainty.  Logic,  within  its  own  dc 
knows  nothing  of  hesitation  or  doubt.  If  the  middle 
is  appropriate  it  serves  to  connect  the  extremes  in  s 
way  as  to  preclude  all  uncertainty  about  the  concli 
if  it  is  not,  there  is  so  far  an  end  of  the  matter :  no  e 
sion  can  be  drawn,  and  we  are  therefore  left  where  we 
Assuming  our  premises  to  be  correct,  we  either  kno 
conclusion  for  certain,  or  we  know  nothing  whatever 
it.  In  the  second  place,  it  should  be  noticed  that  n< 
the  possible  alternatives  in  the  shape  of  such  major  pre 
as  those  given  above  can  ever  contradict  any  of  the  < 
or  be  at  all  inconsistent  with  them.  Regarded  as  is 
propositions,  there  is  of  course  nothing  to  secure  sue) 
mony;  they  have  very  different  predicates,  and  may 
quite  out  of  each  other  s  reach  for  either  support  or  o 
tion.  But  by  means  of  the  other  premise  they  are  it 
case  brought  into  relation  with  one  another,  and  the  g 
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erests  of  truth  and  consistency  prevent  them  therefore 
m  contradicting  one  another.  As  isolated  propositions 
might  have  been  the  case  that  all  men  live  to  fifty,  and 
ipt  no  Indian  residents  do  so,  but  having  recognised  that 
■le  men  are  residents  in  India,  we  see  at  once  that  these 
imises  are  inconsistent,  and  therefore  that  one  or  other 
fthem  must  be  rejected.  In  all  applied  logic  this  necessity 
^  avoiding  self-contradiction  is  so  obvious  and  imperious 
at  no  one  would  think  it  necessary  to  lay  down  the  formal 
iBtulate  that  all  such  possible  major  premises  are  to  be 
pitually  consistent.  To  suppose  that  this  postulate  is  not 
ttuplied  with,  would  be  in  effect  to  make  two  or  more  con- 
Idictory  assumptions  about  matters  of  fact. 
§  1 6.  But  now  observe  the  difference  when  we  attempt 
take  the  corresponding  step  in  Probability.  For  ordinary 
itions,  universal  or  particular,  substitute  statistical 
itions  of  what  we  have  been  in  the  habit  of  calling 
'  proportional '  kind.  In  other  words,  instead  of  asking 
ther  the  man  will  live  for  twenty  years,  let  us  ask  whether 
will  live  for  one  year  ?  We  shall  be  unable  to  find  any 
iversal  propositions  which  will  cover  the  case,  but  we  may 
out  difl&culty  obtain  an  abundance  of  appropriate  pro- 
ional  ones.  They  will  be  of  the  following  description : — 
men  aged  30,  98  in  100  live  another  year;  of  residents  in 
a  smaller  proportion  survive,  let  us  for  example  say 
in  100 ;  of  men  suffering  from  cancer  a  smaller  proportion 
,  let  us  say  20  in  100. 

Now  in  both  of  the  respects  to  which  attention  has  just 
Ben  drawn,  propositions  of  this  kind  offer  a  marked  con- 
biBt  with  those  last  considered.  In  the  first  place,  they  do 
iOt,  like  ordinary  propositions,  either  assert  unequivocally 
IB  or  no,  or  else  refuse  to  open  their  lips ;  but  they  give 
iBtead  a  sort  of  qualified  or  hesitating  answer  concerning 
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the  individuals  included  in  them.  This  is  of  course  notl 
more  than  the  familiar  characteristic  of  what  may  be  ca 
'probability  propositions/  But  it  leads  up  to,  and  inc 
renders  possible,  the  second  and  more  important  po 
viz.  that  these  various  answers,  though  they  cannot  dire 
and  formally  contradict  each  other  (this  their  nature  as  ] 
portional  propositions,  will  not  as  a  rule  permit),  may  yel 
a  way  which  will  now  have  to  be  pointed  out,  be  found  t( 
more  or  less  in  conflict  with  each  other. 

Hence  it  follows  that  in  the  attempt  to  draw  a  conclu 
from  premises  of  the  kind  in  question,  we  may  be  pli 
in  a  position  of  some  perplexity;  but  it  is  a  perple 
which  may  present  itself  in  two  forms,  a  mild  and  an  ag 
vated  form.     We  will  notice  them  in  turn. 

§  17.  The  mild  form  occurs  when  the  different  eh 
to  which  the  individual  case  may  be  appropriately  refe 
are  successively  included  one  within  another;  for  here 
sets  of  statistics,  though  leading  to  different  results, 
not  often  be  found  to  be  very  seriously  at  variance  ^ 
one  another.  All  that  comes  of  it  is  that  as  we  ascend  in 
Scale  by  appealing  to  higher  and  higher  genera,  the 
tistics  grow  continually  less  appropriate  to  the  partic 
case  in  point,  and  such  information  therefore  as  they  ai 
becomes  gradually  less  explicit  and  accurate. 

The  question  that  we  originally  wanted  to  detem 
be  it  remembered,  is  whether  John  Smith  will  die  wi 
one  year.  But  all  knowledge  of  this  fact  being  unati 
able,  owing  to  the  absence  of  suitable  inductions,  we 
justified  (with  the  explanation,  and  under  the  restric 
mentioned  in  Chap.  VI.),  in  substituting,  as  the  only  avai 
equivalent  for  such  individual  knowledge,  the  answer  tc 
following  statistical  enquiry.  What  proportion  of  men  ii 
circumstances  die  ? 
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§  18.  But  then  at  once  there  begins  to  arise  some  doubt 
1  ambiguity  as  to  what  exactly  is  to  be  understood  by  his 
emnstances.  We  may  know  very  well  what  these  circum- 
■ices  are  in  themselves,  and  yet  be  in  perplexity  as  to 
m  many  of  them  we  ought  to  take  into  account  when 
deavouring  to  estimate  his  fate.  We  might  conceivably, 
r  a  beginning,  choose  to  confine  our  attention  to  those 
operties  only  which  he  has  in  common  with  all  animals. 

so,  and  statistics  on  the  subject  were  attainable,  they 
mid  presumably  be  of  some  such  character  as  this,  Ninety- 
tie  aniraals  out  of  a  hundred  die  within  a  year.  Unusual  as 
ch  a  reference  would  be,  we  should,  logically  speaking,  be 
ing  nothing  more  than  taking  a  wider  class  than  the  one 
I  were  accustomed  to.  Similarly  we  might,  if  we  pleased, 
ke  our  stand  at  the  class  of  vertebrates,  or  at  that  of 
immalia,  if  zoologists  were  able  to  give  us  the  requisite 
formation.  Of  course  we  reject  these  wide  classes  and 
Bfer  a  narrower  one.  If  asked  why  we  reject  them,  the 
tural  answer  is  that  they  are  so  general,  and  resemble  the 
rticular  case  before  us  in  so  few  points,  that  we  should  be 
ceedingly  likely  to  go  astray  in  trusting  to  them.  Though 
curacy  cannot  be  insured,  we  may  at  least  avoid  any  need- 
iB  exaggeration  of  the  relative  number  and  magnitude  of 
ir  errors. 

§  19.     The  above  answer  is  quite  valid ;  but  whilst  cau- 
bning  us  against  appealing  to  too  wide  a  class,  it  seems  to 
that  we  cannot  go  wrong  in  the  opposite  direction. 

It  is  in  taking  too  narrow  a  class.     And  yet  we  do  avoid 
such  extremes.    John  Smith  is  not  only  an  Englishman ; 

may  also  be  a  native  of  such  a  part  of  England,  be  living 
k  such  a  Presidency,  and  so  on.  An  indefinite  number  of 
Ich  additional  characteristics  might  be  brought  out  into 
otice,  many  of  which  at  any  rate  have  some  bearing  upon 
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the  question  of  vitality.  Why  do  we  reject  any  conside 
of  these  narrower  classes  ?  We  do  reject  them,  but  it 
what  may  be  termed  a  practical  rather  than  a  theo: 
reason.  As  was  explained  in  the  first  chapters,  it  is  ess 
that  our  series  should  contain  a  considerable  number  of 
if  they  are  to  be  of  any  service  to  us.  Now  many 
attributes  of  any  individual  are  so  rare  that  to  take 
into  account  would  be  at  variance  with  the  fundar 
assumption  of  our  science,  viz.  that  we  are  properly  con< 
only  with  the  averages  of  large  numbers.  The  more  i 
and  minute  our  statistics  the  better,  provided  only  tl: 
can  get  enough  of  .them,  and  so  make  up  the  requisite 
number  of  instances.  This  is,  however,  impossible  in 
cases.  We  are  therefore  obliged  to  neglect  one  att 
after  another,  and  so  to  enlarge  the  contents  of  our  cla 
the  avowed  risk  of  somewhat  increased  variety  and  u 
ability  in  the  members  of  it,  for  at  each  step  of  this  ki 
diverge  more  and  more  from  the  sort  of  instances  tl 
really  want.  We  continue  to  do  so,  until  we  no  longe 
more  in  quantity  than  we  lose  in  quality.  We  final! 
our  stand  at  the  point  where  we  first  obtain  statistics 
from  a  sufficiently  large  range  of  observation  to  secu 
requisite  degree  of  stability  and  uniformity. 

§  20.     In  such  an  example  as  the  one  just  mem 
where  one  of  the  successive  classes — man — is  a  well-c 
natural  kind  or  species,  there  is  such  a  complete  br 
each  direction  at  this  point,  that  every  one  is  promj 
take  his  stand  here.     On  the  one  hand,  no  enquirer 
ever  think  of  introducing  any  reference  to  the  higher 
with  fewer  attributes,  such  as  animal  or  organized 
and  on  the  other  hand,  the  inferior  classes,  created 
taking  notice  of  his  employment  or  place  of  residenc 
do  not  as  a  rule  differ  sufficiently  in  their  charact< 
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PQd  the  class  man  to  make  it  worth  our  while  to  attend 
them. 

Now  and  then  indeed  these  characteristics  do  rise  into 
iportance,  and  whenever  this  is  the  case  we  concentrate 
or  attention  upon  the  class  to  which  they  correspond,  that 
■f  the  class  which  is  marked  off  by  their  presence.  Thus, 
r  instance,  the  quality  of  consumptiveness  separates  any 
le  oflF  so  widely  from  the  majority  of  his  fellow-men  in  all 
pestions  pertaining  to  mortality,  that  statistics  about  the 
res  of  consumptive  men  differ  materially  from  those  which 
lEsr  to  men  in  general.  And  we  see  the  result ;  if  a  con- 
kmptive  man  can  effect  an  insurance  at  all,  he  must  do  it 
Ir  a  much  higher  premium,  calculated  upon  his  special 
ttcomstances.  In  other  words,  the  attribute  is  sufficiently 
bportant  to  mark  off  a  fresh  class  or  series.  So  with  in- 
iiance  against  accident.  It  is  not  indeed  attempted  to 
lake  a  special  rate  of  insurance  for  the  members  of  each 
dparate  trade,  but  the  differences  of  risk  to  which  they  are 
able  oblige  us  to  take  such  facts  to  some  degree  into 
ocount.  Hence,  trades  are  roughly  divided  into  two  or 
bree  classes,  such  as  the  ordinary,  the  hazardous,  and  the 
^ra-hazardous,  each  having  to  pay  its  own  rate  of  premium. 
§  21.  Where  one  or  other  of  the  classes  thus  corresponds 
0  natural  kinds,  or  involves  distinctions  of  co-ordinate  im- 
•ortance  with  those  of  natural  kinds,  the  process  is  not 
ifficult ;  there  is  almost  always  some  one  of  these  classes 
^hich  is  so  universally  recognised  to  be  the  appropriate  one, 
bat  most  persons  are  quite  unaware  of  there  being  any 
ecessity  for  a  process  of  selection.  Except  in  the  cases 
^here  a  man  has  a  sickly  constitution,  or  follows  a  dangerous 
tnployment,  we  seldom  have  occasion  to  collect  statistics  for 
bn  from  any  class  but  that  of  men  in  general  of  his  age  in 
le  country. 
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When,  however,  these  successive  classes  are  not  ra 
marked  out  for  us  by  nature,  and  thence  arranged  in  en 
distinguishable  groups,  the  process  is  more  obviously  ai 
trary.  Suppose  we  were  considering  the  chance  of  a  na 
house  being  burnt  down,  with  what  collection  of  attrilw 
should  we  rest  content  in  this  instance  ?  Should  we  inch 
all  kinds  of  buildings,  or  only  dwelling-houses,  or  conl 
ourselves  to  those  where  there  is  much  wood,  or  those  ^h 
have  stoves  ?  All  these  attributes,  and  a  multitude  of  otl 
may  be  present,  and,  if  so,  they  are  all  circumstances  wb 
help  to  modify  our  judgment.  We  must  be  guided  here 
the  statistics  which  we  happen  to  be  able  to  obtain 
sufficient  numbers.  Here  again,  rough  distinctions  of  \ 
kind  are  practically  drawn  in  Insurance  Offices,  by  divid 
risks  into  ordinary,  hazardous,  and  extra-hazardous, 
examine  our  case,  refer  it  to  one  or  other  of  these  claa 
and  then  form  our  judgment  upon  its  prospects  by  the  i 
tistics  appropriate  to  its  class. 

§  22.  So  much  for  what  may  be  called  the  mild  forn 
which  the  ambiguity  occurs ;  but  there  is  an  aggravated  fi 
in  which  it  may  show  itself,  and  which  at  first  sight  se( 
to  place  us  in  far  greater  perplexity. 

Suppose  that  the  different  classes  mentioned  above 
not  included  successively  one  within  the  other.  We  i 
then  be  quite  at  a  loss  which  of  the  statistical  tables 
employ.  Let  us  assume,  for  example,  that  nine  out  of 
Englishmen  are  injured  by  residence  in  Madeira,  but  t 
nine  out  of  ten  consumptive  persons  are  benefited  by  sue 
residence.  These  statistics,  though  fanciful,  are  conceivj 
and  perfectly  compatible.  John  Smith  is  a  consump 
Englishman ;  are  we  to  recommend  a  visit  to  Madeira  in 
case  or  not?  In  other  words,  what  inferences  are  we 
draw  about  the  probability  of  his  death  ?     Both  of  the 
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ical  tables  apply  to  his  case,  but  they  would  lead  us  to 
ilKtly  contradictory  conclusions.  This  does  not  mean,  of 
torse,  contradictory  precisely  in  the  logical  sense  of  that 
fed,  for  one  of  these  propositions  does  not  assert  that  an 
put  must  happen  and  the  other  deny  that  it  must;  but 
kftradictory  in  the  sense  that  one  would  cause  us  in  some 
ijnderable  degree  to  believe  what  the  other  would  cause  us 
iflome  considerable  degree  to  disbelieve.  This  refers,  of 
iase,  to  the  individual  events.;  the  statistics  axe  by  suppo- 
ion  in  no  degree  contradictory.  Without  further  data, 
Ifefore,  we  can  come  to  no  decision. 
§  23.  Practically,  of  course,  if  we  were  forced  to  a  deci- 
n  with  only  these  data  before  us,  we  should  make  our 
lice  by  the  consideration  that  the  state  of  a  man's  lungs 
i  probably  more  to  do  with  his  health  than  the  place  of 
i  birth  has ;  that  is,  we  should  conclude  that  the  duration 
life  of  consumptive  Englishmen  corresponds  much  more 
eely  with  that  of  consumptive  persons  in  general  than 
kh  that  of  their  healthy  countrymen.  But  this  is,  of  1 
arse,  to  import  empirical  considerations  into  the  question.  \ 
ie  data,  as  they  are  given  to  us,  and  if  we  confine  our- 
ves  to  them,  leave  us  in  absolute  uncertainty  upon  the 
int.  It  may  be  that  the  consumptive  Englishmen  almost 
.  die  when  transported  into  the  other  climate ;  it  may  be 
ftt  they  almost  all  recover.  If  they  die,  this  is  in  obvious 
cordance  with  the  first  set  of  statistics ;  it  will  be  found  in 
fiordance  with  the  second  set  through  the  fact  of  the 
leign  consumptives  profiting  by  the  change  of  climate  in 
tore  than  what  might  be  termed  their  due  proportion, 
i  similar  explanation  will  apply  to  the  other  alternative, 
|k  to  the  supposition  that  the  consumptive  Englishmen 
bostly  recover.  The  problem  is,  therefore,  left  absolutely 
•determinate,  for  we  cannot  here  appeal  to  any  general  rule 
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SO  simple  and  so  obviously  applicable  as  that  which, 
former  case,  recommended  us  always   to   prefer  the 
special  statistics,  when  suflBciently  extensive,  to  those 
are  wider  and  more  general.     We  have  no  means  he 
knowing  whether  one  set  is  more  special  than  the  other. 

And  in  this  no  difficulty  can  be  found,  so  long  asl 
confine  ourselves  to  a  just  view  of  the  subject.     Let 
again  recall  to  the  reader's  mind  what  our  present 
is;   we   have   substituted  for  knowledge  of  the  indii 
(finding  that  unattainable)  a  knowledge  of  what  occi 
the  average  of  similar  cases.     This  step  had  to  be  taken 
moment  the  problem  was  handed  over  to  Probability, 
the  conception  of  similarity  in  the  cases  introduces  us 
perplexity;   we   manage   indeed  to   evade   it  in  manj 
stances,  but   here  it  is  inevitably  forced  upon  our  nc 
There   are   here   two   aspects   of  this  similarity,  and 
introduce  us  to  two  distinct  averages.     Two  assertions' I 
made  as  to  what  happens  in  the  long  run,  and  both  of 
assertions,  by  supposition,  are  verified.     Of  their  truth 
need  be  no  doubt,  for  both  were  supposed  to  be  obi 
from  experience. 

§  24.  It  may  perhaps  be  supposed  that  such  an  exam] 
as  this  is  a  reductio  ad  absurdum  of  the  principle  upon  wl 
Life  and  other  Insurances  are  founded.  But  a  mome 
consideration  will  show  that  this  is  quite  a  mistake, 
that  the  principle  of  insurance  is  just  as  applicable 
examples  of  this  kind  as  to  any  other.  An  office  need 
no  difficulty  in  the  case  supposed.  They  might  (for  a 
to  be  mentioned  presently,  they  probably  would  not)  i 
the  individual  without  inconsistency  at  a  rate  detei 
by  either  average.  They  might  say  to  him,  "You  are 
Englishman.  Out  of  the  multitude  of  English  who  come 
us  nine  in  ten  die  if  they  go  to  Madeira.     We  will 
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du  at  a  rate  assigned  by  these  statistics,  knowing  that  in 
long  run  all  will  come  right  so  far  as  we  are  concerned. 
[ou  are  also  consumptive,  it  is  true,  and  we  do  not  know 
^t  proportion  of  the  English  are  consumptive,  nor  what 
^portion  of  English   consumptives  die  in  Madeira.     But 
does  not  really  matter  for  our  purpose.     The  formula, 
in  ten  die,  is  in  reality  calculated  by  taking  into  account 
unknown  proportions;  for,  though  we  do  not   know 
in  themselves,  statistics  tell  us  all  that  we   care  to 
w  about  their  results.     In   other  words,  whatever  un- 
►wn  elements  may  exist,  must,  in  regard  to  all  the  effects 
ich   they   can  produce,   have   been  already   taken    into 
>unt,  so  that  our  ignorance  about  them  cannot  in  the 
degree  invalidate  such  conclusions  as  we  are  able  to 
kw.    And  this  is  suflScient  for  our  purpose."     But  precisely 
same  language  might  be  held  to  him  if  he  presented 
ilf  as  a  consumptive  man;  that  is  to  say,  the  office 
Id  safely  carry  on  its  proceedings  upon  either  alternative. 
This  would,  of  course,  be  a  very  imperfect  state  for  the 
itter  to  be  left  in.     The  only  rational  plan  would  be  to 
ilate  the  case  of  consumptive  Englishmen,  so  as  to  make 
separate   calculation   for  their  circumstances.     This  cal- 
ttion  would  then  at  once  supersede  all  other  tables  so 
as  they  were  concerned ;  for  though,  in  the  end,  it  could 
)t  arrogate  to  itself  any  superiority  over  the   others,  it 
>uld  in  the  mean  time  be  marked  by  fewer  and  slighter 
irrations  from  the  truth. 

§  25.     The  real  reason  why  the  Insurance  office  could 

long  work  on  the  above  terms  is  of  a  very  different 

from  that  which  some  readers  might  contemplate,  and 

ilongs  to  a  class  of  considerations  which  have  been  much 

fleeted  in  the  attempts  to  construct  sciences  of  the  dif- 

(nt  branches  of  human  conduct.     It  is  nothing  else  than 

V.  15 
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that  annoying  contingency  to  which  prophets  since  the  t 
of  Jonah  have  been  subject,  of  uttering  suicidal  prophec 
of  publishing  conclusions  which  are  perfectly  certain  w 
every  condition  and  cause  but  one  have  been  taken  i 
account,  that  one  being  the  effect  of  the  prophecy  it 
upon  those  to  whom  it  refers. 

In  our  example  above,  the  office  (in  so  far  as  the  pa 
cular  cases  in  Madeira  are  concerned)  would  get  on  very  i 
until  the  consumptive  Englishmen  in  question  found 
what  much  better  terms  they  could  make  by  announc 
themselves  as  consumptives,  and  paying  the  premium  i 
propriate  to  that  class,  instead  of  announcing  themselves 
Englishmen.  But  if  they  did  this  they  would  of  course 
disturbing  the.  statistics.  The  tables  were  based  upon  i 
assumption  that  a  certain  fixed  proportion  (it  does  i 
matter  what  proportion)  of  the  English  lives  would  contii 
to  be  consumptive  lives,  which,  under  the  supposed  circu 
stances,  would  probably  soon  cease  to  be  true.  When  il 
said  that  nine  Englishmen  out  of  ten  die  in  Madeira,  it 
meant  that  of  those  who  come  to  the  office,  as  the  phrase 
at  random,  or  in  their  fair  proportions,  nine-tenths  die.  1 
consumptives  are  supposed  to  go  there  just  like  red-haii 
men,  or  poets,  or  any  other  special  class.  Or  they  might 
in  any  proportions  greater  or  less  than  those  of  other  clasfi 
so  long  as  they  adhered  to  the  same  proportion  througho 
The  tables  are  then  calculated  on  the  continuance  of  t 
state  of  things;  the  practical  contradiction  is  in  suppofii 
such  a  state  of  things  to  continue  after  the  people  had  a 
had  a  look  at  the  tables.  If  we  merely  make  the  assun 
tion  that  the  publication  of  these  tables  made  no  such  alte 
tion  in  the  conduct  of  those  to  whom  it  referred,  no  hitch 
this  kind  need  occur. 

§  26.    The  assumptions  here  made,  as  has  been  said,  i 
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1  in  any  way  contradictory,  but  they  need  some  explana- 
Q.  It  will  readily  be  seen  that,  taken  together,  they  are 
onfdstent  with  the  supposition  that  each  of  these  classes  is 
mogeneous,  that  is,  that  the  statistical  proportions  which 
Id  of  the  whole  of  either  of  them  will  also  hold  of  any 
rtion  of  them  which  we  may  take.  There  are  certain 
iividuals  (viz.  the  consumptive  Englishmen)  who  belong 
each  class,  and  of  course  the  two  different  sets  of  statistics 
mot  both  be  true  of  them  taken  by  themselves.  They 
ght  coincide  in  their  characteristics  with  either  class,  but 
b  with  both;  probably  in  most  practical  cases  they  will 
neide  with  neither,  but  be  of  a  somewhat  intermediate 
iracter.  Now  when  it  is  said  of  any  such  heterogeneous 
jy  that,  say,  nine-tenths  die,  what  is  meant  (or  rather 
plied)  is  that  the  class  might  be  broken  up  into  smaller 
Wivisions  of  a  more  homogeneous  character,  in  some  of 
deh,  of  course,  more  than  nine-tenths  die,  whilst  in  others 
8,  the  differences  depending  upon  their  character,  consti- 
kion,  profession,  &c. ;  the  number  of  such  divisions  and  the 
lount  of  their  divergence  from  one  another  being  perhaps 
cy  considerable. 

Now  when  we  speak  of  either  class  as  a  whole  and  say 
%t  nine- tenths  die,  the  most  natural  and  soundest  mean- 
{  is  that  that  would  be  the  proportion  if  all  without 
Deption  went  abroad,  or  (what  comes  to  the  same  thing)  if 
5h  of  these  various  subdivisions  was  represented  in  fair 
>portion  to  its  numbers.  Or  it  might  only  be  meant  that 
By  go  in  some  other  proportion,  depending  upon  their 
rtes,  pursuits,  and  so  on.  But  whatever  meaning  be  adopted 
e  condition  is  necessary,  viz.  that  the  proportion  of  each 
68  that  went  at  the  time  the  statistics  were  drawn  up 
ist  be  adhered  to  throughout.  When  the  class  is  homo- 
oteous  this  is  not  needed,  but  when  it  is  heterogeneous  the 
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statistics  would  be  interfered  with  unless  this  condition 
secured. 

We  are  here  supposed  to  have  two  sets  of  statistics, 
for  the  Ekiglish  and  one  for  the  consumptives,  so  that 
consumptive  English  are  in  a  sense  counted  twice  over, 
their  mortality  is  of  an  intermediate  amount,  therefore, 
serve  to  keep  down  the  mortality  of  one  class  and  to 
up  that  of  the  other.     If  the  statistics  are  supposed  to 
exhaustive,  by  referring  to  the  whole  of  each  class,  it  fdlc 
that  actually  the  same  individuals  must  be  counted 
time ;  but  if  representatives  only  of  each  class  are  taken, 
same  individuals  need  not  be  inserted  in  each  set  of  tablea 

§  27.     When  therefore  they  come  to  insure  (our  rei 
are  still  confined  to  our  supposed  Madeira  case),  we 
some  English  consumptives  counted  as  English,  and  paj 
the  high  rate ;  and  others  counted  as  consumptives  and 
ing  the  low  rate.     Logically  indeed  we  may  suppose  themi 
entered  in  each  class,  and  pa3n.ng  therefore  each  rate, 
we  have  said  above  is  that  any  individual  may  be  concen 
to  present  himself  for  either  of  these  classes.     Conceive  tl 
some   one   else  pays  his  premium  for  him,  so  that  it  is: 
matter  of  indifference  to  him  personally  at  which  rate 
insures,  and  there  is  nothing  to  prevent  some  of  the  class  (^ 
for  that  matter  all)  going  to  one  class,  and  others  (or 
again)  going  to  the  other  class. 

So    long  therefore   as   we   make   the   logically 
though  practically  absurd  supposition  that  some  men 
continue  to  pay  a  higher  rate  than  they  need,  there  is 
thing  to  prevent  the  English  consumptives  (some  or  all) 
insuring  in  each  category  and  pa)dng  its  appropriate 
mium.     As  soon  as  they  gave  any  thought  to  the  matter, 
course  they  would,  in  the  case  supposed,  all  prefer  to 
as  consumptives.    But  their  doing  this  would  disturb  eachi 
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of  statistica  The  English  mortality  in  Madeira  would  in- 
stantly become  heavier,  so  far  as  the  Insurance  company  was 
concerned,  by  the  loss  of  all  their  best  lives ;  whilst  the  con- 
sumptive statistics  (unless  all  the  English  consumptives  had 
abeady  been  taken  for  insurance)  would  be  in  the  same  way 
deteriorated  \  A  slight  readjustment  therefore  of  each  scale 
of  insurance  would  then  be  needed ;  this  is  the  disturbance 
mentioned  just  above.  It  must  be  clearly  understood,  how- 
ever, that  it  is  not  our  original  statistics  which  have  proved 
to  be  inconsistent,  but  simply  that  there  were  practical 
obstacles  to  canying  out  a  system  of  insurance  upon  them. 

§  28.  Examples  subject  to  the  difiBculty  now  under 
consideration  will  doubtless  seem  perplexing  to  the  student 
unacquainted  with  the  subject.  They  are  difficult  to  recon- 
^e  with  any  other  view  of  the  science  than  that  insisted  on 
throughout  this  Essay,  viz.  that  we  are  only  concerned  with 
'•verages.  It  will  perhaps  be  urged  that  there  are  two 
^cdflferent  values  of  the  man  s  life  in  these  cases,  and  that 
^ey  cannot  both  be  true.  Why  not  ?  The  '  value*  of  his 
^life  is  simply  the  number  of  years  to  which  men  in  his 
'fjircumstances  do,  on  the  average,  attain ;  we  have  the  man 
i^t  before  us  under  two  different  circumstances;  what  wonder, 
"therefore,  that  these  should  offer  different  averages?  In  such 
^fUi  objection  it  is  forgotten  that  we  have  had  to  substitute 
for  the  unattainable  result  about  the  individual,  the  really 
attainable  result  about  a  set  of  men  as  much  like  him  as 
']K)6sible.  The  difficulty  and  apparent  contradiction  only 
'^rise  when  people  will  try  to  find  some  justification  for  their 
lielief  in  the  individual  case.     What  can  we  possibly  con- 

^     1  The    reason    is    obvious.      The  whereas  the  worst  consumptive  lives 

/Wealthiest  English  lives  in  Madeira  there  (viz.  the  English)  are  now  in- 

(tiz.  the  consumptive  ones)  have  now  creased  in  relative  numbers. 
%Mfled  to   be  reckoned  as  English; 
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elude,  it  may  be   asked,  about   this  particular   man  Jc 
Smith's  prospects  when  we  are  thus  offered  two  di 
values  for  his  life  ?     Nothing  whatever,  it  must  be  rep! 
nor  could  we  in  reality  draw  a  conclusion,  be  it  remem 
in  the  former  case,  when  we  were  practically  confined  to 
set  of  statistics.     There  also  we  had  what  we  called 
'value'  of  his  life,  and  since  we  only  knew  of  one  such 
we  came  to  regard  it  as  in  some  sense  appropriate  to  him 
an  individual.    Here,  on  the  other  hand,  we  have  two  vi 
belonging  to  different  series,  and  as  these  values  are 
different  it  may  be  complained  that  they  are  discordant, 
such  a  complaint  can  only  be  made  when  we  do  what 
have  no  right  to  do,  viz.  assign  a  value  to  the  indivi< 
which  shall  admit  of  individual  justification. 

§  29.     Is  it  then  perfectly  arbitrary  what  series  or  e 
of  instances  we  select  by  which  to  judge  ?     By  no  means ; 
has  been  stated  repeatedly  that  in  choosing  a  series,  we  mi 
seek  for  one  the  members  of  which  shall  resemble  our  i 
vidual  in  as  many  of  his  attributes  as  possible,  subject 
to  the  restriction  that  it  must  be  a  sufficiently  exte 
series.     What  is  meant  is,  that  in  the  above  case,  where 
have  two  series,  we  cannot  fairly  call  them  contradictory; 
only  valid  charge  is  one  of  incompleteness  or  insufficiency 
their  purpose,  a  charge  which  applies  in  exactly  the 
sense,  be   it   remembered,  to   all  statistics  which  compii 
genera  unnecessarily  wider  than  the  species  with  which 
are  concerned.     The  only  difference  between  the  two 
ent  classes  of  cases  is,  that  in  the  one  instance  we  are  oi 
path  which  we  know  will  lead  at  the  last,  through 
errors,  towards  the  truth  (in  the  sense  in  which  truth  can 
attained  here),  and  we  took  it  for  want  of  a  better.     In 
other  instance  we  have  two  such  paths,  perfectly  diffei 
paths,  either  of  which  however  will  lead  us  towards  the 
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before.     Contradiction  can  only  seem  to  arise  when  it  is 
^mpted  to  justify  each  separate  step  on  our  paths,  as  well 
their  ultimate  tendency. 

Still  it  cannot  be  denied  that  these  objections  are  a 
ious  drawback  to  the  completeness  and  validity  of  any 
icipations  which  are  merely  founded  upon  statistical  fre- 
^ncy,  at  any  rate  in  an  early  stage  of  experience,  when 
it  few  statistics  have  been  collected.  Such  knowledge  as 
>bability  can  give  is  not  in  any  individual  case  of  a  high 
ler,  being  subject  to  the  characteristic  infirmity  of  re- 
nted error;  but  even  when  measured  by  its  own  stand- 
|k1  it  commences  at  a  very  low  stage  of  proficiency.  The 
Iprors  are  then  relatively  very  numerous  and  large  compared 
rith  what  they  may  ultimately  be  reduced  to. 
^  §  30.  Here  as  elsewhere  there  is  a  continuous  process 
W  specialization  going  on.  The  needs  of  a  gradually  widen- 
Ig  experience  are  perpetually  calling  upon  us  to  subdivide 
lasses  which  are  found  to  be  too  heterogeneous.  Sometimes 
tie  only  complaint  that  has  to  be  made  is  that  the  class  to 
'^hich  we  are  obliged  to  refer  is  found  to  be  somewhat  too 
Iroad  to  suit  our  purpose,  and  that  it  might  be  subdivided 
Kith  convenience.  This  is  the  case,  as  has  been  shown  above, 
^en  an  Insurance  oflBce  finds  that  its  increasing  business 
Hakes  it  possible  and  desirable  to  separate  off  the  men  who 
idlow  some  particular  trades  from  the  rest  of  their  fellow- 
Itantrymen.  Similarly  in  every  other  department  in  which 
Ifiatistics  are  made  use  of.  This  increased  demand  for  speci- 
Cness  leads,  in  fact,  as  naturally  in  this  direction,  as  does 
be  progress  of  civilization  to  the  subdivision  of  trades  in 
fey  town  or  country.  So  in  reference  to  the  other  kind  of 
nrplexity  mentioned  above.  Nothing  is  more  common  in 
lioise  sciences  or  practical  arts,  in  which  deduction  is  but 
fttle  available,  and  where  in  consequence  our  knowledge  is 
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for  the  most  part  of  the  empirical  kind,  than  to  meet 
suggestions  which  point   more  or  less  directly  in  coni 
directions.     Whenever  some  new  substance  is  discovered 
brought  into  more  general  use,  those  who  have  to  deJal' 
it  must  be  familiar  with  such  a  state  of  things.    The  m( 
man  who  has  to  employ  a  new  drug  may  often  find 
self  confronted  by  the  two  distinct  recommendations,  that 
the  one  hand  it  should  be  employed  for  certain  diseases, 
that  on  the  other  hand  it  should  not  be  tried  on  certain 
stitutions.     A  man  with  such  a  constitution,  but  suflferii 
from  such  a  disease,  presents  himself;  which  recommenc 
tion  is  the  doctor  to  follow?     He  feels  at  once  obliged 
set  to  work  to  collect  narrower  and  more  special  statisl 
in  order  to  escape  from  such  an  ambiguity. 

§  31.     In   this    and    a    multitude    of    analogous 
afforded  by  the  more  practical  arts  it  is  not  of  course  n( 
sary  that   numerical  data  should  be  quoted  and  ap] 
to;   it  is  sufficient  that  the  judgment  is  more  or  less 
sciously  determined  by  them.     All  that  is  necessary  to 
the  examples  appropriate  is  that  we  should  admit  that 
their  case  statistical  data  are  our  ultimate   appeal  in 
present   state   of  knowledge.      Of  course   if  the    empiiii 
laws  can  be  resolved  into  their  Component  causes  we 
appeal  to  direct  deduction,  and  in  this  case    the   em{d< 
ment  of  statistics,  and  consequently  the  use  of  the  theoiy 
Probability,  may  be  superseded. 

In  this  direction  therefore,  as  time  proceeds,  the  ad^ 
of  statistical  refinement  by  the  incessant  subdivision  of  cU 
to  meet  the  developing  wants  of  man  is  plain  enougL 
if  we  glance  backwards  to  a  more  primitive  stage,  we 
soon  see  in  what  a  very  imperfect  state  the  operation 
mences.     At  this  early  stage,  however,  Probability  and 
duction  are  so  closely  connected  together  as  to  be  very  apt 
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iperged  into  one,  or  at  any  rate  to  have  their  functions 

mded. 

j^  §  32.  Since  the  generalization  of  our  statistics  is  found  to 
€o  Induction,  this  process  of  generalization  may  be 
led  as  prior  to,  or  at  least  independent  of,  Probability. 
have,  moreover,  already  discussed  (in  Chapter  VI.)  the 
correspondiDg  to  what  are  termed  immediate  inferences, 
(in  Chapter  VII.)  that  corresponding  to  syllogistic  infer- 
Our  present  position  therefore  is  that  in  which  we 
consider  ourselves  in  possession  of  any  number  of  gene- 
^tions,  but  wish  to  employ  them  so  as  to  make  inferences 
it  a  given  individual;  just  as  in  one  department  of 
lon  logic  we  are  engaged  in  finding  middle  terms  to 
iblish  the  desired  conclusion.  In  this  latter  case  the 
is  found  to  be  extremely  simple,  no  accumulation  of 
int  middle  terms  being  able  to  lead  to  any  real  ambi- 
or  contradiction.  In  Probability,  however,  the  case  is 
irent.  Here,  if  we  attempt  to  draw  inferences  about  the 
|ividual  case  before  us,  as  often  is  attempted — in  the  Rule 
luccession  for  example — we  shall  encounter  the  full  force 
Ithis  ambiguity  and  contradiction.  Treat  the  question, 
^ever,  fairly,  and  all  difficulty  disappears.  Our  inference 
ly  is  not  about  the  individuals  as  individuals,  but  about 
or  successions  of  them.  We  wished  to  know  whether 
|hn  Smith  will  die  within  the  year;  this,  however,  cannot 
ft  known.  But  John  Smith,  by  the  possession  of  many 
ptributes,  belongs  to  many  different  series.  The  multi- 
ity  of  middle  terms,  therefore,  is  what  ought  to  be 
id.  We  can  know  whether  a  succession  of  men,  resi- 
in  India,  consumptives,  &c.  die  within  a  year.  We 
Wff  make  our  selection,  therefore,  amongst  these,  and  in  the 
feg  run  the  belief  and  consequent  conduct  of  ourselves  and 
|ier   persons  (as  described  in   Chapter  vi.)  will  become 
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capable  of  justification.  With  regard  to  choosing  oi 
these  series  rather  than  another,  we  have  two  ^p 
principles  of  guidance.  On  the  one  hand,  the  more-i9| 
the  series  the  better ;  for,  though  not  more  right  in  Ihfi 
we  shall  thus  be  more  nearly  right  all  along.  But, « 
other  hand,  if  we  try  to  make  the  series  too  special,  w£. 
generally  meet  the  practical  objection  arising  from  in 
cient  statistics. 


t 


CHAPTER  X. 


CHANCE  AS   OPPOSED   TO   CAUSATION  AND  DESIGN. 


1.     The  remarks  in  the  previous  chapter  will  have  served 

clear  the  way  for  an  enquiry  which  probably  excites  more 

►ular  interest  than  any  other  within  the  range  of  our  subject, 

the  determination  whether  such  and  such  events  are  to 

attributed  to  Chance  on  the  one  hand,  or  to  Causation  or 

on  the  other.     As  the  principal  difficulty  seems  to 

from  the  ambiguity  with  which  the  problem  is  generally 

►nceived  and  stated,  owing  to  the  extreme  generality  of  the 

iceptions  involved,  it   becomes   necessary  to  distinguish 

'ly  between  the  several  distinct  issues  which  are  apt  to 

involved. 

I.  There  is,  to  begin  with,  a  very  old  objection,  founded 
the  assumption  which  our  science  is  supposed  to  make  of 
le  existence  of  Chance.  The  objection  against  chance  is 
course  many  centuries  older  than  the  Theory  of  Pro- 
ability  ;  and  as  it  seems  a  nearly  obsolete  objection  at  the 
int  day  we  need  not  pause  long  for  its  consideration. 
we  spelt  the  word  with  a  capital  C,  and  maintained  that 
was  representative  of  some  distinct  creative  or  adminis- 
bative  agency,  we  sh|)uld  presumably  be  guilty  of  some  form 
if  Manicheism.     But  the  only  rational  meaning  of  the  ob- 


236  Chance,  Cav^sation,  and  Design.  [CHAI 

jection  would  appear  to  be  that  the  principles  of  the  scic 
compel  us  to  assume  that  events  (some  events,  only,  thai 
happen  without  causes,  and  are  thereby  .removed  from 
customary  control  of  the  Deity.  As  repeatedly  pointed 
already  this  is  altogether  a  mistake.  The  science  of  1 
bability  makes  no  assumption  whatever  about  the  way 
which  events  are  brought  about,  whether  by  causation 
without  it.  All  that  we  undertake  to  do  is  to  establish  i 
explain  a  body  of  rules  which  are  applicable  to  classes 
cases  in  which  we  do  not  or  cannot  make  inferences  ab 
the  individuals.  The  objection  therefore  must  be  soi 
what  differently  stated,  and  appears  finally  to  reduce  iti 
to  this; — that  the  assumptions  upon  which  the  science 
Probability  rests,  are  not  inconsistent  with  a  disbelief 
causation  within  certain  limits;  causation  being  of  coa 
understood  simply  in  the  sense  of  regular  sequence. 
stated  the  objection  seems  perfectly  valid,  or  rather  the  & 
on  which  it  is  based  must  be  admitted ;  though  what  c( 
nection  there  would  be  between  such  lack  of  causation  a 
absence  of  Divine  superintendence  I  quite  fail  to  see. 

As  this  Theological  objection  died  away  the  men 
physical  science,  and  those  who  sympathized  with  thfl 
began  to  enforce  the  same  protest ;  and  similar  cautions  i 
still  to  be  found  from  time  to  timi^  in  modem  treatB 
Hume,  for  instance,  in  his  short  essay  on  Probaiility,  ca 
mences  with  the  remark,  "  though  there  be  no  such  thing 
chance  in  the  world,  our  ignorance  of  the  real  cause  of  • 
event  has  the  same  influence  on  the  understanding,  i 
De  Morgan  indeed  goes  so  far  as  to  declare  that  "1 
foundations  of  the  theory  of  Probability  have  ceased  to  ei 
in  the  mind  that  has  formed  the  conception,"  "  that  anytU 
ever  did  happen  or  will  happen  without  some  particu 
reason  why  it  should  have  been  precisely  what  it  was  a 
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lything  else*."  Similar  remarks  might  be  quoted  from 
3e  and  others. 

I.  In  the  particular  form  of  the  controversy  above 
)d  to,  and  which  is  mostly  found  in  the  region  of  the 
il  and  physical  sciences,  the  contention  that  chance 
lusation  are  irreconcileable  occupies  rather  a  defensive 
m ;  the  main  fact  insisted  on  being  that,  whenever  in 
subjects  we  may  happen  to  be  ignorant  of  the  details 
ve  no  warrant  for  assuming  as  a  consequence  that  the 
;  are  uncaused.  But  this  supposed  irreconcileability 
etimes  urged  in  a  much  more  aggressive  spirit  in  refer- 
0  social  enquiries.  Here  the  attempt  is  often  made  to 
causation  in  the  details,  from  the  known  and  admitted 
rity  in  the  averages.  A  considerable  amount  of  con- 
sy  was  excited  some  years  ago  upon  this  topic,  in  great 
riginated  by  the  vigorous  and  outspoken  support  of  the 
itarian  side  by  Buckle  in  his  History  of  Civilization, 

should  be  remarked  that  in  these  cases  the  attempt  is 
imes  made  as  it  were  to  startle  the  reader  into  acqui- 
e  by  the  singularity  of  the  examples  chosen.  Instances 
elected  which,  though  they  possess  no  greater  logical 
are,  if  one  may  so  express  it,  emotionally  more  effective. 

reader  of  Buckle's  History,  for  instance,  will  remember 
•ess  which  he  laid  upon  the  observed  fact,  that  the  number 
sides  in  London  remains  about  the  same,  year  by  year ; 
e  may  remember  also  the  sort  of  panic  with  which  the 
ligation  of  this  fact  was  accompanied  in  many  quarters. 
)  the  way  in  which  Laplace  notices  that  the  number  of 
»cted  letters  annually  sent  to  the  Post  Office  remains 

the  same,  and  the  comments  of  Dugald  Stewart  upon 
articular  uniformity,  seem  to  imply  that  they  regarded 

^  Essay  on  ProbahilitieSy  p.  114. 
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this  instance  as  more  remarkable  than  many  analogous  o 
taken  from  other  quarters. 

That  there  is  a  certain  foundation  of  truth  in  the  reas 
ings  in  support  of  which  the  above  examples  are  advanc 
cannot  be  denied,  but  their  authors  appear  to  me  very  mi 
to  overrate  the  sort  of  opposition  that  exists  between  1 
theory  of  Chances  and  the  doctrine  of  Causation.  As  rega 
first  that  wider  conception  of  order  or  regularity  whidi 
have  termed  uniformity,  anything  which  might  be  cal 
objective  chance  would  certainly  be  at  variance  with  this 
one  respect.  In  Probability  ultimate  regularity  is  alvn 
postulated ;  in  tossing  a  die,  if  not  merely'  the  individi 
throws  were  uncertain  in  their  results,  but  even  the  aven 
also,  owing  to  the  nature  of  the  die,  or  the  number  of  1 
marks  upon  it,  being  arbitrarily  interfered  with,  of  course 
kind  of  science  would  attempt  to  take  any  account  of  it. 

§  3.  So  much  must  undoubtedly  be  granted ;  but  nw 
the  same  admission  be  made  as  regards  the  succession  of  i 
individual  events  ?  Can  causation,  in  the  sense  of  invarial 
succession  (for  we  are  here  shifting  on  to  this  narron 
ground),' be  denied,  not  indeed  without  suspicion  of  scienti 
heterodoxy,  but  at  any  rate  without  throwing  uncertain 
upon  the  foundations  of  Probability  ?  De  Morgan,  as  ^ 
have  seen,  strongly  maintains  that  this  cannot  be  so.  I  fi 
myself  unable  to  agree  with  him  here,  but  this  disagreemc 
springs  not  so  much  from  diiferences  of  detail,  as  frt)m  the 
of  the  point  of  view  in  which  we  regard  the  science.  1 
always  appears  to  incline  to  the  opinion  that  the  indi' 
dual  judgment  in  probability  is  to  admit  of  justificatk 
that  when  we  say,  for  instance,  that  the  odds  in  fJAWoxa 
some  eyent  are  three  to  two,  that  we  can  explain  and  justi 
our  statement  without  any  necessary  reference  to  a  series 
class  of  such  events.     It  is  not  easy  to  see  how  this  can  1 
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in   any  case,  but  the  obstacles  would  doubtless  be 

reater  even  than  they  are,  if  knowledge  of  the  individual 

fent  were  not  merely  unattained,  but,  owing  to  the  absence 

Wy  causal  connection,  essentially  unattainable.     On  the 

eory  adopted  in  this  work  we  simply  postulate  ignorance 

the  details,  but  it  is  not  regarded  as  of  any  importance 

what  sort  of  grounds  this  ignorance  is  based.     It  may 

that  knowledge  is  out  of  the  question  from  the  nature 

the  case,  the  causative  link,  so  to  say,  being  missing.     It 

y  be  that  such  links  are  known  to  exist,  but  that  either 

cannot  ascertain  them,  or  should  find  it  troublesome  to 

80.     It  is  the  fact  of.  this  ignorance  that  makes  us  appeal 

the  theory  of  Probability,  the  grounds  of  it  are  of  no 

portance. 

§  4.  On  the  view  here  adopted  we  are  concerned  only 
th  averages,  or  with  the  single  event  as  deduced  from  an 
erage  and  conceived  to  form  one  of  a  series.  We  start 
th  the  assumption,  grounded  on  experience,  that  there  is 
liformity  in  this  average,  and,  so  long  as  this  is  secured  to 
,  we  can  aflford  to  be  perfectly  indifferent  to  the  fate,  as 
{ards  causation,  of  the  individuals  which  compose  the 
erage.  The  question  then  assumes  the  following  form : — 
this  assumption,  of  average  regularity  in  the  aggregate, 
insistent  with  the  admission  of  what  may  be  termed 
(iseless  irregularity  in  the  details  ?  It  does  not  seem  to  me 
it  it  would  be  at  all  easy  to  prove  that  this  is  so.  As 
Hatter  of  fact  the  two  beliefs  have  constantly  co-existed  in 
I  same  minds.  This  may  not  count  for  much,  but  it  sug- 
its  that  if  there  be  a  contradiction  between  them  it  is  by 
means  palpable  and  obvious.  Millions,  for  instance,  have 
ieved  in  the  general  uniformity  of  the  seasons  taken  one 
;h  another,  who  certainly  did  not  believe  in,  and  would 
y  likely  have  been  ready  distinctly  to  deny,  the  existence 
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of  necessary  sequences  in  the  various  phenomena  which 
pose  what  we  call  a  season.     So  with  cards  and  dice ; 
every  gambler  must  have  recognized  that  judgment 
foresight  are  of  use  in  the  long  run,  but  writers  on  cl 
seem  to  think  that  gamblers  need  a  good  deal  of  reasoi 
convince  them  that  each  separate  throw  is  in  its  nature 
sentially  predictable. 

§   5.     In  its  application   to  moral  and  social  subj< 
what  gives  this  controversy  its  main  interest  is  its  leal^ 
supposed  bearing  upon  the  vexed  question  of  the 
of  the  will;  for  in  this  region  Causation,  and  Fatalisni 
Necessitarianism,  are  regarded  as  one  and  the  same  thingitj 

Here,  as  in  the  last  case,  that  wide  and  somewhat 
kind  of  regularity  that  we  have  called  Uniformity,  mi 
admitted  as  a  notorious  fact.     Statistics  have  put  it 
the   power  of  any  reasonably  informed  person  to  feel 
hesitation  upon  this  point.     Some  idea  has  already 
gained,  in  the  earlier  chapters,  of  the  nature  and  ai 
of  the  evidence  which  might  be  furnished  of  this  fact, 
any  quantity  more  might  be  supplied  from  the  workij 
professed  writers  upon  the  subject.     If,  therefore,  Free-i 
so  interpreted  as  to  imply  such  essential  irregularity  as 
prediction  both  in  the  average,  and  also  in  the  single 
then  the  negation  of  free-will  follows,  not  as  a  remote  1< 
consequence,  but  as  an  obvious  inference  from  indispul 
facts  of  experience. 

Few  persons,  however,  would  go  so  far  as  to  intei 
in  this  sense.  All  that  troubles  them  is  the  fear  that 
how  this  general  regularity  may  be  found  to  carry 
causation,  certainly  in  the  sense  of  regular  invariable 
quence,  and  probably  also  with  the  further  assodatior 
compulsion.  Rejecting  the  latter  association  as  utt 
unphilosophical,  I  cannot  even  see  that  the  former  oa 
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aence  can  be  admitted  as  really  proved,  though  it  doubtless 
uns  some  confirmation  from  this  source. 

§  6.  The  nature  of  the  argument  against  free-will, 
biwn  from  statistics,  at  least  in  the  form  in  which  it  is  very 
ommonly  expressed,  seems  to  me  exceedingly  defective. 
(he  antecedents  and  consequents,  in  the  case  of  our  voli- 
ions,  must  clearly  be  supposed  to  be  very  nearly  immediately 
ft  succession,  if  anything  approaching  to  causation  is  to  be 
iBtablished :  whereas  in  statistical  enquiries  the  data  are 
iften  widely  separate,  if  indeed  they  do  not  apply  merely 
b  single  groups  of  actions  or  results.  For  instance,  in  the 
tee  of  the  misdirected  letters,  what  it  is  attempted  to  prove 
that  each  writer  was  so  much  the  *  victim  of  circumstances ' 
use  a  common  but  misleading  expression)  that  he  could 
have  done  otherwise  than  he  did  under  his  circumstances. 
it  really  no  accumulation  of  figures  to  prove  that  the 
iber  of  such  letters  remains  the  same  year  by  year,  can 
kve  much  bearing  upon  this  doctrine,  even  though  they 
accompanied  by  corresponding  figures  which  should 
lect  the  forgetfulness  thus  indicated  with  some  other 
iteristics  in  the  writers.  So  with  the  number  of 
ides.  If  250  people  do,  or  lately  did,  annually  put  an 
to  themselves  in  London,  the  fact,  as  it  thus  stands  by 
>lf,  may  be  one  of  importance  to  the  philanthropist  and 
iman,  but  it  Deeds  bringing  into  much  closer  relation 
ith  psychological  elements  if  it  is  to  convince  us  that  the 
ions  of  men  are  always  instances  of  inflexible  order.  In 
I,  instead  of  having  secured  our  A  and  B  here  in  closest 
jy  of  succession  to  one  another, — to  employ  the  sjrm- 
ic  notation  commonly  used  in  works  on  Inductive  Logic 
illustrate  the  causal  connection, — we  find  them  sepa- 
by  a  considerable  interval ;  often  indeed  we  merely 
kve  an  ^  or  a  £  by  itself 

v.  16 
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§  7.  Again,  another  deficiency  in  such  reasoning 
to  be  the  laying  undue  weight  upon  the  mere  regularity 
persistency  of  the  statistics.  These  may  lead  to  very  ii 
portant  results,  but  they  are  not  exactly  what  is  want 
for  the  purpose  of  proving  anything  against  the  fre« 
of  the  will ;  it  is  not  indeed  easy  to  see  what  connect 
this  has  with  such  facts  as  that  the  annual  number  of  th< 
or  of  suicides  remains  at  pretty  nearly  the  same  fij 
Statistical  uniformity  seems  to  me  to  establish  nothing 
at  least  directly,  in  the  case  of  human  actions,  than  it 
in  that  of  physical  characteristics.  Take  but  one  insi 
that  of  the  misdirected  letters.  We  were  already  ai 
that  the  height,  weight,  chest  measurement,  and  so  on, 
a  large  number  of  persons  preserved  a  tolerably  rej 
average  amidst  innumerable  deflections,  and  we  were 
pared  by  analogy  to  anticipate  the  same  regularity  in  tl 
mental  characteristics.  All  that  we  gain,  by  counting 
numbers  of  letters  which  are  posted  without  addresses, 
a  certain  amount  of  direct  evidence  that  this  is  the 
Just  as  observations  of  the  former  kind  had  already  sh< 
that  statistics  of  the  strength  and  stature  of  the  hui 
body  grouped  themselves  about  a  mean,  so  do  those  of 
latter  that  a  similar  state  of  things  prevails  in  respect  of 
readiness  and  general  trustworthiness  of  the  memory, 
evidence  is  not  so  direct  and  conclusive  in  the  latter 
for  the  memory  is  not  singled  out  and  subjected  to  measi 
ment  by  itself,  but  is  taken  in  combination  with  innum< 
other  influencing  circumstances.  Still  there  can  be  lit 
doubt  that  the  statistics  tell  on  the  whole  in  this 
and  that  by  duly  varying  and  extending  them  they 
obtain  considerable  probative  force. 

The  fact  is  that  Probability  has  nothing  more  to  do 
Natural  Theology,  either  in  its  favour  or  against  it,  than 
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eral  principles  of  Logic  or  Induction  have.  It  is  simply  a 
y  of  rules  for  drawing  inferences  about  classes  of  events 
ch  are  distinguished  by  a  certain  quality.  The  believer 
I  Deity  will,  by  the  study  of  nature,  be  led  to  form  an 
lion  about  His  works,  and  so  to  a  certain  extent  about 
attributes.  But  it  is  surely  unreasonable  to  propose 
b  he  should  abandon  his  belief  because  the  sequence  of 
nts, — ^not,  observe,  their  general  tendency  towards  happi- 
3  or  misery,  good  or  evil,— is  brought  about  in  a  way 
erent  from  what  he  had  expected ;  whether  it  be  by  dis- 
ymg  order  where  he  had  expected  irregularity,  or  by 
Diving  the  machinery  of  secondary  causes  where  he  had 
ected  immediate  agency. 

§  8.  It  is  both  amusing  and  instructive  to  consider 
it  very  different  feelings  might  have  been  excited  in  our 
ids  by  this  co-existence  of,  what  may  be  called,  ignorance 
individuals  and  knowledge  of  aggregates,  if  they  had  pre- 
ted  themselves  to  our  observation  in  a  reverse  order, 
ng  utterly  unable  to  make  assured  predictions  about  a 
jle  life,  or  the  conduct  of  individuals,  people  are  some- 
les  startled,  and  occasionally  even  dismayed,  at  the  un- 
jected  discovery  that  such  predictions  can  be  confidently 
de  when  we  are  speaking  of  large  numbers.  And  so 
16  are  prompted  to  exclaim.  This  is  denying  Providence ! 
8  utter  Fatalism  !  But  let  us  assume,  for  a  moment,  that 
'  feimiliarity  with  the  subject  had  been  experienced,  in  the 
t  instance,  in  reference  to  the  aggregates  instead  of  the 
ividual  lives.  It  is  difficult,  perhaps,  to  carry  out  such  a 
iposition  completely;  though  we  may  readily  conceive 
lething  approaching  to  it  in  the  case  of  an  ignorant  clerk 
I  Life  Assurance  Office,  who  had  never  thought  of  life,  ex- 
t  as  having  such  a  *  value  *  at  such  an  age,  and  who  had 
dly  estimated  it  except  in  the  form  of  averages.     Might 

16—2 
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we  not  suppose  him,  in  some  moment  of  reflectiveness,  bei 
astonished  and  dismayed  at  the  sudden  realization  of 
utter  uncertainty  in  which  the  single  life  is  involved  ? 
might  not  his  exclamation  in  turn  be,  Why  this  is  den; 
Providence !     It  is  utter  chaos  and  chance !     A  belief  in 
Creator  and  Administrator  of  the  world  is  not  confined 
any  particular  assumption  about  the  nature  of  the  imm 
sequence  of  events,  but  those  who  have  been  accus 
hitherto  to  regard  the  events  under  one  of  the  aspects  a^ 
referred  to,  will  often  for  a  time  feel  at  a  loss  how  to  co: 
them  with  the  other. 

§  9.     So  far  we  have  been  touching  on  a  very  gem 
question ;  viz.  the  relation  of  the  fundamental  postulates 
Probability  to  the  conception  of  Order  or  Uniformity  in 
world,  physical  or  moral.     The  difficulties  which  thence 
are  mainly  theological,  metaphysical  or  psychological, 
we  must  now  consider  are  problems  of  a  more  detailed 
logical  character.     They  are  prominently  these  two ;  (1) 
distinction  between  chance  arrangement  and  causal 
ment  in  physical  phenomena;   and  (2)  the  distinction 
tween  chance  arrangement  and  designed  arrangement  wb 
we  are   supposed   to   be   contemplating  rational  agency 
acting  on  one  side  at  least. 

II.    The  first  of  these   questions  raises  the   antith 
between  chance  and  causation,  not  as  a  general  charact« 
pervading  all  phenomena,  but  in  reference  to  some  specifi< 
occurrence : — Is  this  a  case  of  chance  or  not  ?     The 
strenuous  supporters  of  the  universal  prevalence  of  cau 
and  order  admit  that  the  question  is  a  relevant  one, 
they   must  therefore  be   supposed  to  have   some  rule 
testing  the  answers  to  it. 

Suppose,  for  instance,  a  man  is  seized  with  a  fit  i 
house  where  he  has  gone  to  dine,  and  dies  there ;  and 
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e  remarks  that  that  was  the  very  house  in  which  he  was 
m.  We  begin  to  wonder  if  this  was  an  odd  coincidence 
d  nothing  more.  But  if  our  infonnant  goes  on  to  tell  us 
it  the  house  was  an  old  family  one,  and  was  occupied  by 
J  brother  of  the  deceased,  we  should  feel  at  once  that 
jse  facts  put  the  matter  in  a  rather  diflferent  light.  Or 
dn,  as  Coumot  suggests,  if  we  hear  that  two  brothers 
ire  been  killed  in  battle  on  the  same  day,  it  makes  a  great 
Ference  in  our  estimation  of  the  case  whether  they  were 
led  fighting  in  the  same  engagement  or  whether  one  fell 
the  north  of  France  and  the  other  in  the  south.  The 
ter  we  should  at  once  class  with  mere  coincidences,  whereas 
J  former  might  admit  of  explanation. 
§  10.  The  problem,  as  thus  conceived,  seems  to  be  one 
her  of  Inductive  Logic  than  of  Probability,  because  there 
not  the  slightest  attempt  to  calculate  chances.  But  it 
serves  some  notice  here.  Of  course  no  accurate  thinker 
10  was  under  the  sway  of  modem  physical  notions  would 
a  moment  doubt  that  each  of  the  two  elements  in  question 
d  its  own  '  cause  *  behind  it,  from  which  (assuming  perfect 
owledge)  it  might  have  been  confidently  inferred.  No 
►re  would  he  doubt,  I  apprehend,  that  if  we  could  take  a 
Bciently  minute  and  comprehensive  view,  and  penetrate 
Bciently  far  back  into  the  past,  we  should  reach  a  stage  at 
ich  (again  assuming  perfect  knowledge)  the  coexistence  of 
i  two  events  could  equally  have  been  foreseen.  The 
iployment  of  the  word  casual  therefore  does  not  imply  any 
action  of  a  cause ;  but  it  does  nevertheless  correspond  to  a 
tinction  of  some  practical  importance.  We  call  a  coinci- 
ice  casual^  I  apprehend,  when  we  mean  to  imply  that  no 
owledge  of  one  of  the  two  elements,  which  we  can  suppose 
be  practically  attainable,  would  enable  us  to  expect  the 
er.     We  know  of  no  generalization  which  covers  them 
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both,  except  of  course  such  as  are  taken  for  granted  to 
inoperative.     In  such  an  application  it  seems  that  the  w( 
*  casual '  is  not  used  in  antithesis  to  *  causal '  or  to  'designed'^ 
but  rather  to  that  broader  conception  of  order  or  reguh 
to  which  I  should  apply  the  term  Uniformity.     The 
coincidence  is  one  which  we  cannot  bring  under  any  s] 
generalization;  certain,  probable,  or  even  plausible. 

A  slightly  different  way  of  expressing  this  distinction 
to  regard  these  *  mere  coincidences  '  as  being  simply  cases 
point   of  independent   events,   in    the   sense   in   which 
dependence  was   described  in  a  former  chapter.     We 
that  any  two  events,  A  and  jB,  were  so  described  when 
happens  with  precisely  the  same  relative  statistical  frequei 
whether   the  other  happens  or  not.      This  state  of  tl 
seems  to  hold  good  of  the  successions  of  heads  and  tails 
tossing   coins,  as   in   that  of  male  and  female  births  in 
town,  or  that   of  the  digits  in  many  mathematical  table 
Thus  we  suppose  that  when  men  are  picked  up  in  the  sti 
and  taken  into  a  house  to  die,  there  will  not  be  in  the  loi 
run  any  preferential  selection  for  or  against  the  house 
which  they  were  bom.     And  all  that  we  necessarily  mean 
claim  when  we  deny  of  such  an  occurrence,  in  any  partici 
case,  that  it  is  a  mere  coincidence,  is  that  that  parti( 
case  must  be  taken  out  of  the  common  list  and  transfei 
to  one  in  which  there  is  some  such  preferential  selection 

§  11.    III.     The  next  problem  is  a  somewhat  more 
tricate  one,  and  will  therefore  require  rather  careful  sul 
division.      It  involves  the  antithesis  between  Chance 
Design.     That  is,  we  are  not  now  (as  in  the  preceding 
considering  objects  in  their  physical  aspect  alone,  and 
account  only  of  the  relative  frequency  of  their  coexistence 
sequence ;  but  we  are  considering  the  agency  by  which  th 
are  produced,  and  we  are  enquiring  whether  that  agenc 
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to  what  we  call  chance,  or  whether  it  employed  what 
design. 

reader  must  clearly  understand  that  we  are  not  now 
ng  the  mere  question  of  fact  whether  a  certain 
d  arrangement  is  what  we  call  a  chance  one.  This, 
fully  pointed  out  in  the  fourth  chapter,  can  be  settled 
-e  inspection,  provided  the  materials  are  extensive 
What  we  are  now  proposing  to  do  is  to  carry  on 
[uiry  from  the  point  at  which  we  then  had  to  leave  it 
solving  the  question.  Given  a  certain  arrangement,  is 
J  likely  that  this  was  produced  by  design,  or  by  some 
methods  commonly  called  chance  methods  ?  The  dis- 
i  will  be  obvious  if  we  revert  to  the  succession  of 
which  constitute  the  ratio  tt.  As  I  have  said,  this 
jment,  regarded  as  a  mere  succession  of  digits,  appears 
1  perfectly  the  characteristics  of  a  chance  arrange- 

If  we  were  to  omit  the  first  four  or  five  digits, 
are  familiar  to  most  of  us,  we  might  safely  defy  any 
whom  it  was  shown  to  say  that  it  was  not  got  at  by 
drawing  figures  from  a  bag.  He  might  look  at  it  for 
)Ie  life  without  detecting  that  it  was  anything  but  the 
3f  such  a  chance  selection.  And  rightly  so,  because 
id  as  a  mere  arrangement  it  is  a  chance  one :  it  fulfils 
requirements  of  such  an  arrangement  \    The  question 

ibts    have    been    expressed  means.      If    such   a  question   were 

le   truly  random  character  asked    in    relation  to   any  unusual 

ligits  in   this  case  (v.   De  divergence  from  the  a  priori  chance 

Budget    of  Paradoxes,    p.  in  a  case  of  throwing  dice,  say,  we 

I  Jevons  has  gone  so  far  as  should  probably  substitute  for  it  the 

Principles  of  Science j  p.  529),  following,  as  being  more  appropriate 

lonld  the  value  of  x,  when  to  our  science: — Assign  the  degree 

I    to    a    great    number    of  of   improbability  of   the   event    in 

ontain  the  digit  7  much  less  question ;   i.e.  its  statistical  rarity. 

y  than  any  other  digit!"  And    we    should    then    proceed    to 

quite  understand  what  this  judge,  in  the  way  indicated  in  the 
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we  are  now  proceeding  to  discuss  is  this:  Given  a 
arrangement  how  are  we  to  determine  the  process  b 
it  was  arrived  at  ? 

We  are  supposed  to  have  some  event  before  u 
might  have  been  produced  in  either  of  two  alt( 
ways,  i.e.  by  chance  or  by  some  kind  of  deliberate 
and  we  are  asked  to  determine  the  odds  in  favour 
or  other  of  these  alternatives.  It  is  therefore  a  pre 
Inverse  Probability  and  is  liable  to  all  the  diflSci 
which  problems  of  this  class  are  apt  to  be  exposed. 

text,  whether  this  improbability  gave      in  the  chapter  on  Bandonu 


rise  to  any  grounds  of  suspicion. 

The  calculation  is  simple.  The 
actual  number  of  7's,  in  the  70S 
digits,  is  53 :  whilst  the  fair  average 
would  be  71.  The  question  is,  What 
is  the  chance  of  such  a  departure 
from  the  average  in  708  turns  ?  By 
the  usual  methods  of  calculation 
(v.  Galloway  on  Probability)  the 
chances  against  an  excess  or  defect 
of  18  are  about  44  :  1,  in  respect  of 
any  specified  digit.  But  of  course 
what  we  want  to  decide  are  the 
chances  against  some  one  of  the  ten 
showing  this  divergence.  This  I 
estimate  as  being  approximately 
determined  by  the  fraction  (^)^®, 
viz.  *8.  This  represents  odds  of  only 
about  4  :  1  against  such  an  occur- 
rence, which  is  nothing  remarkable. 
As  a  matter  of  fact  several  digits  in 
the  two  other  magnitudes  which 
Mr  Shanks  had  calculated  to  the 
same  length,  viz.  Tan-^^  and 
Tan-^Yhr»  show  the  same  diver- 
gencies (v.  Proc.  Roy.  Soc.  xxi.  319). 

I  may  call  attention  here  to  a 
point  which  should  have  been  noticed 


must  be  cautious  when  ^ 
upon  the  random  characte 
inspection.  It  is  very  i 
here  to  compare  the  digits 
those  within  the  *  period'  c 
lating  decimal  of  very  loi 
That  of  l-i-7699,  which  : 
full  period  of  7698  figures, 
culated  some  years  ago  by 
bridge  graduates  (Mr  Lun: 
Suffield),  and  privately  prin 
confine  our  examination  to 
of  the  succession  the  ran 
racter  seems  plausible ;  i.e. 
and  their  various  combinati 
out  in  nearly,  but  not  exac 
numbers.  So  if  we  take  I 
10;  the  averages  hover  nic 
45.  But  if  we  took  the  wh 
which  'circulates,'  we  sh 
these  characteristics  overc 
the  random  character  w 
appear.  That  is,  instead  oi 
ultimate  approximation  to 
we  should  have  (as  far  a 
possible)  an  absolute  at 
of  it. 
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§  12.  For  the  theoretic  solution  of  such  a  question  we 
Inquire  the  two  following  data : — 

(1)  The  relative  frequency  of  the  two  classes  of  agencies, 
'jk  that  which  is  to  act  in  a  chance  way  and  that  which 
i  to  act  designedly. 

(2)  The  probability  that  each  of  these  agencies,  if  it 
were  the  really  operative  one,  would  produce  the  event  in 

aestion. 
The  latter  of  these  data  can  generally  be  secured  without 
toy  difficulty.  The  determination  of  the  various  contin- 
jgencies  on  the  chance  hypothesis  ought  not,  if  the  example 
were  a  suitable  one,  to  offer  any  other  than  arithmetical 
Acuities.  And  as  regards  the  design  alternative,  it  is 
(merally  taken  for  granted  that  if  this  had  been  operative 
m  would  certainly  have  produced  the  result  aimed  at.  For 
'ioBtance,  if  ten  pence  are  found  on  a  table,  all  with  head 
tppermost,  and  it  be  asked  whether  chance  or  design  had 
been  at  work  here ;  we  feel  no  difficulty  up  to  a  certain 
point.  Had  the  pence  been  tossed  we  should  have  got  ten 
I  leads  only  once  in  1024  throws ;  but  had  they  been  placed 
[designedly  the  result  would  have  been  achieved  with  cer- 
jlainty. 

\  But  the  other  postulate,  viz.  that  of  the  relative  preva- 
lence of  these  two  classes  of  agencies,  opens  up  a  far  more 
•erious  class  of  difficulties.  Cases  can  be  found  no  doubt, 
fliough  they  are  not  very  frequent,  in  which  this  question 
jftn  be  answered  approximately,  and  then  there  is  no  further 
|tW)uble.  For  instance,  if  in  a  school  class-list  I  were  to  see 
■the  four  names  Brown,  Jones,  Robinson,  Smith,  standing 
a  this  order,  it  might  occur  to  me  to  enquire  whether  this 
•ttangement  were  alphabetical  or  one  of  merit.  In  our 
ftJarged  sense  of. the  terms  this  is  equivalent  to  chance 
tnd  design  as  the  alternatives ;  for,  since  the  initial  letter  of 
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a  boy  8  name  has  no  known  connection  with  his  attainment 
the  successive  arrangement  of  these  letters  on  any  othB 
than  the  alphabetical  plan  will  display  the  random  featurei 
just  as  we  found  to  be  the  case  with  the  digits  of  an  incood 
mensurable  magnitude.  The  odds  are  23  to  1  against  4 
names  coming  undesignedly  in  alphabetical  order ;  they  aK 
equivalent  to  certainty  in  favour  of  their  doing  so  if  thii 
order  had  been  designed.  As  regards  the  relative  frequeoc^ 
of  the  two  kinds  of  orders  in  school  examinations  I  do 
know  that  statistics  are  at  hand,  though  they  could 
be  procured  if  necessary,  but  it  is  pretty  certain  that 
majority  adopt  the  order  of  merit.  Put  for  hypothesis 
proportion  as  high  as  9  to  1,  and  it  would  still  be  found  in( 
likely  than  not  that  in  the  case  in  question  the  order 
really  an  alphabetical  one. 

§  13.     But  in  the  vast  majority  of  cases  we  have 
such  statistics  at  hand,  and  then  we  find  ourselves  ex] 
to  very  serious  ambiguities.      These  may  be  divided  inl 
two  distinct  classes,  the  nature  of  which  will  best  be  aeet^ 
by  the  discussion  of  examples. 

In  the  first  place  we  are  especially  liable  to  the  draW* 
back  already  described  in  a  former  chapter  as  renderiii| 
mere  statistics  so  untrustworthy,  which  consists  in  the  fad 
that  the  proportions  are  so  apt  to  be  disturbed  almost  froi 
moment  to  moment  by  the  possession  of  fresh  hints  or  infoJ 
mation.  We  saw  for  instance  why  it  was  that  statistics  0 
mortality  were  so  very  unserviceable  in  the  midst  of  I 
disease  or  in  the  crisis  of  a  battle.  Suppose  now  that  oi 
coming  into  a  room  I  see  on  the  table  ten  coins  lying  fiMi 
uppermost,  and  am  asked  what  was  the  likelihood  that  A 
arrangement  was  brought  about  by  design.  Everythii^ 
turns  upon  special  knowledge  of  the  circumstances  of  tb 
case.     Who  had  been  in  the  room  ?     Were  they  childrei 
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oin-coUectors,  or  persons  who  might  have  been  supposed 
ave  indulged  in  tossing  for  sport  or  for  gambling  pur- 
8  ?  Were  the  coins  new  or  old  ones  ?  a  distinction  of 
kind  would  be  very  pertinent  when  we  were  considering 
existence  of  any  motive  for  arranging  them  the  same 
uppermost.  And  so  on  ;  we  feel  that  our  statistics  are 
e  mercy  of  any  momentary  fragment  of  information. 

14.  But  there  is  another  consideration  besides  this, 
only  should  we  be  thus  influenced  by  what  may  be 
I  external  circumstances  of  a  general  kind,  such  as  the 
cter  and  position  of  the  agents,  we  should  also  be  in- 
)ed  by  what  we  supposed  to  be  the  conventional*  estimate 
which  this  or  that  particular  chance  arrangement  was 
regarded.     Thus  from  time  to  time  as  new  games  of 

become  popular  new  combinations  acquire  significance ; 

uherefore  when  the  question  of  design  takes  the  form  of 
Die  cheating  a  knowledge  of  the  current  estimate  of 
combinations  becomes  exceedingly  important. 

15.  The  full  significance  of  these  difficulties  will  best 
pprehended  by  the  discussion  of  a  case  which  is  not 
lous  or  invented  for  the  purpose,  but  which  has  actually 
I  rise  to  serious  dispute.  Some  years  ago  Prof.  Piazzi 
;h  published  a  work*  upon  the  great  pyramid  of  Ghizeh, 
general  object  of  which  was  to  show  that  that  building 
ined,  in  its  magnitude,  proportions  and  contents,  a 
)er  of  almost  imperishable  natural  standards  of  length, 
16,  &c.     Amongst  other  things  it  was  determined  that 

course  this  conTentional  esti-  or  seven  heads  and  three  tails,  &c, 

is  nothing  different  in   kind  Its  distinction   only  consists  in   its 

bat  which  may  attach  to  any  almost  universal  acceptance  as  re- 

>r  succession.     Ten  heads  in  markable. 

ion    is    intrinsically    or    ob-  ^  o^,.  inheintance  in    the  Great 

y  indistinguishable    in   cha-  Pyramid,  Ed.  in.  1877. 

^m  alternate  heads  and  tails, 
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the  value  of  tt  was  accurately  (the  degree  of  accuracy  is 
I  think,  assigned)  indicated  by  the  ratio  of  the  sides  to 
height.     The  contention  was  that  this  result  could  not 
accidental  but  must  have  been  designed. 

As  regards  the  estimation  of  the  value  of  the  c 
hypothesis  the  calculation  is  not  quite  so  clear  as  in 
case  of  dice  or  cards.      We    cannot  indeed   suppose 
for  a  given  length  of  base,  any  height  can  be  equally 
We  must  limit  ourselves  to  a  certain  range  here ;  for  if 
high  the  building  would  be  insecure,  and  if  too  low  it  w 
be    ridiculous.     Again,   we   must   decide   to   how  close 
approximation   the  measurements  are   made.     If  they 
guaranteed  to   the   hundredth  of  an  inch  the  coincid 
would  be   of  a  quite  different  order  from  one  where 
guarantee   extended   only  to   an  inch.     Suppose  that 
has  been  decided,  and  that  we  have  ascertained  that 
of  10,000  possible  heights  for  a  pyramid  of  given  base  j 
that  one  has  been  selected  which  would  most  nearly 
the  ratio  of  the  radius  to  the  circumference  of  a  circle. 

The  remaining  consideration  would  be  the  relative 
quency  of  the  *  design'  alternative, — what  is  called  its 
priori    probability, — that    is,    the   relative   frequency 
which  such  builders  can  be  supposed  to  have  aimed  at 
ratio ;  with  the  obvious  implied  assumption  that  if  they 
aim  at  it  they  would  certainly  secure  it.     Considering 
extreme  ignorance  of  the  attainments  of  the  builders  it 
obvious  that  no  attempt  at  numerical  appreciation  is 
possible.     If  indeed  the  *  design'  was  interpreted  to 
conscious  resolve  to  produce  that  ratio,  instead  of  mere 
solve  to  employ  some  method  which  happened  to  p 
it,  few  persons  would  feel  much  hesitation.     Not  only 
we  feel  tolerably  certain  that  the  builders  did  not  know  i 
value  of  TT,  except  in  the  rude  way  in  which  all 
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ust  know  it;  but  we  can  see  no  rational  motive,  if  they 
d    know  it,  which  should  induce  them  to  perpetuate  it 

their  building.  If,  however,  to  adopt  an  ingenious  sug- 
jstion*,  we  suppose  that  the  builder  may  have  proceeded 
.  the  following  fashion,  the  matter  assumes  a  diflferent 
pect.  Suppose  that  having  decided  on  the  height  of  his 
nramid  he  drew  a  circle  with  that  as  radius :  that,  laying 
>wn  a  cord  along  the  line  of  this  circle,  he  drew  this  cord 
it  into  a  square,  which  square  marked  the  base  of  the 
oilding.     Hardly  any  simpler  means  could  be  devised  in 

comparatively  rude  age;  and  it  is  obvious  that  the  cir- 
imference  of  the  base,  being  equal  to  the  length  of  the 
>rd,  would  bear  exactly  the  admitted  ratio  to  the  height. 
a  other  'words,  the  exact  attainment  of  a  geometric  value 
oes  not  imply  a  knowledge  of  that  ratio,  but  merely  of  some 
lethod  which  involves  and  displays  it.  A  teredo  can  bore> 
B  well  as  any  of  us,  a  hole  which  displays  the  geometric  pro- 
erties  of  a  circle,  but  we  do  not  credit  it  with  correspond- 
ag  knowledge. 

As  before  said,  all  numerical  appreciation  of  the  like- 
ihood  of  the  design  alternative  is  out  of  the  question.  But, 
f  the  precision  is  equal  to  what  Mr  Smyth  claimed,  I  sup- 
toee  that  most  persons  (with  the  above  suggestion  before 
faem)  will  think  it  somewhat  more  likely  that  the  coinci- 
fence  was  not  a  chance  one. 


y 


I  Made  in  Nature  (Jan.  24,  1878) 
^  Mr  J.  G.  Jackson.  It  must  be 
*ilkiarked  that  Mr  Smyth's  alter- 
'^ve  statement  of  his  case  leads  up 
*  that  explanation  : — **The  vertical 
'cijght  of  the  great  pyramid  is  the 
Mills  of  a  theoretical  circle  the 
^Igth  of  whose  curved  circumference 
^  exactly  equal  to  the  sum  of  the 


lengths  of  the  four  straight  sides 
of  the  actual  and  practical  square 
base."  As  regards  the  alternatives 
of  chance  and  design,  here,  it  must 
be  remembered  in  justice  to  Mr 
Smyth's  argument  that  the  anti- 
thesis he  admits  to  chance  is  not 
human,  but  divine  design. 
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§  16.  There  still  remains  a  serious,  and  highly  intere 
speculative  consideration.  In  the  above  argument  we 
it  for  granted,  in  calculating  the  chance  alternative, 
only  one  of  the  10,000  possible  values  was  favourable ; 
is,  we  took  it  for  granted  that  the  ratio  tt  was  the  onl; 
whose  claims,  so  to  say,  were  before  the  court.  But 
clear  that  if  we  had  obtained  just  double  this  ratio  the  i 
would  have  been  of  similar  significance,  for  it  would 
been  simply  the  ratio  of  the  circumference  to  the  dian 
In  fact,  Mr  Smyth's  selected  ratio, — the  height  to  twic< 
breadth  of  the  base  as  compared  with  the  diameter  t( 
circumference, — is  obviously  only  one  of  a  plurality  of  n 
Again ;  if  the  measured  results  had  shown  that  the  rai 
the  height  to  one  side  of  the  base  was  1  :  V2  (Le.  that 
side  to  a  diagonal  of  a  square)  or  1  :  V3  (Le.  that  of  a 
to  a  diagonal  of  a  cube)  would  not  such  results  equally 
evidence  of  design  ?  Proceeding  in  this  way,  we  d 
suggest  one  known  mathematical  ratio  after  another 
most  of  the  10,000  supposed  possible  values  had  been  t 
into  account.  We  might  then  argue  thus:  since  al 
every  possible  height  of  the  pyramid  would  correspor 
some  mathematical  ratio,  a  builder,  ignorant  of  thei 
alike,  would  be  not  at  all  unlikely  to  stumble  upon  oi 
other  of  them :  why  then  attribute  design  to  him  in  one 
rather  than  another  ? 

§  17.  The  answer  to  this  objection  has  been  ab 
hinted  at.  Everything  turns  upon  the  conventional  esti 
of  one  result  as  compared  with  another.  Revert,  for 
plicity,  to  the  coins.  Ten  heads  is  just  as  likely  as  altei 
heads  and  tails,  or  five  heads  followed  by  five  tails ;  ( 
fact,  as  any  one  of  the  remaining  1023  possible  cases, 
universal  convention  has  picked  out  a  run  of  ten  as  1 
remarkable.     Here,  of  course,  the  convention  seems  a 
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and  indeed  inevitable  one,  but  in  other  eases  it  is 

arbitrary.     For  instance,  in  cards,  "  queen,  of  spades 

lave  of  diamonds"  is  exactly  as  uncommon  as  «giy 

such  pair :   moreover,  till   bezique  was  introduced  it 

presumably  no  superior  interest  over  any  other 
id  pair.  But  during  the  time  when  that  game  was 
)pular  this  combination  was  brought  into  the  category 
cidences  in  which  interest  was  felt ;  and,  given  dis- 
y  amongst  the  players,  its  chance  of  being  designed 
,t  once  on  a  much  better  footing*, 
burning  then  to  the  p3n:amid,  we  see  that  in  balancing 
ims  of  chance  and  design  we  must,  in  fairness  to  the 
reckon  to  its  account  several  other  values  as  well  as 

'  TT,  e.g.  V2  and  V3,  and  a  few  more  such  simple  and 
r  ratios,  as  well  as  some  of  their  multiples.  But 
L  the  number  of  such  values  which  might  be  reckoned, 
ground  that  they  are  actually  known  to  us,  is  infinite, 
e  number  that  ought  to  be  reckoned,  on  the  ground 
hey  could  have  been  familiar  to  the  builders  of  a 
d,  are  very  few.  The  order  of  probability  for  or  against 
stence  of  design  will  not  therefore  be  seriously  altered 
^  such  considerations*. 


Uoumot,  Essai  sur  les  fonde- 
no8  connaissances.    Vol.  i. 

deserves  notice  that  con- 
ns of  this  kind  have  found 
ay  into  the  Law  Courts 
of  course  without  any  at- 
numerical  valuation.  Thus, 
lelebrated  De  Bos  trial,  in 
3  the  evidence  was  indirect, 
Q  ground  of  suspicion  seems 
been  that  Lord  De  Bos, 
$aling  at  whist,  obtained  far 


more  court  cards  than  chance  could 
be  expected  to  assign  him ;  and  that 
in  consequence  his  average  gains  for 
several  years  in  succession  were  un- 
usually large.  The  counsel  for  the 
defence  urged  that  still  larger  gains 
had  been  secured  by  other  players 
without  suspicion  of  unfairness, — 
(I  cannot  find  that  it  was  explained 
over  how  large  an  area  of  experience 
these  instances  had  been  sought ; 
nor  how  far  the  magnitude  of  the 
stakes,   as    distinguished    from   the 


256  Chance,  Causation,  and  Design,  [CH 

§  18.  Up  to  this  point  it  will  be  observed  that  wl: 
have  been  balancing  against  each  other  are  two  for 
agency, — of  human  agency,  that  is, — one  acting  th 
chance,  and  the  other  by  direct  design.  In  this  ca 
know  where  we  are,  for  we  can  thoroughly  understand  a 
of  this  kind.  The  problem  is  indeed  but  seldom  numei 
soluble,  and  in  most  cases  not  soluble  at  all,  but  it  is  j 
rate  capable  of  being  clearly  stated.  We  know  the  k 
answer  to  be  expected  and  the  reasons  which  would  sei 
determine  it,  if  they  were  attainable. 

The  next  stage  in  the  enquiry  would  be  that  of  bals 
ordinary  human  chance  agency  against, — I  will  not  ( 
direct  spiritualist  agency,  for  that  would  be  narrowiB 
hypothesis  unnecessarily, — ^but  against  all  other  pc 
causes.  Some  of  the  investigations  of  the  Sociel 
Psychical  Research  will  furnish  an  admirable  illustrat 
what  is  intended  by  this  statement.  There  is  a  fill 
cussion  of  these  applications  in  a  recent  essay  by  Mr 
Edge  worth' ;  but  as  his  account  of  the  matter  is  com 
with  other  calculations  and  diagrams  I  can  only  quote 
part.     But  I  am  in  substantial  agreement  with  him. 

"  It  is  recorded  that  1833  guesses  were  made  by  a 
cipient '  as  to  the  suit  of  cards  which  the  '  agent  *  had 
upon.  The  number  of  successful  guesses  was  510,  con 
ably  above  458,  the  number  which,  as  being  the  quar 
1833,  would,  on  the  supposition  of  pure  chance,  be 
likely  than  any  other  number.  Now,  by  the  Law  of 
we  are  able  approximately  to  determine  the  probabil 

number  of  successes,  accounted  for  Feb.  11,  1837.) 

that  of  the  actual  gains), — and  that  ^  Metretike.    At  the  end  < 

large  allowance  must  be  made  for  volume  will  be  found  a  uaei 

skill  where  the  actual   gains  were  of  a  number  of  other  publi* 

computed.    (See  the  Times'  report,  by  the  same  author  on  allied  I 
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1  an  excess  occurring  by  chance.  It  is  equal  to  the  ex- 
oity  of  the  tail  of  a  probability-curve  such  as  [those  we 
e  already  had  occasion  to  examine]....  The  proportion 
this  extremity  of  the  tail  to  the  whole  body  is  '003  to  1. 
it  fraction,  then,  is  the  probability  of  a  chance  shot 
king  that  extremity  of  the  tail ;  the  probability  that,  if 

guessing  were  governed  by  pure  chance,  a  number  of 
cessful  guesses  equal  or  greater  than  510  would  occur": 
Is,  that  is,  of  about  332  to  1  against  such  occurrence. 
§  19.  Mr  Edgeworth  holds,  as  strongly  as  I  do,  that  for  pur- 
les  of  calculation,  in  any  strict  sense  of  the  word,  we  ought 
lave  some  determination  of  the  data  on  the  non-chance  side 
the  hypothesis.  We  ought  to  know  its  relative  frequency 
occurrence,  and  the  relative  frequency  with  which  it 
uns  its  aims.  I  am  also  in  agreement  with  him  that 
hat  that  other  cause  may  be, — whether  some  trick,  or 
x>nscious  illusion,  or  thought-transference  of  the  sort  which 
indicated  by  the  investigators — it  is  for  common-sense 
I  ordinary  Logic  to  consider  " 

I  am  in  agreement  therefore  with  those  who  think  that 
ugh  we  cannot  form  a  quantitative  opinion  we  can  in 
tain  cases  form  a  tolerably  decisive  one.  Of  course  if  we 
►w  the  last  word  to  the  supporters  of  the  chance  hypo* 
sis  we  can  never  reach  proof,  for  it  will  always  be  open  to 
m  to  revise  and  re-fix  the  antecedent  probability  of  the 
nter  hypothesis.  What  we  may  fairly  require  is  that 
se  who  deny  the  chance  explanation  should  assign  some 
ti  of  minimum  value  to  the  probability  of  occurrence  on 

other  supposition,  and  we  can  then  try  to  surmount  this 
increasing  the  rarity  of  the  actually  produced  phenomenon 
the  chance  hypothesis.  If,  for  instance,  they  declare  that 
heir  estimation  the  odds  against  any  other  than  the  chance 
ncy  being  at  work  are  greater  than  332  to  1,  we  must 

V.  17 
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try  to  secure  a  yet  uneommoner  occurrence  than  th; 
question.  If  the  supporters  of  thought-transference 
the  courage  of  their  convictions, — as  they  most  assu 
have —they  would  not  shrink  from  accepting  this  tea 
am  inclined  to  think  that  even  at  present,  on  such  evic 
as  that  above,  the  probability  that  the  results  were  got  J 
ordinary  guessing  is  very  small. 

§  20.  The  problems  discussed  in  the  preceding  sec 
are  at  least  intelligible  even  if  they  are  not  always  i 
vable.  But  before  finishing  this  chapter  we  must  take  n 
of  some  speculations  upon  this  part  of  the  subject  which  d 
seem  to  keep  quite  within  the  limits  of  what  is  intellif 
Take  for  instance  the  question  discussed  by  Arbuthnol 
a  paper  in  the  PhiL  Transactions,  Vol.  xxvil)  undei 
title  "  An  Argument  for  Divine  Providence,  taken  fron 
constant  Regularity  observed  in  the  birth  of  both  sexes." 
his  argument  been  of  the  ordinary  teleological  kind; 
is,  had  he  simply  maintained  that  the  existent  ratio  o: 
proximate  equality,  with  a  six.  per  cent,  surplusage  of  n 
was  a  beneficent  one,  there  would  have  been  nothing  he 
object  against.  But  what  he  contemplated  was  just  si 
balance  of  alternate  hypotheses  between  chance  and  d( 
as  we  are  here  considering.  His  conclusion  in  his  own  i 
is,  "  it  is  art,  not  chance,  that  governs." 

It  IS  difficult  to  render  such  an'  argument  precise  wit 
rendering  it  simply  ridiculous.  Strictly  understood  it 
surely  bear  only  one  of  two  interpretations.  On  the 
hand  we  may  be  personifying  Chance:  regarding  it  a 
agent  which  must  be  reckoned  with  as  being  quite  caj 
of  having  produced  man,  or  at  any  rate  having  arranged 
proportion  of  the  sexes.  And  then  the  decision  mufi 
drawn,  as  between  this  agent  and  the  Creator,  which  of 
two  produced  the  existent  arrangement.    If  so,  and  Ch 
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Led  as  any  agent  which  produces  a  chance  or  random 
ment,  I  am  afraid  there  can  be  little  doubt  that  it 
Ls  agent  that  was  at  work  in  the  case  in  question, 
angement  of  male  and  female  births  presents,  so  far 
an  see,  one  of  the  most  perfect  examples  of  chance : 
s  ultimate  uniformity  emerging  out  of  individual 
irity  :  all  the  *  runs '  or  successions  of  each  alternative 
y  represented :  the  fact  of,  say,  five  sons  having  been 

born  in  a  family  does  not  seem  to  have  any  certain 
1  diminishing  the  likelihood  of  the  next  being  a  son, 
on.     Such  a  nearly  perfect  instance  of  '  independent 

is  comparatively  very  rare  in  physical  phenomena. 
[  that  we  can  claim  from  a  chance  arrangement  ^  The 
her  interpretation  I  can  see  is  to  suggest  that  there 
b  one  agent  who  might,  like  any  one  of  us,  have  either 
Lip  or  designed,  and  we  have  to  ascertain  which  course 
bably  adopted  in  the  case  in  question.  Here  too,  if 
to  judge  of  his  mode  of  action  by  the  tests  we  should 

0  any  work  of  our  own,  it  would  certainly  look  very 
5  if  he  had  adopted  some  scheme  of  tossing. 

1.     The  simple  fact  is  that  any  rational  attempt  to 

;  is,  if  we  look  simply  to  a    preponderance,  agencies    are    at 

1  results,  as  Arbuthnott  did,  once  set  in  motion  which  tend  to 
re  should  do  if  we  were  ex-  redress  the  balance.  This  is  a  modi- 
the  tosses  of  a  penny.  If  fication  and  improvement  of  the  older 
irkable  theory  of  Dr  Diising  theory,  that  the  relative  age  of  the 
gulierung  des  Geschlechts-  parents  has  something  to  do  with 
8868...  Jena,  1834)   be  con-  the  sex  of  the  offspring. 

the  matter  would  assume  Quetelet  {Letters,  p.  61)  has  at- 
hat  different  aspect.  He  at-  tempted  to  prove  a  proposition  about 
to  show,  both  on  physio-  the  succession  of  male  and  female 
rounds,  and  by  analysis  of  births  by  certain  experiments  sup- 
referring  to  men  and  posed  to  be  tried  upon  an  urn  with 
that  there  is  a  decidedly  black  and  white  balls  in  it.  But 
.tory  process  at  work.  That  this  is  going  too  far.  (See  the  note 
any  cause  either  sex  attains  at  the  end  of  this  chapter.) 
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decide  between  chance  and  design  as  agencies  must  be 
fined  to  the  case  of  finite  intelligences.     One  of  the 
portant  determining  elements  here,  as  we  have  seen,  is 
state  of  knowledge  of  the  agent,  and  the  conventional 
mate  entertained  about  this  or  that  particular  arrangemc 
and  these  can  be  appreciated  only  when  we  are  dealing 
beings  like  ourselves, 

For  instance,  to  return  to  that  much  debated  qu( 
about  the  arrangement  of  the  stars,  there  can  hardly  be 
doubt  that  what  Mitchell, — who  started  the  discussion,—! 
in  view  was  the  decision  between  Chance  and  Design. 
says  {Trans,  Roy.  Soc.  1767)  "The  argument  I  intendJ 
make  use  of... is  of  that  kind  which  infers  either  design.] 
some  general  law  from  a  general  analogy  and  from  the 
ness  of  the  odds  against  things  having  been  in  the  pi 
situation  if  it  was  not  owing  to  some  such  cause."  And: 
concludes  that  had  the  stars  "  been  scattered  by  mere 
as  it  might  happen  "  there  would  be  "  odds  of  near  500,' 
to  1  that  no  six  stars  out  of  that  number  [1500],  scattered! 
random  in  the  whole  heavens,  would  be  within  so  smaUjj 
distance  from  each  other  as  the  Pleiades  are."  Under 
such  interpretation  the  controversy  seems  to  me  to  be 
I  do  not  for  a  moment  dispute  that  there  is  some  force 
the  ordinary  teleological  argument  which  seeks  to  trace 
of  goodness  and  wisdom  in  the  general  tendency  of  tl 
But  what  do  we  possibly  understand  about  the  nature 
creation,  or  the  designs  of  the  Creator,  which  should 
us  to  decide  about  the  likelihood  of  his  putting  the  staisi 
one  shape  rather  than  in  another,  or  which  should  allow 
significance  to  "mere  chance"  as  contrasted  with  his 
posed  all-pervading  agency  ? 

§  22.     Reduced  to  intelligible  terms  the  two  folloi 
questions  seem  to  me  to  emerge  from  the  controverBy :— 
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)  The  stars  being  distributed  through  space,  some  of 
would  of  course  be  nearly  in  a  straight  line  behind 
3  when  looked  at  from  our  planet.  Supposing  that 
were  tolerably  uniformly  distributed,  we  could  calculate 
.  how  many  of  them  would  thus  be  seen  in  apparent 
proximity  to  one  another.  The  question  is  then  put, 
;here  more  of  them  near  to  eaeh  other,  two  and  two, 
such  calculation  would  account  for  ?  The  answer  is  that 
are  many  more.  So  far  as  I  can  see  the  only  direct 
ince  that  can  be  drawn  from  this  is  that  they  are  not 
rmly  distributed,  but  have  a  tendency  to  go  in  pairs, 
however,  is  a  perfectly  sound  and  reasonable  applica- 
^f  the  theory*  Any  further  conclusions,  such  as  that 
pairs  of  stars  will  form  systems,  as  it  were,  to  them- 
},  revolving  about  one  another,  and  for  all  practical  pur- 
unaffected  by  the  rest  of  the  sidereal  system,  are  of 
3  derived  from* astronomical  considerations  \  Probability 
les  itself  to  the  simple  answer  that  the  distribution  is 
aiform ;  it  cannot  pretend  to  say  whether,  and  by  what 
3al   process,  these  binary  systems  of  stars  have  been 


>2 


23  (II).     The  second  question  is  this.  Does  the  distri- 
1  of  the  stars,  after  allowing  for  the  case  of  the  binary 


is  precisely  analogous  to  the 
doD  that  the  flowers  of  the 

(as  distinguished  from  the 
V.  p.  109)  are  not  distributed 
lorn,  but  have  a  tendency  to 
^oups  of  two  or  more.  Mere 
ition  shows  this:  and  then, 
ur  knowledge  of  the  growth  of 
we  may  infer  that  these  little 
spring  from  the  same  root. 

this  discussion,  writers  often 


speak  of  the  probability  of  a  ^^physi- 
cal  connections^  between  these  double 
stars.  The  phrase  seems  mislead- 
ing, for  on  the  usual  hypothesis  of 
universal  gravitation  all  stars  are 
physically  connected,  by  gravitation. 
It  is  therefore  better,  as  above,  to 
make  it  simply  a  question  of  relative 
proximity,  and  to  leave  it  to  astro- 
nomy to  infer  what  follows  from  un- 
usual proximity. 
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stars  just  mentioned,  resemble  that  which  would  I 
dueed  by  human  agency  sprinkling  things  'at  ran 
(We  are  speaking,  of  course,  of  their  distribution  as 
pears  to  us,  on  the  visible  heavens,  for  this  is  nearly  a 
we  can  observe;  but  if  they  extend  beyond  the  teL 
range  in  every  direction,  this  would  lead  to  practically 
the  same  discussion  as  if  we  considered  their  actual  ai 
ment  in  space.)  We  have  fully  discussed,  in  a  former 
ter,  the  meaning  of  'randomness/  Applying  it  to  tl: 
before  us,  the  question  becomes  this.  Is  the  distri 
tolerably  uniform  on  the  whole,  but  with  innumerabL 
vidual  deflections  ?  That  is,  when  we  compare  large 
are  the  ratios  of  the  number  of  stars  in  each  equs 
approximately  equal,  whilst,  as  we  compare  smalh 
smaller  areas,  do  the  relative  numbers  become  moi 
more  irregular?  With  certain  exceptions,  such  as  t 
the  Milky  Way  and  other  nebular  clusters,  this  seems 
pretty  much  the  case,  at  any  rate  as  regards  the  bulk 
stars\ 


^  Professor  Forbes  in  the  paper 
in  the  Philosophical  Magazine  al- 
ready referred  to  (Ch.  vn.  §  18)  gave 
several  diagrams  to  show  what  were 
the  actual  arrangements  of  a  random 
distribution.  He  scattered  peas  over 
a  chess-board,  and  then  counted  the 
number  which  rested  on  each  square. 
His  figures  seem  to  show  that  the 
general  appearance  of  the  stars  is 
much  the  same  as  that  produced  by 
such  a  plan  of  scattering. 

Some  recent  investigations  by 
Mr  R.  A.  Proctor  seem  to  show, 
however,  that  there  are  at  least  two 
exceptions  to  this  tolerably  uniform 
distribution.    (1)  He  has  ascertained 


that  the  stars  are  decided] 
thickly  aggregated  in  the  Mil 
than  elsewhere.  So  far  as  ti 
be  relied  on  the  argument 
same  as  in  the  case  of  the 
stars ;  it  tends  to  prove  t 
proximity  of  the  stars  in  th 
Way  is  not  merely  appan 
actual.  (2)  He  has  ascertaii 
there  are  two  large  areas, 
North  and  South  hemisph 
which  the  stars  are  muci 
thickly  aggregated  than  eh 
Here,  it  seems  to  me.  Pre 
proves  nothing :  we  are  simp! 
ing  that  the  distribution  is  i 
What  may  follow  in  the  wa( 
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All  further  questions:  the  decision,  for  instance,  for  or 
2;ainst  any  form  of  the  Nebular  Hypothesis :  or,  admitting 
lis,  the  decision  whether  such  and  such  parts  of  the  visible 
eavens  have  sprung  from  the  same  nebula,  must  be  left  to 
jBtronomy  to  adjudicate. 


NOTE  ON  THE  PBOPOBTIONS  OF  THE  SEXES. 

The  foUowing  remarks  were  rather  too  long  for  convenient  insertion  on 
b  S59,  and  are  therefore  appended  here. 

The  'random'  character  of  male  and  female  births  has  generally  been 
■ted  almost  entirely  on  statistics  of  place  and  time.  But  what  is  more 
■nted,  surely,  is  the  proportion  displayed  when  we  compare  a  number  of 
iMItVf.  This  seems  so  obvious  that  I  cannot  but  suppose  that  the  investi- 
ition  mnst  have  been  already  made  somewhere,  though  I  have  not  found 
PQT  trace  of  it  in  the  most  likely  quarters.  Thus  Prof.  Lexis  (Massener- 
lAeiituii^en)  when  supporting  his  view  that  the  proportion  between  the 
taes  at  birth  is  almost  the  only  instance  known  to  him,  in  natural  pheno- 
hna,  of  true  normal  dispersion  about  a  mean,  rests  his  conclusions  on  the 
biinaiy  statistics  of  the  registers  of  different  countries. 

It  certainly  needs  proof  that  the  same  characteristics  will  hold  good 
"lien  the  family  is  taken  as  the  unit,  especially  as  some  theories  (e.g.  that 
t  Sadler)  would  imply  that  *  runs*  of  boys  or  girls  would  be  proportionally 
Mttmoner  than  pure  chance  would  assign.  Lexis  has  shown  that  this  is 
feott  markedly  the  case  with  twins i  i.e.,  to  use  an  obviously  intelligible 
iMation,  (M  for  male,  F  for  female),  that  M.M.  and  F.F.  are  very  much 
mmoner  in  proportion  than  M.F. 

I  have  coUected  statistics  including  over  13,000  male  and  female  births, 
Rmnged  in  families  of  four  and  upwards.  They  were  taken  from  the 
liigiees  in  the  Herald's  Visitations,  and  therefore  represent  as  a  rule  a 
Inewhat  select  class,  viz.  the  families  of  the  eldest  sons  of  English  country 
iDtlemen  in  the  sixteenth  century.  They  are  not  sufficiently  extensive  yet 
^  publication,  but  I  give  a  summary  of  the  results  to  indicate  their  tendency 
h far.    The  upper  line  of  figures  in  each  case  gives  the  observed  results :  i.e. 

tmces  as  to  the  physical  process  of  says  on  Astronomy,  p.  297.    Also  a 

luation  by  which  the  stars  have  series  of  Essays  in  Tlie  Universe  and 

m  disposed  is  a  question  for  the  the  coming  Transits. 
•ironomer.    See  Mr  Proctor's  Es- 
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in  the  case  of  a  family  of  four,  the  nnmhers  which  had  four  male,  thre 
and  one  female,  two  male  and  two  female,  and  so  on.  The  lower  lm« 
the  calculated  results;  i.e.  the  corresponding  numbers  which  woul( 
been  obtained  had  batches  of  M.s  and  F.s  been  drawn  from  a  bag  in 
they  were  mixed  in  the  ratio  assigned  by  the  total  observed  numb^ 
those  families. 


512  families  of  4 ; 

yielding 
1188  M. :  860  F. 

512  families  of  5 ; 

yielding 
1402  M. :  1158  F. 

512  families  of  6; 

yielding 
1612  M. :  1460  F. 


m*      m^f      m^P     mP     p 

81  +  148  +  161  +  98  +  24    (observed.) 

57  +  168  +  184  +  88  +  15     (calculated.) 


m5  mV  m^P  m^P  mP  p 
50  +  82  +  161  +  143  +  61  +  15 
103  +  172  +  143  +  59  + 


25  + 


10 


(obs.) 
(calc.) 


m6     my     m*P     m^p     m^P     mp     p 
30  +  48  +  115  +  146  +  126  +  40  +  7    f 
10  +  56  +  133  +  159  +  108  +  41+5    (. 


The  numbers  for  the  larger  families  are  as  yet  too  small  to  be 
giving,  but  they  show  the  same  tendency.  It  will  be  seen  that  in  evei 
the  observed  central  values  are  less  than  the  calculated;  and  th 
observed  extreme  values  are  much  greater  than  the  calculated.  The : 
seem  to  suggest  (so  far)  that  a  family  cannot  be  likened  to  a  chance  d] 
of  the  requisite  number  from  one  bag.  A  better  analogy  would  be  to  si 
two  bags,  one  with  M.s  in  excess  and  the  other  with  F.s  in  less  exoef 
that  some  persons  draw  from  one  and  some  from  the  other.  But 
statistics  are  needed. 

It  will  be  observed  that  the  total  excess  of  male  births  is  large. 
may  arise  from  undue  omission  of  females ;  but  I  have  carefully  a 
myself  to  the  two  or  three  last  generations,  in  each  pedigree,  for  i 
security. 


CHAPTER  XL 

CERTAIN   CONSEQUENCES    OF  THE   OBJECTIVE   TREAT- 
MENT OF  A  SCIENCE  OF  INFERENCE  \ 

1.  Students  of  Logic  are  familiar  with  that  broad 
iction  between  the  two  methods  of  treatment  to  which 
names  of  Material  and  Conceptualist  may  be  applied, 
distinction  was  one  which  had  been  gradually  growing 
ader  other  names  before  it  was  emphasized,  and  treated 
distinction  within  the  field  of  Logic  proper,  by  the  pub- 
on  of  MilFs  well  known  work.  No  one,  for  instance, 
read  Wheweirs  treatises  on  Induction,  or  Herschers 
)urse,  without  seeing  that  they  are  treating  of  much  the 

subject  matter,  and  regarding  it  in  much  the  same 
as  that  which  Mill  discussed  under  the  name  of  Logic, 
yh  they  were  not  disposed  to  give  it  that  name.  That 
ese  writers  throughout  took  it  for  granted  that  what 

had  to  do  was  to  systematise  the  facts  of  nature  in 

objective  form,  and  under  their  widest  possible  treat- 
,  and  to  expound  the  principal  modes  of  inference  and 
principal  practical  aids  in  the   investigation  of  these 

the  previous  edition  a  large  detailed  discussion  of  the  Law  of 

f  this  chapter  was  devoted  to  Causation,  as  I  hope  before  very  long 

leral  consideration  of  the  dis-  to  express  my  opinions  on  these  sub- 

n  between  a  Material  and  a  jects  more  fully,  and  more  appro- 

)taalist  view  of  Logic.    I  have  priately,  in  a  treatise  on  the  general 

1  most  of  this  here,  as  also  a  principles  of  Inductive  Logic, 
art  of  a  chapter  devoted  to  the 
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modes  of  inference,  which  reason  could  suggest  and  whi( 
experience  could  justify.     What  Mill  did  was  to  bring  th( 
methods  into  close  relation  with  such  portions  of  the 
scholastic  Logic  as  he  felt  able  to  retain,  to  work  them 
into  much  fuller  detail,  to  systematize  them  by  giving  th( 
a  certain  philosophical  and  psychological  foundation,- 
to  entitle  the  result  Logic. 

The  practical  treatment  of  a  science  will  seldom  coi 
spond  closely  to  the  ideal  which  its  supporters  propose 
themselves,  and  still  seldomer  to  that  which  its  antagoi 
insist  upon  demanding  from  the  supporters.     If  we  were 
take  our  account  of  the  distinction  between  the  two  views 
Logic  expounded  respectively  by  Hamilton  and  by 
from  Mill  and  Hamilton  respectively,  we  should  cei 
not  find  it  easy  to  bring  them  under  one  common  definitic 
By  such  a  test,  the  material  Logic  would  be  regarded 
nothing  more  than  a  somewhat  arbitrary  selection  from 
domain  of  Physical  Science  in  general,  and  the  conceptut 
Logic  nothing  more  than  a  somewhat  arbitrary  selection 
the  domain  of  Psychology.     The  former  would  omit  all 
sideration  of  the  laws  of  thought  and  the  latter  all  consid( 
tion  of  the  truth  or  falsehood  of  our  conclusions. 

Of  course,  in  practice,  such  extremes  as  these  are 
seen  to  be  avoidable,  and  in  spite  of  all  controversial  exj 
rations  the  expounders  of  the  opposite  views  do  contrive 
retain  a  large  area  of  speculation  in  common.     I  do  not 
pose  here  to  examine  in  detail  the  restrictions  by  which 
accommodation  is  brought  about,  or  the  very  real  and  ii 
portant  distinctions  of  method,  aim,  tests,  and  limits  wl 
in  spite  of  all  approach  to  agreement  are  still  found  to  sul 
To  attempt  this  would  be  to  open  up  rather  too  wide  a 
enquiry  to  be  suitable  in  a  treatise  on  one  subdivision  (m^i] 
of  the  general  science  of  Inference. 
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§  2.     One  subdivision  of  this  enqniiy  is  however  reaUy 

--.forced  upon  our  notice.    It  does  become  important  to  con- 

!r«der  the  restrictions  to  which  the  ultra-material  account  of 

^-flie  province  of  Logic  has  to  be  subjected,  because  we  shall 

:'  thus  have  our  attention  drawn  to  an  aspect  of  the  subject 

which,  slight  and  fleeting  as  it  is  within  the  region  of  Indue- 

.  tion  becomes  very  prominent  and  comparatively  permanent 

in  that  of  Probability.    According  to  this  ultra-material  \-iew, 

.  Jnductive  Logic  would  generally  be  considered  to  have  no- 

.  .tiling  to  do  with  anything  but  objective  facts :  its  duty  is  to 

;i«tart  from  facts  and  to  confine  itself  to  such  methods  as  will 

^Id  nothing  but  £act&     What  is  doubtful  it  either  estab- 

'  lUies  or  it  lets  alone  for  the  present,  what  is  unattainable 

it  rejects,  and  in  this  way  it  proceeds  to  build  up  by  slow 

'^^accretion  a  vast  fabric  of  certain  knowledge. 

But  of  course  all  this  is  supposed  to  be  done  by  human 
minds,  and  therefore  if  we  enquire  whether  notions  or  con- 
Heept& — call  them  what  we  will, — have  no  place  in  such  a 
wheme  it  must  necessarily  be  admitted  that  they  have  some 
place.  The  facts  which  form  our  starting  point  must  be 
{[rasped  by  an  intelligent  being  before  inference  can  be  built 
upon  them;  and  the  'facts*  which  form  the  conclusion  have 
^kften,  at  any  rate  for  some  time,  no  place  anywhere  else  than 
Sn  the  mind  of  man.  But  no  one  can  read  Mills  treatise,  for 
jnstance,  without  noticing  how  slight  is  his  reference  to  this 
«0pect  of  the  question.  He  remarks,  in  almost  contemptuous 
indifference,  that  the  man  who  digs  must  of  course  have  a 
lU)tion  of  the  ground  he  digs  and  of  the  spade  he  puts  into 
it,  but  he  evidently  considers  that  these  *  notions'  need  not 
touch  more  occupy  the  attention  of  the  speculative  logician, 
in  so  far  as  his  mere  inferences  are  concerned,  than  they 
^)ccupy  that  of  the  husbandman. 

§  3.    It  must  be  admitted  that  there  is  some  warrant 
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for  this  omission  of  all  reference  to  the  subjective  sid 
inference  so  long  as  we  are  dealing  with  Inductive  Lc 
The  inductive  discoverer  is  of  course  in  a  very  diflfei 
position.  If  he  is  worthy  of  the  name  his  mind  at  e^ 
moment  will  be  teeming  with  notions  which  he  would  b 
far  as  any  one  from  calling  facts :  he  is  busy  making  tl 
such  to  the  best  of  his  power.  But  the  logician  who  foil 
in  his  steps,  and  whose  business  it  is  to  explain  and  jus 
what  his  leader  has  discovered,  is  rather  apt  to  overlook 
mental  or  uncertain  stage.  What  he  mostly  deals  in  are 
'complete  inductions'  and  'well-grounded  generalizatic 
and  so  forth,  or  the  exploded  errors  which  contradict  th 
the  prisoners  and  the  corpses  respectively,  which  the 
discoverer  leaves  on  the  field  behind  him  whilst  he  pre 
on  to  complete  his  victory.  The  whole  method  of  scieno 
expository  as  contrasted  with  militant, — is  to  emphasize 
distinction  between  fact  and  non-fact,  and  to  treat  of  b' 
else  but  these  two.  In  other  words  a  treatise  on  Indue 
Logic  can  be  written  without  any  occasion  being  foun( 
define  what  is  meant  by  a  notion  or  concept,  or  even  to  em] 
such  terms. 

§  4.  And  yet,  when  we  come  to  look  more  closely,  si 
may  be  detected  even  within  the  field  of  Inductive  Lc 
of  an  occasional  breaking  down  of  the  sharp  distinctioi 
question ;  we  may  meet  now  and  then  with  entities  (to 
the  widest  term  attainable)  in  reference  to  which  it  w( 
be  hard  to  say  that  they  are  either  facts  or  concepti 
For  instance,  Inductive  Logic  has  often  occasion  to  make 
of  Hypotheses :  to  which  of  the  above  two  classes  are  tl 
to  be  referred  ?  They  do  not  seem  in  strictness  to  beloDj 
either ;  nor  are  they,  as  will  presently  be  pointed  out,  by 
means  a  solitary  instance  of  the  kind. 

It  is  true  that  within  the  province  of  Inductive  L 
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these  hypotheses  do  not  give  much  trouble  on  this  score. 
However  vague  may  be  the  form  in  which  they  first  present 
Qiemselves  to  the  philosopher's  mind,  they  have  not  much 
business  to  come  before  us  in  our  capacity  of  logicians  until 
fliey  are  well  on  their  way,  so  to  say,  towards  becoming 
facts:  until  they  ^re  beginning  to  harden  into  that  firm 
tangible  shape  in  which  they  will  eventually  appear.  We 
Ifenerally  have  some  such  recommendations  given  to  us  as 
fhat  our  hypotheses  shall  be  well-grounded  and  reasonable.. 
Ihis  seems  only  another  way  of  telling  us  that  however 
feely  the  philosopher  may  make  his  guesses  in  the  privacy 
«f  his  own  study,  he  had  better  not  bring  them  out  into 
ipablic  until  they  can  with  fair  propriety  be  termed  facts, 
feven  though  the  name  be  given  with  some  qualification,  as 

terming  them  'probable  facts/  The  reason,  therefore, 
Why  we  do  not  take  much  account  of  this  intermediate  state 

the  hypothesis,  when  we  are  dealing  with  the  inductive 
processes,  is  that  here  at  any  rate  it  plays  only  a  temporary 
part;  its  appearance  in  that  guise  is  but  very  fugitive.  If 
She  hypothesis  be  a  sound  one,  it  will  soon  take  its  place  as 
jan  admitted  fact ;  if  not,  it  will  soon  be  rejected  altogether. 
^ts  state  as  a  hjrpothesis  is  not  a  normal  one,  and  therefore 

have  not  much  occasion  to  scrutinize  its  characteristics. 

so  saying,  it  must  of  course  be  understood  that  we  are 
ing  as  inductive  logicians ;  the  philosopher  in  his  work- 
op  ought,  as  already  remarked,  to  be  familiar  enough  with 
iC  hypothesis  in  every  stage  of  its  existence  from  its  origin  ; 
t  the  logician  s  duty  is  "diiferent,  dealing  as  he  does  with 

f  rather  than  with  the  processes  of  original  investigation 

discovery. 

We  might  indeed  even  go  further,  and  say  that  in  many 
tases  the  hypothesis  does  not  present  itself  to  the  reader, 
Aat  is  to  the  recipient  of  the  knowledge,  until  it  has  ceased 
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to  deserve  that  name  at  all.  It  may  be  first  suggested 
him  along  with  the  proof  which  establishes  it,  he  not  hav: 
bad  occasion  to  think  of  it  before.  It  thus  comes  at  a  sin 
step  out  of  the  obscurity  of  the  unknown  into  the  fall  p 
session  of  its  rights  as  a  fact,  skipping  practically  the  inl 
mediate  or  hypothetical  stage  altogether.  The  original 
vestigator  himself  may  have  long  pondered  over  it,  and  k 
it  present  to  his  mind,  in  this  its  dubious  stage,  but  fini 
have  given  it  to  the  world  with  that  amount  of  evide 
which  raises  it  at  once  in  the  minds  of  others  to  the  leve 
commonly  accepted  facts. 

Still    this    doubtful    stage    exists   in   every  hypothc 

though  for  logical  purposes,  and  to  most  minds,  it  ex 

in   a  very   fugitive  way  only.     When   attention   has  b 

directed  to  it,  it  may  be  also  detected  elsewhere  in  Lo 

Take   the   case,   for  instance,   of   the   reference   of  nar 

Mill  gives  the  examples  of  the  sun,  and  a  battle,  as  • 

tinguished  from  the  ideas  of  them  which  we,  or  childi 

may  entertain.     Here  the  distinction  is  plain  and  obvi 

enough.     But  if,  on  the  other  hand,  we  take  the  caai 

things  whose  existence  is  doubtful  or  disputed,  the  diffici 

above  mentioned  begins  to  show  itself     The  case  of  me: 

extinct  things,  or  such  as  have  not  yet  come  into  existe: 

oflfers   indeed   no   trouble,  since  of  course  actually  pre 

existence  is  not  necessary  to  constitute  a  fact.     The  U! 

distinction  may  even  be  retained  also  in  the  case  of  myth 

existences.     Centaur  and  Griffin  have  as  universally  re< 

nised  a  significance  amongst  the  ^oets,  painters,  and  her 

as  lion  and  leopard  have.     Hence  we  may  claim,  even  1 

that   our   conceptions   shall   be  'truthful,'  'consistent  ^ 

fact,'  and  so  on,  by  which  we  mean  that  they  are  to  b 

accordance  with   universal  convention  upon  such   sub} 

Necessary  and  universal  accordance  is  sometimes  clai 
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0  be  all  that  is  meant  by  'objective/  and  since  universal 
locordance  is  attainable  in  the  case  of  the  notoriously  fic- 
itious,  our  fundamental  distinction  between  fact  and  con- 
seption,  and  our  determination  that  our  terms  shall  refer  to 
irhat  is  objective  rather  than  to  what  is  subjective,  may  with 
iDme  degree  of  strain  be  still  conceived  to  be  tenable  even  here. 

§  5.  But  when  we  come  to  the  case  of  disputed  phe- 
nomena the  diflSculty  re-emerges.  A  supposed  planet  or 
iew  mineral,  a  doubtful  fact  in  history,  a  disputed  theological 
jloctrine,  are  but  a  few  examples  out  of  many  that  might  be 
offered.  What  some  persons  strenuously  assert,  others  as 
ibrenuously  deny,  and  whatever  hope  there  may  be  of  speedy 
Igrcement  in  the  case  of  physical  phenomena,  experience 
ihows  that  there  is  not  much  prospect  of  this  in  the  case  of 
Ibose  which  are  moral  and  historical,  to  say  nothing  of  theo- 
logical So  long  as  those  who  are  in  agreement  confine  their 
mtercourse  to  themselves,  their  '  facts '  are  accepted  as  such, 
but  as  soon  as  they  come  to  communicate  with  others  all 
distinction  between  fact  and  conception  is  lost  at  once,  the 
'fiicts '  of  one  party  being  mere  groundless  '  conceptions '  to 
Iheir  opponents.  There  is  therefore,  I  think,  in  these  cases 
a  real  difficulty  in  canying  out  distinctly  and  consistently 
the  account  which  the  Materialist  logician  offers  as  to  the 
leference  of  names.  It  need  hardly  be  pointed  out  that 
krhat  thus  applies  to  names  or  terms  applies  equally  to 
Impositions  in  which  particular  or  general  statements  are 
iiade  involving  names. 

1  §  6.  But  when  we  step  into  Probability,  and  treat  this 
^m  the  same  material  or  Phenomenal  point  of  view,  we  can 
bo  longer  neglect  the  question  which  is  thus  presented  to  us. 
Ihe  difficulty  cannot  here  be  rejected,  as  referring  to  what  is 
merely  temporary  or  occasional.  The  intermediate  condition 
between  conjecture  and  fact,  so  far  from  being  temporary 


272  Objective  Treatment  of  Logic,  [chap 

or  occasional  only,  is  here  normal.  It  is  just  the  condi 
which  is  specially  characteristic  of  Probability.  Henc 
follows  that  however  decidedly  we  may  reject  the  ( 
ceptualist  theory  we  cannot  altogether  reject  the  \m 
Conceptualist  language.  If  we  can  prove  that  a  given  i 
will  die  next  year,  or  attain  suflBciently  near  to  prooi 
leave  us  practically  certain  on  the  point,  we  may  speal 
his  death  as  a  (future)  fact.  But  if  we  merely  eontemp 
his  death  as  probable?  This  is  the  sort  of  inference 
substitute  for  inference,  with  which  Probability  is  sped 
concerned.  We  may,  if  we  so  please,  speak  of  *probi 
facts,'  but  if  we  examine  the  meaning  of  the  words 
may  find  them  not  merely  obscure,  but  self-contradict 
Doubtless  there  are  facts  here,  in  the  fullest  sense  of 
term,  namely  the  statistics  upon  which  our  opinion  is  i 
mately  based,  for  these  are  known  and  admitted  by  all ' 
have  looked  into  the  matter.  The  same  language  may 
be  applied  to  that  extension  of  these  statistics  by  indue 
which  is  involved  in  the  assertion  that  similar  statis 
will  be  found  to  prevail  elsewhere,  for  these  also  may  ri{ 
fully  claim  universal  acceptance.  But  these  statemenfa 
was  abundantly  shown  in  the  earlier  chapters,  stand  o 
very  different  footing  from  a  statement  concerning  the 
dividual  event ;  the  establishment  and  discussion  of 
former  belong  by  rights  to  Induction,  and  only  the  la 
to  Probability. 

§  7.  It  is  true  that  for  want  of  appropriate  termi 
express  such  things  we  are  often  induced,  indeed  compel 
to  apply  the  same  name  of  'facts'  to  such  individual  con 
gencies.  We  should  not,  for  instance,  hesitate  to  speal 
the  fact  of  the  man  dying  being  probable,  possible,  unlii 
or  whatever  it  might  be.  But  I  cannot  help  regarding  s 
expressions  as  a  strictly  incorrect  usage  arising  out  c 
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ciency  of  appropriate  technical   tenns.     It  is  doubtless 
iain  that  one  or  other  of  the  two  alternatives  must  happen, 

this  alternative  certainty  is  not  the  subject  of  our  con- 
iplation ;  what  we  have  before  us  is  the  single  alternative, 
ich  is  notoriously  uncertain.  It  is  this,  and  this  only, 
ich  is  at  present  under  notice,  and  whose  occurrence  has 
be  estimated.  We  have  surely  no  right  to  dignify  this 
h  the  name  of  a  fact,  under  any  qualifications,  when  the 
K)site  alternative  has  claims,  not  perhaps  actually  equal  to, 
;  at  any  rate  not  much  inferior  to  its  own.  Such  language, 
already  remarked,  may  be  quite  right  in  Inductive  logic, 
3re  we  are  only  concerned  with  conjectures  of  such  a  high 
jee  of  likelihood  that  their  non-occurrence  need  not  be 
en  into  practical  account,  and  which  are  moreover  regard- 
as  merely  temporary.  But  in  Probability  the  conjecture 
f  have  any  degree  of  likelihood  about  it ;  it  may  be  just 
likely  as  the  other  alternative,  nay  it  may  be  much  less 
jly.  In  these  latter  cases,  for  instance,  if  the  chances  are 
Y  much  against  the  man's  death,  it  is  surely  an  abuse  of 
2^age  to  speak  of  the  'fact'  of  his  dying,  even  though  we 
lify  it  by  declaring  it  to  be  highly  improbable.  The 
ject-matter  essential  to  Probability  being  the  uncertain, 
can  never  with  propriety  employ  upon  it  language  which 
its  original  and  correct  application  is  only  appropriate  to 
it  is  actually  or  approximately  certain. 
§  8.  It  should  be  remembered  also  that  this  state  of 
igs,  thus  characteristic  of  Probability,  is  permanent  there. 
long  as  they  remain  under  the  treatment  of  that  science 

conjectures,  or  whatever  we  like  to  call  them,  never 
elop  into  facts.  I  calculate,  for  instance,  the  chance  that 
ie  will  give  ace,  or  that  a  man  will  live  beyond  a  certain 
.  Such  an  approximation  to  knowledge  as  is  thus  ac- 
red is  as  much  as  we  can  ever  afterwards  hope  to  get, 

V.  18 
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unless  we  resort  to  other  methods  of  enquiry.  We  do  n< 
in  Induction,  feel  ourselves  on  the  brink  of  some  ex 
mental  or  other  proof  which  at  any  moment  may  rai 
into  certainty.  It  is  nothing  but  a  conjecture  of  a  ce 
degree  of  strength,  and  such  it  will  ever  remain,  so  lor 
Probability  is  left  to  deal  with  it.  If  anything  more  is 
to  be  made  out  of  it  we  must  appeal  to  direct  experienc 
to  some  kind  of  inductive  proof.     Afl_s£e__havfi„,sa-o£teiu 

individual    facts    ^<^ti    Ti^xroy    y^n    Ari^cxi,'jx\\V'^^    hn^^    Ki^f.   m^i 

[^"l^endencies  and  averages  of  many  events.     I 
indeed,   by  a  second    appeal    toJ?rDfaability.-«gprove 
character  of  my  conjecture,  through  being  able  to  refer 
a  narrower  and  better  class  of  statistics;  but  its  esse 
nature  remains  throughout  what  it  was. 

It  appears  to  me  therefore  that  the  account  of  the  Mat< 
ist  view  of  logic  indicated  at  the  commencement  of 
chapter,  though  substantially  sound,  needs  some  slight  r< 
sideration  and  restatement.  It  answers  admirably  so  fi 
ordinary  Induction  is  concerned,  but  needs  some  rev 
if  it  is  to  be  equally  applicable  to  that  wider  vie^ 
the  nature  and  processes  of  acquiring  knowledge  wh< 
the  science  of  logic  is  considered  to  involve  Probal: 
also  as  well  as  Induction. 

§  9.  Briefly  then  it  is  this.  We  regard  the  sciei 
thinker,  whether  he  be  the  original  investigator  who 
covers,  or  the  logician  who  analyses  and  describes  the  pi 
that  may  be  offered,  as  surrounded  by  a  world  of  objec 
phenomena  extending  indefinitely  both  ways  in  time,  an 
every  direction  in  space.  Most  of  them  are,  and  always 
remain,  unknown.  If  we  speak  of  them  as  facts  we  n 
that  they  are  potential  objects  of  human  knowledge, 
under  appropriate  circumstances  men  could  come  to  d( 
minate  and  final  agreement  about  them.    The  scientifi 
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naterial  logician  has  to  superintend  the  process  of  converting 
»  much  as>8ible  of  the^  unknown  phenomena  into  whaf 
are  known,  of  aggregating  them,  as  we  have  said  above,  about 
the  nucleus  of  certain  data  which  experience  and  observation 
had  to  start  with.  In  so  doing  his  principal  resources  are 
the  Methods  of  Induction,  of  which  something  has  been 
flcdd  in  a  former  chapter;  another  resource  is  found  in  the 
Theory  of  Probability,  and  another  in  Deduction. 

Now,  however  such  language  may  be  objected  to  as 
savouring  of  Conceptualism,  I  can  see  no  better  compendious 
way  of  describing  these  processes  than  by  sajdng  that  we  are 
engaged  in  getting  at  conceptions  of  these  external  pheno- 
mena, and  as  far  as  possible  converting  these  conceptions 
into  facts.  What  is  the  natural  history  of  'facts'  if  we  trace 
them  back  to  their  origin  ?  They  first  come  into  being  as 
mere  guesses  or  conjectures,  as  contemplated  possibilities 
whose  correspondence  with  reality  is  either  altogether  dis- 
believed or  regarded  as  entirely  doubtful.  In  this  stage,  of 
coarse,  their  contrast  with  facts  is  sharp  enough.  How  they 
•rise  it  does  not  belong  to  Logic  but  to  Psychology  to  say. 
Logic  indeed  has  little  or  nothing  to  do  with  them  whilst 
Ihey  are  in  this  form.  Everyone  is  busy  all  his  life  in  enter- 
taining such  guesses  upon  various  subjects,  the  superiority  of 
the  philosopher  over  the  common  man  being  mainly  found  in 
the  quality  of  his  guesses,  and  in  the  skill  and  persistence 
with  which  he  sifts  and  examines  them.  In  the  next  stage 
they  mostly  go  by  the  name  of  theories  or  hjrpotheses,  when 
they  are  comprehensive  in  their  scope,  or  are  in  any  way  on 
R  scale  of  grandeur  and  importance :  when  however  they  are 
rf  a  trivial  kind,  or  refer  to  details,  we  really  have  no  distinc- 
tive or  appropriate  name  for  them,  and  must  be  content 
Hierefore  to  call  them  'conceptions.'  Through  this  stage 
Biey  flit  with  great  rapidity  in  Inductive  Logic ;  often  the 
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logician  keeps  them  back  until  their  evidence  is  so  st: 
that  they  come  before  the  world  at  once  in  the  full  dig 
of  facts.  Hence,  as  already  remarked,  this  stage  of  1 
career  is  not  much  dwelt  upon  in  Logic.  But  the  ^ 
business  of  Probability  is  to  discuss  and  estimate  thei 
this  point.  Consequently,  so  far  as  this  science  is  concei 
the  explanation  of  the  Material  logician  as  to  the  refer 
of  names  and  propositions  has  to  be  modified. 

§  10.     The  best  way  therefore  of  describing  our  pos 

in  Probability  is  as  follows : — We  axe  entertavtiing  a  cw 

tion  of  some  event.  past^jpj^aeiifc^qLittture.  ^  From  the  m 

oLiiXQ  case  this  conoeptioii  is  allthat  can  be  actually 

tained  by  the  mind.     In  its  present  condition  it  woul 

incorrect  to  call  it  a  fact,  though  we  would  willingly,  i 

could,  convert  it  into  such  by  making  certain  of  it  one 

or  the  other.     But  so   long  as   our  conclusions   are  t< 

eflfected  by  considerations  of  Probability  only,  we  cannc 

^  >this,-^  The  utmost  wo  con  do-i&-tCLestimate  or  evaluOi 

I   ,The  whole  function  of  Probability.  ig,>^-give  rules  fc 

\  doing.     Bj   means   of '^lU'Wice    Lo   sLalisLict^   or  ^^ 

Seduction,  as^tKe  case  mia-y  be,,  we  are  enabled  to  say 

much  this  conception  is  to  be  believed^ihat  Jus.  iiL^Ji¥hatr 

I       ,     ■  .,  .  f -- . ..— - 

portion  out  of  the  total  number  of  cases"  we  sEaTT  be  \ 

in  so  doing.     Our  position,  jj|'.J.L['i'i^..i'!.J'1>>  '^^  rnwi"!  "i 

dfetinetly.  that  pf_entertamin^  a  concoptioi^  <Hid  thcrpr 

•  for  infereuce-TsHjhat^of  ascwrtaining  to  what  extent  w( 

,   [justified  in  adding  thia-^concgption  t^the  already  rea 

.'  body  of  truth  and  fact. 

So  long,  then,  as  we  are   confined  to  Probability  1 
conceptions  remain  such.     But  if  we  turn  to  Inductioi 
see  that  they  are  meant  to  go  a  step  further.     Jheir 
^tage  Js  not  reached  until  they  have  ripeogdunto  facte 
st>  takfift  -tiheir  J[lace  amongst  uncontested  triitha>^  Tl: 
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their  final  destination  in  Logic,  and  our  task  is  not  accom- 
plished until  they  have  reached  it. 

§  11.  Such  language  as  this  in  which  we  speak  of  our 
position  in  Probability  as  being  that  of  entertaimfiga  con- 
ception,  and  being  occupied  in  determining  what  degree  o 

savour  of  ConceptuaEsm, 

^altimate 
isfee^s^alj^^  We  start  fromj^em-afr  our  data,  ^ 


MuTrfifl/^b  thpTYi  flgflJTi^ventuallyin  ourresultsjvlifilieKeci^. 
»^f>ossibte:    K*iProbarbility,_of^course,  we  cannot  do  this jnJA 
lihrritidiVTrtTTTij^rrinnltj  but  CTrn  thnn^X^fi"^^HY^  inT!h.  viy-wir 
justify  our  conclusions  by  appeal  to  factsTldzr  to-ii^?iat    / 

bppeSrftr^tllB-ioBgLxiinr  — ^ 

The  discussion  which  has  been  thus  given  to  this  "paSlTDf* 
;he  subject  may  seem  somewhat  tedious,  but  it  was  so  ob- 
dously  forced  upon  us  when  considering  the  distinction 
)etween  the  two  main  views  of  Logic,  that  it  was  impossible 
»  pass  it  over  without  fear  of  misapprehension  and  confu- 
sion. Moreover,  as  will  be  seen  in  the  course  of  the  next 
chapter,  several  important  conclusions  could  not  have  been 
)roperly  explained  and  justified  without  first  taking  pains 
0  make  this  part  of  our  ground  perfectly  plain  and  satis- 
actoiy. 


CHAPTER   Xn. 


CONSEQUENCES  OF  THE  FOREGOING  DISTINCTIONS. 


§  1.     We  are  now  in  a  position  to  explain  and  justify 
important  conclusions  which,  if  not  direct  conBequenoeB 
the  distinctions  laid  down  in  the  last  chapter,  will  at 
rate  be   more  readily  appreciated  and  accepted  after  tlHl 
exposition. 

In  the  first  place,  it  will  be  seen  that  in  Probability  tM 
has  nothing  to  do  with  the  question ;  in  other  words,  it  d<» 
not  matter  whether  the  event,  whose  probability  we  are  <&- 
cussing,  be  past,  present,  or  future.  The  problem  before  i*  \ 
in  its  simplest  form,  is  this : — Statistics  (extended  by  In(hl^ 
tion,  and  practically  often  gained  by  Deduction)  infonn  w 
that  a  certain  event  has  happened,  does  happen,  or  viD 
happen,  in  a  certain  way  in  a  certain  proportion  of  ca8»^ 
^ We  form  a  conception  of  thatjexentrAnd-i^gartHraspofiable; 
but  we  want  to  do  more ;  we  want  to  know  how  mud  ^ 
■^ught  to  expect  it  (under  the  explanations  given  in  sTfSP^ 
mer  chapter  about  quantity  of  belief).  There  is  therefore « 
sort  of  relative  futurity  about  the  event,  inasmuch  as  oor 
knowledge  of  the  fact,  and  therefore  our  justification  of 
otherwise  of  the  correctness  of  our  surmise,  almost  neces- 
sarily comes  after  the  surmise  was  formed ;  but  the  futurity 
is  only  relative.  The  evidence  by  which  the  question  is  ^* 
be  settled  may  not  be  forthcoming  yet,  or  we  may  have  it  bf 
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IS  but  only  consult  it  afterwards.  It  is  from  the  fact  of  the 
futurity  being,  as  above  described,  only  relative,  that  I  have 
preferred  to  speak  of  the  conception  of  the  event  rather  than 
of  the  anticipation  of  it.  The  latter  term,  which  in  some  re- 
spects would  have  seemed  more  intelligible  and  appropriate, 
is  open  to  the  objection,  that  it  does  rather,  in  popular  esti- 
mation, convey  the  notion  of  an  absolute  as  opposed  to  a 
relative  futurity. 

§  2.  For  example ;  a  die  is  thrown.  Once  in  six  times 
it  gives  ace ;  if  therefore  we  assume,  without  examination, 
that  the  throw  is  ace,  we  shall  be  right  once  in  six  times. 
[n  so  doing  we  may,  according  to  the  usual  plan,  go  forwards 
n  time;  that  is,  form  our  opinion  about  the  throw  before - 
land,  when  no  one  can  tell  what  it  will  be.  Or  we  might  go 
hadcwards;  that  is,  form  an  opinion  about  dice  that  had 
been  cast  on  some  occasion  in  time  past,  and  then  correct 
ppr^opiaion  by  the  testunony  of  some  one  who  had  been  a 
fjjTnAflQ  nf  \\i(^.j^a»ermr^Ar\  either  casc  the  mental  operation 
iygecisely  the  same^/i.ii  opinion  On'mrd  iiiTTrTj~ir7?rTlliifi(i 
(^1  gT«(^nnHa  ja  afterwardau^errectgyBy  flpeQific..e3rida»oer  The 
opinion  may  have  been  formed  upon  a  past,  present,  or  future 
event ;  the  evidence  which  corrects  it  afterwards  may  be  our 
own  eyesight,  or  the  testimony  of  others,  or  any  kind  of  in- 
ference; by  the  evidence  is  merely  meant  such  subsequent 
eiamination  of  the  case  as  is  assumed  to  set  the  matter  at 
rest  It  is  quite  possible,  of  course,  that  this  specific  evi- 
dence should  never  be  forthcoming ;  the  conception  in  that 
case  remains  as  a  conception,  and  never  obtains  that  degree 
of  conviction  which  qualifies  it  to  be  regarded  as  a  *  fact/ 
This  is  clearly  the  case  with  all  past  throws  of  dice  the  re- 
sults of  which  do  not  happen  to  have  been  recorded. 

In  discussing  games  of  chance  there  are  obvious  advan- 
tages in  confining  ourselves  to  what  is  really,  as  well  as 
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relatively,  future,  for  in  that  case. direct  information  con< 
ing  the  contemplated  result  being  impossible,  all  persons 
on  precisely  the  same  footing  of  comparative  ignorance, 
must  form  their  opinion  entirely  from  the  known  or  infe 
frequency  of  occurrence  of  the  event  in  question.     On 
other  hand,  if  the  event  be  passed,  there  is  almost  always  evi*| 
dence  of  some  kind  and  of  some  value,  however  slight, 
inform  us  what  the  event  really  was;  if  this  evidence  is 
actually  at  hand,  we  can  generally,  by  waiting  a  little,  obi 
something  that^ehallbe  at  least  of  some  use  to  us  in  foi 
our  opinion.     Pra)isticaIt^r^^ierefore  we  generally  nni^finp  c^xjt^ 
H9etvespiB~anti.cipations  of  this  kind,  to  what  is  really  fill 
ajid.  so  in  popular  estimation  ftitufiCy^jtecomi 
aooociatod  wilE  pfobabllifcy.^ 

§  3.     There  is  however  an  error  closely  connected 
the  above  view  of  the  subject,  or  at  least  an  inaccuracy 
expression  which  is  constantly  liable  to  lead  to  error,  wl 
has  found   wide   acceptance,  and  has  been   sanctioned  by] 
writers  of  the  greatest  authority.     For  instance,  both  Butler« 
in  his  Analogy y  and  Mill,  have  drawn  attention,  under  anOi 
form  of  expression  or  another,  to  the  distinction  between  im- 
probability before   the   event   and  improbability  after  the 
event,  which  they  consider  to  be  perfectly  diflferent  thinga^ 
That  this  phraseology  indicates  a  distinction  of  importanoaj 
cannot  be  denied,  but  it  seems  to  me  that  the  language  in 
which  it  is  often  expressed  requires  to  be  amended. 

Butler  s  remarks  on  this  subject  occur  in  his  Analogy,  in 
the  chapter  on  miracles.  Admitting  that  there  is  a  strong 
presumption  against  miracles  (his  equivalent  for  the  ordi- 
nary expression,  an  'improbability  before  the  event*)  he 
strives  to  obtain  assent  for  them  by  showing  that  other 
events,  which  also  have  a  strong  presumption  against  them, 
are  received  on  what  is  in  reality  very  slight  evidence.    He 
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"  There  is  a  very  strong  presumption  against  common 
lative  truths,  and  against  the  most  ordinary  facts,  be- 
he  proof  of  them ;  which  yet  is  overcome  by  almost  any 
There  is  a  presumption  of  millions  to  one  against  the 
of  Csesar,  or  of  any  other  man.  For,  suppose  a  number 
nmon  facts  so  and  so  circumstanced,  of  which  one  had 
id  of  proof,  should  happen  to  come  into  one's  thoughts, 
one  would  without  any  possible  doubt  conclude  them 
fitlse.     And  the  like  may  be  said  of  a  single  common 

4.  These  remarks  have  been  a  good  deal  criticized, 
hey  certainly  seem  to  me  misleading  and  obscure  in 
reference.  If  one  may  judge  by  the  context,  and  by 
er  passage  in  which  the  same  argument  is  afterwards 
3d  to*,  it  would  certainly  appear  that  Butler  drew  no 
3tion  between  miraculous  accounts,  and  other  accounts 
,  to  use  any  of  the  various  expressions  in  common  use, 
ilikely  or  improbable  or  have  a  presumption  against 
i  and  concluded  that  since  some  of  the  latter  were  in- 
Y  accepted  upon  somewhat  mediocre  testimony,  it  was 
ther  irrational  to  reject  the  former  when  similarly  or 
supported*.  This  subject  will  come  again  under  our 
,  and  demand  fuller  discussion,  in  the  chapter  on  the 
nlity  of  extraordinary  stories.     It  will  suffice  here  to 


it  not  self-evident  that  inter- 
Tobabilities  of  all  kinds  weak- 
mal  proof?  Doubtless,  but 
practical  purpose  ean  this  be 
here,  when  it  has  been  proved 
that  real  internal  improbabi- 
hich  rise  even  to  moral  cer- 
are  overcome  by  the  most 
r  testimony."  Part  n.  ch.  in. 
iracles  must  not  be  compared 


to  common  natural  events;  or  to 
events  which,  though  uncommon, 
are  similar  to  what  we  daily  expe- 
rience; but  to  the  extraordinary 
phenomena  of  nature.  And  then 
the  comparison  will  be  between  the 
presumption  against  miracles,  and 
the  presumption  against  such  un- 
common appearances,  suppose  as 
comets, " Part  U.  ch.  ii. 
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remark  that,  however  satisfactory  such  a  view  of  the  : 
might  be  to  some  theologians,  no  antagonist  of  m 
would  for  a  moment  accept  it.  He  would  naturally 
that,  instead  of  the  miraculous  element  being  (as 
considers)  "a.  small  additional  presumption"  again) 
narrative,  it  involved  the  events  in  a  totally  distinct  c 
incredibility ;  that  it  multiplied,  rather  than  merely 
to,  the  difficulties  and  objections  in  the  way  of  ace 
the  account. 

Mills  remarks  (Logic,  Bk.  ill.  ch.  xxv.  §  4)  are  ol 
ferent  character.  Discussing  the  grounds  of  disbel 
speaks  of  people  making  the  mistake  of  ."  overlooldi 
distinction  between  (what  may  be  called)  improb 
before  the  fact,  and  improbability  after  it,  two  di 
properties,  the  latter  of  which  is  always  a  ground  < 
belief,  the  former  not  always."  He  instances  the  tk 
of  a  die.  It  is  improbable  beforehand  that  it  shoul 
up  ace,  and  yet  afterwards,  "  there  is  no  reason  for 
lieving  it  if  any  credible  witness  asserts  it."  So  agaii 
chances  are  greatly  against  A.  B.'s  dying,  yet  if  any  or 
us  that  he  died  yesterday  we  believe  it." 

§  5.     That  there  is  some  difficulty  about  such  pr< 
as  these  must  be  admitted.     The  fact  that  so  many 
find  them  a  source  of  perplexity,  and   that   such   ^ 
explanations  are  offered  to  solve  the  perplexity,  are 
ficient  proof  of  this\     The  considerations  of  the  last  cl 


^  For  instance,  Sir  J.  F.  Stephen 
explains  it  by  drawing  a  distinction 
between  chances  and  probabilities, 
which  he  says  that  Butler  has  con- 
fused together;  ''the  objection  that 
very  ordinary  proof  will  overcome  a 
presumption  of  millions  to  one  is 
based  upon  a  confusion  between  pro- 


babilities and  chances.  Tht 
bility  of  an  event  is  its  caps 
being  proved.  Its  chance 
numerical  proportion  betw 
number  of  possible  oases — i 
to  be  equally  favourable — f^ 
to  its  occurrence;  and  the 
of  possible  cases  nnfavooral 
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sver,  over-technical  and  even  scholastic  as  some  of  the 
nage  in  which  it  was  expressed  may  have  seemed  to  the 
ler,  will  I  hope  guide  ns  to  a  more  satis&ctory  way  of 
jxling  the  matter. 

When  we  speak  of  an  improbable  event,  it  must  be 
embered  that,  objectively  considered,  an  event  can  only 
oaore  or  less  rare;  the  extreme  degree  of  rarity  being  of 
rse  that  in  which  the  event  does  not  occur  at  alL  Now, 
ras  shown  in  the  kst  chapter,  our  position,  when  forming 
jments  of  the  tiine  in  question,  is  that  of  entertaining 
onception  or  conjecture  (call  it  what  we  will),  and  as- 
ring  a  certain  weight  of  trustworthiness  to  it.  The  real 
inction,  therefore,  between  the  two  classes  of  examples 
actively,  which  are  adduced  both  by  Butler  and  by  Mill, 
dsts  in  the  way  in  which  those  conceptions  are  obtained ; 
f  being  obtained  in  one  case  by  the  process  of  guessing, 
in  the  other  by  that  of  giving  heed  to  the  reports  of 
lesses. 

§  6.  Take  Butler's  instance  first.  In  the  *  presumption 
tre  the  proof*  we  have  represented  to  us  a  man  thinking 
he  story  of  Coesar,  that  is,  making  a  guess  about  certain 
orical  events  without  any  definite  grounds  for  it,  and 
1  speculating  as  to  what  value  is  to  be  attached  to  the 
)ability  of  its  truth.  Such  a  guess  is  of  course,  as  he 
I,  concluded  to  be  false.  But  what  does  he  understand 
the  'presumption  after  the  proof?  That  a  story  not 
pted  at  random,  but  actually  suggested  and  supported  by 
lesses,  should  be  true.  The  latter  might  be  accepted, 
Ist  the  former  would  undoubtedly  be  rejected;  but  all 
J  this  proves,  or  rather  illustrates,  is  that  the  testimony 

rtence**  {General  view  of  the  Cri'  1851),  employs  the  terms  improba- 
I  Law  of  England,  p.  255).  bility  and  incredibility  to  mark  the 
dn,  again  {Pkil.  Magazine,  June,      same  distinction. 
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of  almost  any  witness  is  in  most  cases  vastly  better 
a  mere  guess*.  We  may  in  both  cases  alike  speak  o 
event*  i£  we  will;  in  fact,  as  was  admitted  in  th 
chapter,  common  language  will  not  readily  lend  itself  t 
other  way  of  speaking.  But  it  should  be  clearly  \ 
stood  that,  phrase  it  how  we  will,  what  is  really  pres 
the  man's  mind,  and  what  is  to  have  its  probable 
assigned  to  it,  is  the  conception  of  an  event,  in  the  se 
which  that  expression  has  already  been  explaiDed 
surely  no  two  conceptions  can  have  a  much  more  imp 
distinction  put  between  them  than  that  which  is  invol 
supposing  one  to  rest  on  a  mere  guess,  and  the  other  < 
report  of  a  witness.  Precisely  the  same  remarks  ap 
the  example  given  by  Mill.  Before  A.  B.'s  deat 
opinion  upon  the  subject  was  nothing  but  a  guess 
own  founded  upon  life  statistics;  after  his  death  : 
founded  upon  the  evidence  of  some  one  who  presu 
had  tolerable  opportunities  of  knowing  what  the  facts 
were. 

§  7.  That  the  distinction  before  us  has  no  essendi 
nection  whatever  with  time  is  indeed  obvious  on  a  mo; 
consideration.  Conceive  for  a  moment  that  some  on 
opportunities  of  knowing  whether  A.  B.  would  die  c 
If  he  told  us  that  A.  B.  would  die  to-morrow,  we  she 
that  case  be  just  as  ready  to  believe  him  as  when  he  t 

that  A  B.  has  died.     If  we  continued  to  feel  anv 

• 

about  the  statement  (supposing  always   that  we  ha 

^  In  the  extreme  case  of  the  wit-  again  in  Chapter  zm.    It 

ness    himself    merely   guessing,    or  remarked  that  there  are  lera 

being    as    untrustworthy    as    if   he  tleties  here  which  cannot 

merely  guessed,  the  two  stories  will  quately  noticed  withoat  son 

of  course  stand  on  precisely  the  same  ous  investigation  into  the  < 

footing.    This  case  will  be  noticed  of  the  credibility  of 
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idence  about  his  veracity  in  matters  into  which  he  had 
J  enquired),  it  would  be  because  we  thought  that  in  his 
t,  as  in  ours,  it  was  equivalent  to  a  guess,  and  nothing 
e.  So  with  the  event  when  past,  the  fiwjt  of  its  being 
b  makes  no  diJBference  whatever;  until  the  credible  wit- 
i  informs  us  of  what  he  knows  to  have  occurred,  we 
old  doubt  it  if  it  happened  to  come  into  our  minds,  just 
nuch  as  if  it  were  future. 

The  distinction,  therefore,  between  probability  before  the 
nt  and  probability  affcer  the  event  seems  to  resolve  itself 
ply  into  this ; — ^before  the  event  we  often  have  no  better 
ms  of  information  than  to  appeal  to  statistics  in  some 
Q  or  other,  and  so  to  guess  amongst  the  various  possible 
tmatives ;  after  the  event  the  guess  may  most  commonly 
improved  or  superseded  by  appeal  to  specific  evidence, 
ihe  shape  of  testimony  or  observation.  Hence,  naturally, 
estimate  in  the  latter  case  is  commonly  of  much  more 
le.  But  if  these  characteristics  were  anyhow  inverted ; 
hat  is,  we  were  to  confine  ourselves  to  guessing  about  the 
t,  and  if  we  could  find  any  additional  evidence  about  the 
ire,  the  respective  values  of  the  different  estimates  would 
»  be  inverted.  The  difference  between  these  values  has 
necessary  connection  with  time,  but  depends  entirely 
m  the  different  grounds  upon  which  our  conception  or 
jecture  about  the  event  in  question  rests. 
§  8.  The  following  imaginary  example  will  serve  to 
ig  out  the  point  indicated  above.  Conceive  a  people  with 
jr  short  memories,  and  who  preserved  no  kind  of  record  to 
petuate  their  hold  upon  the  events  which  happened 
Dngst  them\    The  whole  region  of  the  past  would  then  be 

According  to  Dante,  something  cardinals  and  others  whom  he  there 
sibling  this  prevailed  amongst  meets  are  able  to  give  information 
occupants  of  the  Inferno,    The      about  many  eyents  which  were  yet 
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to  them  what  much  of  the  future  is  to  us ;  viz.  a  regi< 
guesses  and  conjectures,  one  in   reference   to   which 
could  only  judge  upon  general  considerations  of  probabi 
rather  than  by  direct  and  specific  evidence.     But  cone 
also  that  they  had  amongst  them  a  race  of  prophets 
could  succeed  in   foretelling   the   future   with   as  nea 
approach   to   accuracy  and  trustworthiness   as   our  vai 
histories,  and  biographies,  and  recollections,  can  attaii 
respect  to  the  past.     The  present  and  usual   function 
direct  evidence  or  testimony,  and  of  probability,  would 
be  simply  inverted;  and  so  in  consequence  would  the 
sent  accidental  characteristics  of  improbability  before 
after  the  event.     It  would  then  be  the  latter  which  iw 
by  comparison  be  regarded  as  '  not  always  a  ground  of 
belief,'  whereas  in  the  case  of  the  former  we  should 
have  it  maintained  that  it  always  was  so. 

§  9.  The  origin  of  the  mistake  just  discussed  is  ^ 
enquiring  into.  I  take  it  to  be  as  follows.  It  is  oftei 
case,  as  above  remarked,  when  we  are  speculating  8 
a  future  event,  and  almost  always  the  case  when  that  fi 
event  is  taken  from  a  game  of  chance,  that  all  persons  a 
precisely  the  same  condition  of  ignorance  in  respect  1 
The  limit  of  available  information  is  confined  to  stati 
and  amounts  to  the  knowledge  that  the  unknown  ( 
must  assume  some  one  of  various  alternative  forma 
conjecture,  therefore,  of  any  one  man  about  it  is  as  vali 
as  that  of  any  other.  But  in  regard  to  the  past  the  cj 
very  different.  Here  we  are  not  in  the  habit  of  rel 
upon  statistical  information.  Hence  the  conjectures  ol 
ferent  men  are  of  extremely  different  values ;  in  the  ca 
many  they  amount   to   what   we   call   positive    knowl 

to  happen  upon  earth,  but  they  had      actually  had  happened, 
to  oih  it  for  many  events   which 
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is  puts  a  broad  distinction,  in  popular  estimation,  between 
lat  may  be  called  the  objective  certainty  of  the  past  and  of 
e  future,  a  distinction,  however,  which  from  the  standing- 
ont  of  a  science  of  inference  ought  to  have  no  existence. 

In  consequence  of  this,  when  we  apply  to  the  past  and 
^  future  respectively  the  somewhat  ambiguous  expression 
chance  of  the  event,'  it  commonly  comes  to  bear  very 
iient  significations.  Applied  to  the  future  it  bears  its 
iT  meaning,  namely,  the  value  to  be  assigned  to  a  con- 
upon  statistical  grounds.  It  does  so,  because  in  this 
hardly  any  one  has  more  to  judge  by  than  such  con- 
jures. But  applied  to  the  past  it  shifts  its  meaning, 
to  the  fact  that  whereas  some  men  have  conjectures 
'y  others  have  positive  knowledge.  By  the  chance  of  the 
it  is  now  often  meant,  not  the  value  to  be  assigned  to  a 
mjecture  founded  on  statistics,  but  to  such  a  conjecture 
ived  from  and  enforced  by  any  body  else's  conjecture,  that 
by  his  knowledge  and  his  testimony. 
I    §  10.     There  is  a  class  of  cases  in  apparent  opposition  to 

Ke  of  the  statements  in  this  chapter,  but  which  will  be 
id,  when  examined  closely,  decidedly  to  confirm  them, 
tain  walking,  say,  in  a  remote  part  of  the  country,  and  sud- 
lenly  meet  with  a  friend.  At  this  I  am  naturally  siu-prised. 
let  if  the  view  be  correct  that  we  cannot  properly  speak 
ibout  events  in  themselves  being  probable  or  improbable, 
kt  only  say  this  of  our  conjectures  about  them,  how  do  we 
liplain  this?  We  had  formed  no  conjecture  beforehand, 
far  we  were  not  thinking  about  anything  of  the  kind,  but 
let  few  would  fail  to  feel  surprise  at  such  an  incident. 

The  reply  might  fairly  be  made  that  we  had  formed 
nch  anticipations  tacitly.  On  any  such  occasion  every 
»ne  unconsciously  divides  things  into  those  which  are  known 
0  him  and  those  which  are  not.     During  a  considerable 
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previous  period  a  countless  number  of  persons  had  met 
and  all  fallen  into  the  list  of  the  unknown  to  us.    Tl 
was  nothing  to  remind  us  of  having  formed  the  antic 
tion  or  distinction  at  all,  until  it  was  suddenly  called 
into   vivid   consciousness   by  the   exceptional   event, 
words  which  we  should  instinctively  use  in  our  surprise  9 
to   show  this: — 'Who   would  have   thought   of  seeing 
here  V  viz.  Who  would  have  given  any  weight  to  the  la 
thought  if  it  had  been  called  out  into  consciousness  bef 
hand  ?    We  put  our  words  into  the  past  tense,  showing 
we  have  had  the  distinction  lurking  in  our  minds  all 
time.     We  always   have  a  multitude  of  such  ready-n 
classes  of  events  in  our  minds,  and  when  a  thing  happen 
fall  into  one  of  those  classes  which  are  very  small  we  cai 
help  noticing  the  fact. 

Or  suppose  I  am  one  of  a  regiment  into  which  a 
flies,  and  it  strikes  me,  and  me  only.     At  this  I  am 
prised,  and  why?    Our  common  language  will  guide  us  to 
reason.     '  How  strange  that  it  should  just  have  hit  me  o\ 
men  !*    We  are  thinking  of  the  very  natural  two-fold  divi 
of  mankind  into,  ourselves,  and  everybody  else  ;  our  suq 
is  again,  as  it  were,  retrospective,  and  in  reference  to 
division.     No   anticipation    was  distinctly  formed,   bee 
we  did  not  think  beforehand  of  the  event,  but  the  e\ 
when  it  has  happened,  is  at  once  assigned  to  its  appropi 
class. 

§  11.  This  view  is  confirmed  by  the  following  consic 
tions.  Tell  the  story  lo  a  friend,  and  he  will  be  a  1 
surprised,  but  less  so  tTcian  we  were,  his  division  in 
particular  case  being,— -Jcis  %c\e;iid8  (of  whom  we  are  but  < 
and  the  rest  of  mankJ^^^A.  ^^  ^  T^iot  a  necessary  division 
it  is  the  one  which  w^  ^=:^^\i^'fi^^^^VVkdy  suggested  to  him. 
Tell  it  again  to  ^  —   _^etlec^.  ^Ixaugei,  and  his  division  I 
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ferent  (viz.  we  falling  into  the  majority)  we  shall  fail  to 
ike  h\m  perceive  that  there  is  anything  at  all  remarkable 
lihe  event. 
It  is  not  of  course  attempted  in  these  remarks  to  justify 
surprise  in  every  case  in  which  it  exists.  Different 
►ns  might  be  differently  affected  in  the  cases  supposed, 
the  examples  are  therefore  given  mainly  for  illustration. 
on  principles  already  discussed  (Ch.  vi.  §  32)  we  might 
to  find  something  like  a  general  justification  of  the 
it  of  surprise. 
§  12.  The  answer  commonly  given  in  these  cases  is 
Led  to  attempting  to  show  that  the  surprise  should  not 
JBe,  rather  than  to  explaining  how  it  does  arise.  It  takes 
following  form,— ^  You  have  no  right  to  be  surprised,  for 
remarkable  has  really  occurred.  If  this  particular 
had  not  happened  something  equally  improbable 
If  the  shot  had  not  hit  you  or  your  friend,  it  must 
^e  hit  some  one  else  who  was  A  priori  as  unlikely  to  be 

For  one  thing  this  answer  does  not   explain  the  fact 
almost  every  one  is  surprised  in  such  cases,  and  sur- 
somewhat   in    the   different   proportions   mentioned 
re.      Moreover   it    has    the   inherent   unsatisfactoriness 
admitting  that   something  improbable  has  really  hap- 
led,  but  getting  over  the  difficulty  by  saying  that  all  the 
\er  alternatives  were  equally  improbable.     A  natural  in- 
mce  from  this  is  that  there  is  a  class  of  things,  in  them- 
res  really  improbable,  which  can  yet  be  established  upon 
slight  evidence.     Butler  accepted  this  inference,  and 
rked  it  out  to  the  strange  conclusion  given  above.     Mill 
^mpts  to  avoid  it  by  the  consideration  of  the  very  differ- 
It  values  to  be  assigned  to  improbability  before  and  after 
event.     Some  further  discussion  of  this  point  will  be 

V.  19 
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found  in  the  chapter  on  Fallacies,  and  in  that  on  the 
bility  of  Extraordinary  Stories. 

§  13.  In  connection  with  the  subject  at  present 
discussion  we  will  now  take  notice  of  a  distinction  which: 
shall  often  find  insisted  on  in  works  on  Probability,  but] 
which  apparently  needless  importance  has  been  atl 
It  is  frequently  said  that  probability  is  relative,  in  the 
that  it  has  a  different  value  to  different  persons  accoi 
to  their  respective  information  upon  the  subject  in  qi 
tion.  For  example,  two  persons,  A  and  B,  are  going  to 
a  ball  from  a  bag  containing  4  balls :  A  knows  that 
balls  are  black  and  white,  but  does  not  know 
B  knows  that  three  are  black  and  one  white.  It 
be  said  that  the  probability  of  a  white  ball  to  A  is  ^, 
toB^. 

When  however  we  regard  the  subject  from  the  mat 
standing  point,  there  really  does  not  seem  to  me  much 
in  this  than  the  principle,  equally  true  in  every  other  sci( 
that  our  inferences  will  vary  according  to  the  data  we 
sume.  We  might  on  logical  grounds  with  almost 
propriety  speak  of  the  area  of  a  field  or  the  height  of: 
mountain  being  relative,  and  therefore  having  one  value 
one  person  and  another  to  another.  The  real  meaning  of 
example  cited  above  is  this  :  A  supposes  that  he  is  ch< 
white  at  random  out  of  a  series  which  in  the  long  run  w< 
give  white  and  black  equally  often ;  B  supposes  that 
is  choosing  white  out  of  a  series  which  in  the  long  run  w< 
give  three  black  to  one  white.  By  the  application,  th< 
fore,  of  a  precisely  similar  rule  they  draw  different  cone 
sions;  but  so  they  would  under  the  same  circumstances 
any  other  science.  If  two  men  are  measuring  the  height 
a  mountain,  and  one  supposes  his  base  to  be  1000  fc 
whilst  the  other  takes  it  to  be  1001,  they  would  of  coa 
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Imn  different  opinions  about  the  hjeight.     The  science  of 
uration  is  not  supposed  to  have  anjrthing  to  do  with 
truth  of  the  data,  but  assumes  them  to  have  been  cor- 
tly  taken ;  why  should  not  this  be  equally  the  case  with 
►bability,  making  of  course  due  allowance  for  the  peculiar 

ter  of  the  data  with  which  it  is  concerned  ? 
§  14.  This  view  of  the  relativeness  of  probability  is 
ected,  as  it  appears  to  me,  with  the  subjective  view  of 
science,  and  is  indeed  characteristic  of  it.  It  seems  a 
illustration  of  the  weak  side  of  that  view,  that  it  should 
us  to  lay  any  stress  on  such  an  expression.  As  was 
ly  explained  in  the  last  chapter,  in  proportion  as  we  work 
it  the  Conceptualist  principle  we  are  led  away  from  the 
idamental  question  of  the  material  logic,  viz.  Is  our  belief 
ally  correct,  or  not  ?  and,  if  the  former,  to  what  extent 
degree  is  it  correct?  We  are  directed  rather  to  ask, 
t  belief  does  any  one  as  a  matter  of  fact  hold  ?  And, 
■nee  the  belief  thus  entertained  naturally  varies  according 
to  the  circumstances  and  other  sources  of  information  of  the 
person  in  question,  its  relativeness  comes  to  be  admitted  as 
inevitable,  or  at  least  it  is  not  to  be  wondered  at  if  such 
ihould  be  the  case. 

On  our  view  of  Probability,  therefore,  its  '  relativeness '  in 
y  given  case  is  a  misleading  expression,  and  it  will  be 
d  much  preferable  to  speak  of  the  effect  produced  by 
tions  in  the  nature  and  amount  of  the  data  which  we 
.ve  before  us.  Now  it  must  be  admitted  that  there  are 
frequently  cases  in  our  science  in  which  such  variations  are 
peculiarly  likely  to  be  found.  For  instance,  I  am  expecting 
a  friend  who  is  a  passenger  in  an  ocean  steamer.  There  are 
a  hundred  passengers  on  board,  and  the  crew  also  numbers 
[a  hundred.  I  read  in  the  papers  that  one  person  was  lost  by 
Tailing  overboard  ;  my  anticipation  that  it  was  my  friend  who 

19—2 
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was  lost  is  but  small,  of  course.  On  turning  to  anotha: 
paper,  I  see  that  the  man  who  was  lost  was  a  passenger,  not 
one  of  the  crew;  my  slight  anxiety  is  at  once  doubled  But 
another  account  adds  that  it  was  an  Englishman,  and 
that  line  at  that  season  the  English  passengers  are  knowa; 
to  be  few ;  I  at  once  begin  to  entertain  decided  fears.  And,] 
so  on,  every  trifling  bit  of  information  instantly  affecting  my 
expectations. 

§  15.     Now  since  it  is  peculiarly  characteristic  of  Pro 
bility,  as  distinguished  from  Induction,  to  be  thus  at 
mercy,  so  to  'say,  of  every  little  fact  that  may  be  floa 
about  when  we  are  in  the  act  of  forming  our  opinion,  w 
can  be  the  harm  (it  may  be  urged)  of  expressing  this  stated 
of  things  by  terming  our  state  of  expectation  relative? 

There  seem  to  me  to  be  two  objections.     In  the  first  p] 
as  just  mentioned,  we  are  induced  to  reject  such  an  exp: 
sion  on  grounds  of  consistency.     It  is  inconsistent  with 
general  spirit  and  treatment  of  the  subject  hitherto  adopted, 
and  tends  to  divorce  Probability  from  Inductive  logic  instead 
of  regarding  them  as  cognate  sciences.     We  are  aiming  at-- 
truth,  as  far  as  that  goal  can  be  reached  by  our  road,  and 
therefore  we  dislike  to  regard  our  conclusions  as  relative  i 
any  other  sense  than  that  in  which  truth  itself  may  be  said 
to  be  relative. 

In  the  second  place,  this  condition  of  unstable  asseni 
this  constant  liability  to  have  our  judgment  affected,  to  any 
degree  and  at  any  moment,  by  the  accession  of  new  know- 
ledge, though  doubtless  characteristic  of  Probability,  d 
not  seem  to  me  characteristic  of  it  in  its  sounder  and  moit 
legitimate  applications.     It  seems  rather  appropriate  to  ft 
precipitate  judgment  formed  in  accordance  with  the  ruleiL 
than  a  strict  example  of  their  natural  emplojnnent,    Sud 
precipitate  judgments  may  occur  in  the  case  of  ordinaij  de 
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active  conclusions.  In  the  practical  exigencies  of  life  we 
re  constantly  in  the  habit  of  forming  a  hasty  opinion  with 
early  fiill  confidence,  at  any  rate  temporarily,  upon  the 
brength  of  evidence  which  we  must  well  know  at  the  time 
iannot  be  final.  We  wait  a  short  time,  and  something  else 
turns  up  which  induces  us  .to  alter  our  opinion,  perhaps  to 
leverse*  it.  Here  our  conclusions  may  have  been  perfectly 
(K)und  under  the  given  circumstances,  that  is,  they  may  be 
such  as  every  one  else  would  have  drawn  who  was  bound  to 
Blake  up  his  mind  upon  the  data  before  us,  and  they  are 
tnquestionably  'relative'  judgments  in  the  sense  now  under 
discussion.  And  yet,  I  think,  every  one  would  shrink  from 
io  terming  them  who  wished  systematically  to  carry  out  the 
Tiew  that  Logic  was  to  be  regarded  as  an  organon  of  truth. 

§  16.  In  the  examples  of  Probability  which  we  have 
hitherto  employed,  we  have  for  the  most  part  assumed  that 
there  was  a  certain  body  of  statistics  set  before  us  on  which 
our  conclusion  was  to  rest.  It  was  assumed,  on  the  one 
mud,  that  no  direct  specific  evidence  could  be  got,  so  that 
|the  judgment  was  really  to  be  one  of  Probability,  and  to  rest 
|t!i  these  statistics ;  in  other  words,  that  nothing  better  than 
em  was  available  for  us.  But  it  was  equally  assumed,  on 
e  other  hand,  that  these  statistics  were  open  to  the  obser- 
ation  of  every  one,  so  that  we  need  not  have  to  put  up  mth 
lything  inferior  to  them  in  forming  our  opinion.  In  other 
ords,  we  have  been  assuming  that  here,  as  in  the  case  of 
ost  other  sciences,  those  who  have  to  draw  a  conclusion 
from  the  same  footing  of  opportunity  and  information, 
is,  for  instance,  clearly  is  or  ought  to  be  the  case  when 
e  are  concerned  with  games  of  chance ;  ignorance  or  mis- 
bprehension  of  the  common  data  is  never  contemplated 
were.  So  with  the  statistics  of  life,  or  other  insurance :  so 
|tog  as  our  judgment  is  to  be  accurate  (after  its  fediioii^  est 


294 


The  Relativity  of  Probability,         [chap. 


justifiable,  the  common  tables  of  mortality  are  all  that 
one  has  to  go  by. 

§  17.     It  is  true  that  in  the  case  of  a  man's  prospect 
death  we   should  each   qualify  our  judgment  by  what 
knew  or  reasonably  supposed  as  to  his  health,  habits, 
fession,  and  so  on,  and  should  thus  arrive  at  varying 
mates.     But  no  one  could  justify  his  own  estimate  with( 
appealing  explicitly  or  implicitly  to  the  statistical  grounds 
which  he  had  relied,  and  if  these  were  not  previously  avi 
able  to  other  persons,  he  must  now  set  them  before 
notice.     In  other  words,  the  judgments  we  entertain,  here 
elsewhere,  are  only  relative  so  long  as  we   rest   them 
grounds  peculiar  to  ourselves.     The  process  of  justific 
which  I  consider  to  be  essential  to  logic,  has  a  tendency 
correct  such  individualities  of  judgment,  and  to  set  all 
servers  on  the  same  basis  as  regards  their  data. 

It  is  better  therefore  to  regard  the  conclusions  of  Prol 
bility  as  being  absolute  and  objective,  in  the  same  sense 
though  doubtless  in  a  far  less  degree  than,  they  are  in  IndQ< 
tion.      Fully  admitting  that  our  conclusions  will  in  man] 
cases  vary  exceedingly  from  time  to  time  by  fresh  accessic 
of  knowledge,  it  is  preferable  to  regard  such  fluctuations 
assent  as  partaking  of  the  nature  of  precipitate  judgment 
founded  on  special  statistics,  instead  of  depending  only 
those  which  are  common  to  all  observers.     In  calling 
judgments  precipitate  it  is  not  implied  that  there  is 
blame  in  entertaining  them,  but  simply  that,  for  one 
or  another,  we  have  been  induced  to  form   them  with( 
waiting  for  the  possession  of  the  full  amount  of  evid< 
statistical  or  otherwise,  which  might  ultimately  be  lool 
for.     This  explanation  will  suit  the  facts  equally  well,  and  k 
more  consistent  with  the  general  philosophical  position 
tained  in  this  work. 


CHAPTER  XIII. 

ON  THE  CONCEPTION  AND  TREATMENT  OF  MODALITY, 

I.    The   reader  who  knows  anjrthing  of   the   scholastic 
[ic  will  have  perceived  before  now  that  we  have  been 
ihing  in  a  variety  of  places  upon  that  most  thorny  and 
)ulsive  of  districts  in  the  logical  territory ; — ^modality.     It 
be  advisable,  however,  to  put  together,  somewhat  more 
itely,  what  has  to  be  said  upon  the  subject.     I  propose, 
lerefore,  to  devote  this  chapter  to  a  brief  account  of  the 
incipal  varieties  of  treatment  which  the  modals  have  re- 
ived at  the  hands  of  professed  logicians. 

It  must  be  remarked  at  the  outset  that  the  sense  in 

rhich  modality  and  modal  propositions  have  been  at  various 

168  understood,  is  by  no  means  fixed  and  invariably  the 

le.     This  diversity  of  view  has  arisen  partly  from  cor- 

»nding  diflferences  in  the  view  taken  of  the  province  and 

iture  of  logic,  and  partly  from  differences  in  the  philo- 

►hical  and  scientific  opinions  entertained  as  to  the  con- 

itution  and  order  of  nature.      In  later  times,  moreover, 

ither  very  powerful  agent  in  bringing  about  a  change  in 

treatment  of  the   subject  must  be  recognized  in   the 

lual  and  steady  growth  of  the  theory  of  Probability,  as 

^rked  out  by  the  mathematicians  from  their  own  point  of 

iw. 

§  2.  In  spite,  however,  of  these  difierences  of  treatment, 
there  has  always  been  some  community  of  subject-matter  in 
the  discussions  upon  this  topic.     There  has  almost  abw^^^ 
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been  some  reference  to  quantity  of  belief;  enough  perl 
to  justify  De  Morgan  8^  remark,  that  Probability  was  " 
unknown  God  whom  the  schoolmen  ignorantly  worshif 
when  they  so  dealt  with  this  species  of  enunciation,  tha 
was  said  to  be  beyond  human  determination  whether  t 
most  tortured  the  modals,  or  the  modals  thena."  But 
reference  to  quantity  of  belief  has  sometimes  been  direct ; 
immediate,  sometimes  indirect  and  arising  out  of  the  nal 
of  the  subject-matter  of  the  proposition.  The  fact  is,  1 
that  distinction  between  the  purely  subjective  and  purely 
jective  views  of  logic,  which  I  have  endeavoured  to  bring 
into  prominence  in  the  eleventh  chapter,  was  not  by 
means  clearly  recognized  in  early  times,  nor  indeed  be 
the  time  of  Kant,  and  the  view  to  be  taken  of  modi 
naturally  shared  in  the  consequent  confusion.  This  wi 
hope,  be  made  clear  in  the  course  of  the  following  cha] 
which  is  intended  to  give  a  brief  sketch  of  the  princ 
diflferent  ways  in  which  the  modality  of  propositions 
been  treated  in  logic.  As  it  is  not  proposed  to  give  j 
thing  like  a  regular  history  of  the  subject,  there  will  b< 
necessity  to  adhere  to  any  strict  sequence  of  time,  oi 
discuss  the  opinions  of  any  writers,  except  those  who  ma; 
taken  as  representative  of  tolerably  distinct  views, 
outcome  of  such  investigation  will  be,  I  hope,  to  conv 
the  reader  (if,  indeed,  he  had  not  come  to  that  convic 
before),  that  the  logicians,  after  having  had  a  long  and 
trial,  have  failed  to  make  anything  satisfactory  out  of 
subject  of  the  modals  by  their  methods  of  enquiry  and  tr 
ment ;  and  that  it  ought,  therefore,  to  be  banished  enti 
from  that  science,  and  relegated  to  Probability. 

§  3.     From  the  earliest  study  of  the  syllogistic  pro 
it  was  seen  that,  complete  as  that  process  is  within  its 

^  Formal  Logic,  p.  232. 
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.omaiiiy  the  domain,  at  any  rate  under  its  simplest  treatment, 
B  a  very  limited  one.  Propositions  of  the  pure  form, — All 
or  some)  A  is  (or  is  not)  -B, — are  found  in  practice  to  form 
>ut  a  small  portion  even  of  our  categorical  statements.  We 
ire  perpetually  meeting  with  others  which  express  the  re- 
lation of  -B  to  J.  with  various  degrees  of  necessity  or  pro- 
bability; e.g.  A  must  be  B,  A  may  be  B;  or  the  effect  of 
such  facts  upon  our  judgment,  e.g.  I  am  perfectly  certain 
that  -4.  is  -B,  I  think  that  A  may  be  B ;  with  many  others  of 
a  more  or  less  similar  type.  The  question  at  once  arises. 
How  are  such  propositions  to  be  treated  ?  It  does  not  seem 
to  have  occurred  to  the  old  logicians,  as  to  some  of  their  suc- 
cessors in  modem  times,  simply  to  reject  all  consideration  of 
this  topic.  Their  faith  in  the  truth  and  completeness  of 
their  system  of  inference  was  far  too  firm  for  them  to  sup- 
pose it  possible  that  forms  of  proposition  universally  recog- 
nized as  significant  in  popular  speech,  and  forms  of  inference 
Tmiversally  recognized  there  as  valid,  were  to  be  omitted 
because  they  were  inconvenient  or  complicated. 

§  4.     One  very  simple  plan  suggests  itself,  and  has  in- 
deed been  repeatedly  advocated,  viz.  just  to  transfer  all  that 
is  characteristic  of  such  propositions  into  that  convenient  re- 
■ceptacle  for  what  is  troublesome  elsewhere,  the  predicate  \ 
Has  not  another  so-called  modality  been  thus  got  rid  of^? 

^  This  appears  to  be  the  purport  draws  apparently  no  such  distinction 

cf  some  statements  in  a  very  con-  as  that  between  the  true  and  false 

ftised  passage    in  Whately's  Logic  modality  referred  to  in  the  next  note. 

iBk.  n.,   ch.  IV.  §  1).     "A  modal  What  is  really  surprising   is    that 

Iroposition  may  be  stated  as  a  pure  even  Hamilton  puts  the  two  (the  true 

^e  by  attaching  the  mode  to  one  of  and  the  false  modality)  upon    the 


terms,  and  the  proposition  will  same  footing.     "In  regard  to  these 

h  all  respects  fall  under  the  forego-  [the  former]  the  case  is  precisely  the 

iog  rales;...* It  is  probable  that  all  same;  the  mode  is  merely  a  part  of 

^owledge  is  useful ;'  *  probably  use-  the  predicate."    Logic,  i.  257. 

H*  is    here    the   predicate."     He  *  I  allude  of  cotub^  to  «vici\i  «!l- 
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and  has  it  not  been  attempted  by  the  same  device  to  al 
the  distinctive  characteristic  of  negative  propositions,  v 
shifting  the  negative  particle  into  the  predicate?  It 
be  admitted  that,  up  to  a  certain  point,  something  mi 
done  in  this  way.  Given  the  reasoning,  'Those  who 
arsenic  will  probably  die ;  A  has  taken  it,  therefore  h 
probably  die;'  it  is  easy  to  convert  this  into  an  ord 
syllogism  of  the  pure  type,  by  simply  wording  the  e 
*  Those  who  take  arsenic  are  people-who-will-probablj 
when  the  conclusion  follows  in  the  same  form,  'A  ii 
who-will-probably-die/  But  this  device  will  only  car 
a  very  little  way.  Suppose  that  the  minor  premise  a 
of  the  same  modal  description,  e.g.  'A  has  probably  1 
arsenic,'  and  it  will  be  seen  that  we  cannot  relegat( 
modality  here  also  to  the  predicate  without  being  brouf 
a  stop  by  finding  that  there  are  four  terms  in  the  syllog 
But  even  if  there  were  not  this  particular  objecti 
does  not  appear  that  anything  is  to  be  gained  in  the  v 
intelligibility  or  method  by  such  a  device  as  the  above. 


amples  as  *A  killed  B  unjustly,'  in 
which  the  killing  of  B  by  -4  was 
sometimes  said  to  be  asserted  not 
simply  but  with  a  modification. 
(Hamilton's  Logic,  i.  266.)  It  is 
obvious  that  the  modification  in 
such  cases  is  by  rights  merely  a 
part  of  the  predicate,  there  being  no 
formal  distinction  between  *A  is  the 
killer  of  B'  and  *-4  is  the  unjust 
killer  of  B.'  Indeed  some  logicians 
who  were  too  conservative  to  reject 
the  generic  name  of  modality  in  this 
application  adopted  the  conmion  ex- 
pedient of  introducing  a  specific  dis- 
tinction which  did  away  with  its 
meaningf  terming  the  spunoxifi  kind 


<  material  modality'  and  the  g 
kind  *  formal  modality '.  The 
included  aU  the  cases  in  whi 
modification  belonged  by  righ 
to  the  predicate  or  to  the  s 
the  latter  was  reserved  for  tb 
in  which  the  modification  i 
the  real  conjunction  of  the  pi 
with  the  subject.  (Kecke 
Sy sterna  Logica,  Lib.  n.  ch. 
was,  I  believe,  a  common  sd 
distinction. 

For  some  account  of  the 
as  to  whether  the  negative 
was  to  be  considered  to  be 
the  copula  or  to  the  predic 
Hamilton's  Logic,  i.  253. 
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Lt  is  meant  by  a  modal   predicate,  by  the  predicate 
>bably  mortal/  for  instance,  in  the  proposition  'All  poison- 
by  arsenic  are  probably  mortal'  ?    If  the  analogy  with 
pure  propositions  is  to  hold  good,  it  must  be  a 
licate  referring  to  the  whole  of  the  subject,  for  the  sub- 
is  distributed     But  then  we  are  at  once  launched  into 
difficulties  discussed  in  a  former  chapter  (CL  vi.  §§  19 — 
),  when  we  attempt  to  justify  or  verify  the  application  of 
predicate.     We  have  to  enquire  (at  least  on  the  view 
)ted  in  this  work)  whether  the  application  of  the  pre- 
'  probably  mortal '  to  the  whole  of  the  subject,  really 
at   bottom  anjrthing  else   than  that  the  predicate 
'  is  to  be  applied  to  a  portion  (more  than  half)  of  the 
ibera  denoted  by  the  subject.     When  the  transference  of 
modality  to  the  predicate  raises  such  intricate  questions 
to  the  sense  in  which  the  predicate  is  to  be  interpreted, 

is  surely  nothing  gained  by  the  step. 
§  5.  A  second,  and  more  summary  way  of  shelving  all 
julties  of  the  subject,  so  far  at  least  as  logic,  or  the 
iters  upon  logic,  are  concerned,  is  found  by  simply  denying 
modality  has  any  connection  whatever  with  logic.  This 
[the  course  adopted  by  many  modem  writers,  for  instance, 
Hamilton  and  Mansel,  in  reference  to  whom  one  cannot 
remarking  that  an  unduly  large  portion  of  their  logical 
seems  occupied  with  telling  us  what  does  not  belong 
logia  They  justify  their  rejection  on  the  ground  that 
mode  belongs  to  the  matter,  and  must  be  determined  by 
[eonsideration  of  the  matter,  and  therefore  is  extralogical. 
a  certain  extent  I  agree  with  their  grounds  of  rejection, 
(as  explained  in  Chapter  vi.)  it  is  not  easy  to  see  how 
degree  of  modality  of  any  proposition,  whether  premise 
conclusion,  can  be  justified  without  appeal  to  the  matter. 
It  then  questions  of  justification,  in  any  ade(\\ia\)^  «.^TiS»^  q'I 
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the  term,  belong  to  a  range  of  considerations  somewhai 
to  Hamilton's  and  Mansel's  way  of  regarding  the  s( 
The  complete  justification  of  our  inferences  is  a  i 
which  involves  their  truth  or  falsehood,  a  point  with 
these  writers  do  not  much  concern  themselves,  beinj 
occupied  with  the  consistency  of  our  reasonings,  nol 
their  conformity  with  fact.  Were  I  speaking  as  a  I 
tonian  I  should  say  that  modality  is  formal  rather 
material,  for  though  we  cannot  justify  the  degree  ( 
belief  of  a  proposition  without  appeal  to  the  matter,  ¥ 
to  a  moderate  degree  of  accuracy  estimate  it  withou 
such  appeal;  and  this  would  seem  to  be  quite  enoi: 
warrant  its  being  regarded  as  formal. 

It  must  be  admitted  that  Hamilton's  account  < 
matter  when  he  is  recommending  the  rejection  of  the  n 
is  not  by  any  means  clear  and  consistent.  He  not  onl; 
as  already  remarked,  to  distinguish  between  the  formi 
the  material  (in  other  words,  the  true  and  the  false 
dality ;  but  when  treating  of  the  former  he  fails  to  distil 
between  the  extremely  diverse  aspects  of  modality 
viewed  from  the  Aristotelian  and  the  Kantian  stand-] 
Of  the  amount  and  significance  of  this  difference  we 
speak  presently,  but  it  may  be  just  pointed  out  hen 
Hamilton  begins  (Vol.  i.  p.  257)  by  rejecting  the  mod 
the  ground  that  the  distinctions  between  the  necessai 
contingent,  the  possible,  and  the  impossible,  must  be  ^ 
rested  on  an  appeal  to  the  matter  of  the  propositio 
which  he  is,  I  think,  quite  correct.  But  then  a  little  fi 
on  (p.  260),  in  explaining  '  the  meaning  of  three  terms 
are  used  in  relation  to  pure  and  modal  propositions,'  he 
the  widely  different  Kantian,  or  threefold  division  in' 
apodeictic,  the  assertory,  and  the  problematic.  He  do 
take  the  precaution  ot  T^ointing  out  to  his  hearers  th' 
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i  general  views  of  logic  from  which  these  two  accounts 
lity  spring^ 

There  is  one  kind  of  modal  syllogism  which  it 
Jem  unreasonable  to  reject  on  the  ground  of  its  not 
)rnial,  and  which  we  may  notice  in  passing.  The 
'  Any  A  is  probably  -B/  is  equivalent  to  '  Most  A  are 
w  it  is  obvious  that  from  two  such  premises  as  '  Most 
?/  '  Most  A  are  (7/  we  can  deduce  the  consequence, 
7  are  B'  Since  this  holds  good  whatever  may  be 
ire  of  A,  B,  and  0,  it  is,  according  to  ordinary  usage 
srm,  a  formal  syllogism.  Mansel,  however,  refuses  to 
lat  any  such  syllogisms  belong  to  formal  logic.  His 
are  given  in  a  rather  elaborate  review'  and  criticism 
of  the  logical  works  of  De  Morgan,  to  whom  the 
;tion  of  'numerically  definite  syllogisms'  is  mainly 
[ansel  does  not  take  the  particular  example  given 
IS  he  is  discussing  a  somewhat  more  comprehensive 
c  form.  He  examines  it  in  a  special  numerical 
j^— 18  out  of  21  Ys  are  X;  15  out  of  21  Fs  are  Z; 
jlusion  that  12  Zs  are  X  is  rejected  from  formal  logic 
ground  that  the  arithmetical  judgment  involved  is 
cal,  not  analytical,  and  rests  upon  an  intuition  of 
r.     We  cannot  enter  upon  any  examination  of  these 

bas    also    given    a    short  *  Letters,   Lectures  and   Reviews, 

.  of  the  snbject  elsewhere  p.  61.    Elsewhere  in  the  review  (p. 

rw,  Ed.  n.  p.  702),  in  which  46)  he  gives  what  appears  to  me  a 

at  different  view  is  taken.  somewhat  different  decision. 
3  are  indeed  here  admitted  ^  It    must    be    remembered    that 

but  only  in  so  far  as  they  this  is  not  one  of  the  proportional 

division  under  the  relation  propositions    with    which    we    have 

and  species,  which  is  of  been  concerned  in  previous  chapters : 

itamonnt  to   their   entire  it  is  meant  that  there  are  exactly  21 

for  they  then  differ  in  no  Ts,  of  which  just  18  are  Z,  not  that 

ray  from  any  other  exam-  on  the  average  18  out  of  21  may  be 

t  relation.  so  regarded. 
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reasons  here ;  but  it  may  merely  be  remarked  th 
criticism  demands  the  acceptance  of  the  Kantian  do 
as  to  the  nature  of  arithmetical  judgments,  and  that  it 
be  better  to  base  the  rejection  not  on  the  ground  tl 
syllogism  is  not  formal,  but  on  the  ground  that  it 
analytical, 

§  7.  There  is  another  and  practical  way  of  getti 
of  the  perplexities  of  modal  reasoning  which  must  be  i 
here.  It  is  the  resource  of  ordinary  reasoners  rather  th 
decision  of  professed  logicians^  and,  like  the  first  met 
evasion  already  pointed  out  in  this  chapter,  is  of  very 
application.  It  consists  in  treating  the  premises,  duri 
process  of  reasoning,  as  if  they  were  pure,  and  th 
introducing  the  modality  into  the  conclusion,  as  a 
qualification  of  its  full  certainty.  When  each  of  th 
mises  is  nearly  certain,  or  when  from  any  cause  we  8 
concerned  with  the  extent  of  their  departure  from  fi 
tainty,  this  rough  expedient  will  answer  well  enough. 
I  apprehend,  the  process  which  passes  through  the  m 
most  persons  in  such  cases,  in  so  far  as  they  reason  cons( 
They  would,  presumably,  in  such  an  example  as  th£ 
viously  given  (§  4),  proceed  as  if  the  premises  that 
who  take  arsenic  will  die,'  and  that  'the  man  in  qi 
has  taken  it,'  were  quite  true,  instead  of  being  only  pi 
true,  and  they  would  consequently  draw  the  conclusii 
*  he  would  die.'  But  bearing  in  mind  that  the  premi 
not  certain,  they  would  remember  that  the  conclusi 
only  to  be  held  with  a  qualified  assent.     This  they 

^  I  consider  however,  as  I  have  this,  though  they  looked  at 

said  further  on  (p.  320),  that  the  treat-  ter  from  a  different  point 

ment  in  the  older  logics  of  Probahle  and  expressed  it    in  very 

syllogisms,  and  Dialectic  syllogisms,  language. 
came  to  somewhat  the  &ame  thing  as 
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press  quite  correctly,  if  the  mere  nature  and  not  the 
gree  of  that  assent  is  taken  into  account,  by  saying  that 
e  is  likely  to  die.'  In  this  case  the  modality  is  rejected 
mporarily  from  the  premises  to  be  reintroduced  into  the 
tnclusion. 

It  is  obvious  that  such  a  process  as  this  is  of  a  very 
nigh  and  imperfect  kind.  It  does,  in  fact,  omit  from  accu- 
ite  consideration  just  the  one  point  now  under  discussion, 
t  takes  no  account  of  the  varying  shades  of  expression  by 
'hich  the  degree  of  departure  from  perfect  conviction  is 
idicated,  which  is  of  course  the  very  thing  with  which 
kxlality  is  intended  to  occupy  itself  At  best,  therefore,  it 
)uld  only  claim  to  be  an  extremely  rude  way  of  deciding 
iiestions,  the  accurate  and  scientific  methods  of  treating 
hich  are  demanded  of  us. 

§  8.  In  any  emplo3anent  of  applied  logic  we  have  of 
>iirse  to  go  through  such  a  process  as  that  just  mentioned. 
utside  of  pure  mathematics  it  can  hardly  ever  be  the  case 
lat  the  premises  from  which  we  reason  are  held  with  abso- 
ite  conviction.  Hence  there  must  be  a  lapse  from  absolute 
>nviction  in  the  conclusion.  But  we  reason  on  the  hypo- 
iesis  that  the  premises  are  true,  and  any  trifling  defection 
X>m  certainty,  of  which  we  may  be  conscious,  is  mentally 
Bserved  as  a  qualification  to  the  conclusion.  But  such  con- 
iderations  as  these  belong  rather  to  ordinary  applied  logic ; 

jy  amount  to  nothing  more  than  a  caution  or  hint  to  be 
le  in  mind  when  the  rules  of  the  syllogism,  or  of  in- 

don,  are  applied  in  practice.     When,  however,  we  are 

iting  of  modality,  the  extent  of  the  defection  from  full 
ity  is  supposed  to  be  sufliciently  great  for  our  language 

indicate   and   appreciate   it.     What  we  then  want  is  of 

a  scientific  discussion  of  the  principles  in  accordance 

ith  which  this  departure  is  to  be  measured  and  ex^jtes^^ed. 
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both  in  our  premises  and  in  our  conclusion.     Such  a 
therefore  for  treating  modality,  as  the  one  under  discui 
is  just  as  much  a  banishment  of  it  from  the  field  of 
logical  enquiry,  as  if  we  had  determined  avowedly  to  reject: 
fi-om  consideration. 

§  9.     Before  proceeding  to  a  discussion  of  the  varic 
ways  in  which  modality  may  be  treated  by  those  who 
it  into  logic,  something  must  be  said  to  clear  up  a 
ble  source  of  confusion  in  this  part  of  the  subject.    In 
cases  with  which  we  have  hitherto  been  mostly  concei 
in  the  earlier  chapters  of  this  work,  the  characteristic 
modality  (for  in  this  chapter  we  may  with  propriety  use 
logical  term)  has  generally  been  found  in  singular  and 
ticular  propositions.     It  presented  itself  when  we  had 
judge  of  individual  cases  from  a  knowledge  of  the  av( 
and  was  an  expression  of  the  fact  that  the  proposition 
lating  to  these  individuals  referred  to  a  portion  only  of 
whole  class  from  which  the  average  was  taken.     Given 
of  men  of  fifty-five,  three  out  of  five  will  die  in  the  course 
twenty  years,  we  have  had  to  do  with  propositions  of 
vague  form,  *  It  is  probable  that  AB  (of  that  age)  will  die 
or  of  the  more  precise  form,  *  It  is  three  to  two  that  AB 
die,'  within  the  specified  time.     Here  the  modal  proposil 
naturally  presents  itself  in  the  form  of  a  singular  or 
ticular  proposition. 

§  10.     But  when  we  turn  to  ordinary  logic  we  may 
universal  propositions  spoken  of  as  modal.    This  must  m( 
be  the  case  with  those  which  are  termed  necessary  or 
possible,  but  it  may  also  be  the  case  with  the  probable, 
may  meet  with  the  form  'AH  X  is  probably  F.'    Adopt 
the  same  explanation  here  as  has  been  throughout  adopted  % 
analogous  cases,  we  must  say  that  what  is  meant  by 
modality  of  such  a  proposition  is  the  proportional  number 
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les  in  which  the  universal  proposition  would  be  correctly 
ide.  And  in  this  there  is,  so  far,  no  difficulty.  The  only 
BFerence  is  that  whereas  the  justification  of  the  former,  viz, 
e  particular  or  individual  kind  of  modal,  was  obtainable 
thin  the  limits  of  the  universal  proposition  which  included 

the  justification  of  the  modality  of  a  universal  proposition 
U3  to  be  sought  in  a  group  or  succession  of  other  propo- 
idons.  The  proposition  has  to  be  referred  to  some  group  of 
tnilar  ones  and  we  have  to  consider  the  proportion  of  cases 

which  it  will  be  true.  But  this  distinction  is  not  at  all 
ndamental. 

It  is  quite  true  that  universal  propositions  from  their 
ktore  are  much  less  likely  than  individual  ones  to  be  justi- 
d,  in  practice,  by  such  appeal.  But,  as  has  been  already 
Jquently  pointed  out,  we  are  not  concerned  with  the  way 

which  our  propositions  are  practically  obtained,  nor  with 
e  way  in  which  men  might  find  it  most  natural  to  test 
em ;  but  with  that  ultimate  justification  to  which  we  ap- 
al  in  the  last  resort,  and  which  has  been  abundantly  shown 

be  of  a  statistical  character.  When,  therefore,  we  say  that 
I  is  probable  that  all  X  is  F,'  what  we  mean  is,  that  in 
>re  than  half  the  cases  we  come  across  we  should  be  right 

so  judging,  and  in  less  than  half  the  cases  we  should  be 

§  11.  It  is  at  this  step  that  the  possible  ambiguity  is 
countered.  When  we  talk  of  the  chance  that  All  X  is  F, 
»  contemplate  or  imply  the  complementary  chance  that  it  is 
t  so.  Now  this  latter  alternative  is  not  free  from  am- 
fuity.  It  might  happen,  for  instance,  in  the  cases  of  failure. 
It  no  X  is  F,  or  it  might  happen  that  some  X,  only,  is  not 

for  both  of  these  suppositions  contradict  the  original  pro- 
ftion,  and  are  therefore  instances  of  its  failure.     In  prac- 

no  doubt,  we  should  have  various  recognized  rul^^  ^\A 

v.  ^^ 
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inductions  to  fall  back  upon  in  order  to  decide  between 
alternatives,  though,  of  course,  the  appeal  to  them  wou 
in  strictness  extralogical.  But  the  mere  existence  of  su 
ambiguity,  and  the  fact  that  it  can  only  be  cleared  x 
appeal  to  the  subject-matter,  are  in  themselves  no 
difficulty  in  the  application  of  the  conception  of  modali 
universal  propositions  as  well  as  to  individual  ones. 

§  12.  Having  noticed  some  of  the  ways  in  whicl 
introduction  of  modality  into  logic  has  been  evaded  c 
jected,  we  must  now  enter  into  a  brief  account  of  its  \ 
ment  by  those  who  have  more  or,  less  deliberately  adn 
its  claims  to  acceptance. 

The  first  enquiry  will  be.  What  opinions  have  been 
as  to  the  nature  of  modality  ?  that  is.  Is  it  primarily  a 
fection  of  the  matter  of  the  proposition,  and,  if  not,  what 
exactly  ?  In  reference  to  this  enquiry  it  appears  to  n 
already  remarked,  that  amongst  the  earlier  logicians  no 
clear  and  consistent  distinction  between  the  subjective 
objective  views  of  logic  as  is  now  commonly  maintained 
be  detected  \  The  result  of  this  appears  in  their  treat 
of  modality.  This  always  had  some  reference  to  the 
jective  side  of  the  proposition,  viz.  in  this  case  to  the  m 
or  quantity  of  the  belief  with  which  it  was  entertained ; 
it  is  equally  clear  that  this  characteristic  was  not  estiir 
at  first  hand,  so  to  say,  and  in  itself,  but  rather  from  a 
sideration  of  the  matter  determining  what  it  should  be. 
commonly  accepted  scholastic  or  Aristotelian  divisioB 
instance,  is  into  the  necessary,  the  contingent,  the  poa 
and  the  impossible.     This  is  clearly  a  division  accoidii 

1  The  distinction  is  however  by  sity,  says,  **  oertitudo  ad  cognit 

no  means  entirely  neglected.    Thus  spectat :   necessitas  Tero  est  i 

Smiglecius,  when  discussing  the  mo-  {Disputationes ;    Disp.   xm.,  ( 

dal  directions  of  certainty  and  nece^i-  xn.). 
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5  matter  almost  entirely,  for  on  the  purely  mental  side  the 
:;essary  and  the  impossible  would  be  just  the  same ;  one 
plying  fall  conviction  of  the  truth  of  a  proposition,  and  the 
ler  of  that  of  its  contradictory.  So  too,  on  the  same  side,  it 
mid  not  be  easy  to  distinguish  between  the  contingent  and 
e  possible.    On  the  view  in  question,  therefore,  the  modality 

a  proposition  was  determined  by  a  reference  to  the  nature 

the  subject-matter.  In  some  propositions  the  nature  of 
e  subject-matter  decided  that  the  predicate  was  necessarily 
ined  to  the  subject ;  in  others  that  it  was  impossible  that 
ey  should  be  joined ;  and  so  on. 

§  13.  The  artificial  character  of  such  a  four-fold  division 
ill  be  too  obvious  to  modem  minds  for  it  to  be  necessary  to 
iticize  it.  A  very  slight  study  of  nature  and  consequent 
ipreciation  of  inductive  evidence  suffice  to  convince  us  that 
ose  uniformities  upon  which  all  connections  of  phenomena, 
lether  called  necessary  or  contingent,  depend,  demand  ex- 
amely  profound  and  extensive  enquiry  ;  that  they  admit  of 
►  such  simple  division  into  clearly  marked  groups;  and 
at,  therefore,  the  pure  logician  had  better  not  meddle  with 
em*. 

The  following  extract  from  Grote  s  Aristotle  (Vol.  i.  p. 
►2)  will  serve  to  show  the  origin  of  this  four-fold  division, 
\  conformity  with  the  science  of  the  day,  and  consequently 
»  utter  want  of  conformity  with  that  of  our  own  time : — 
Phe  distinction  of  Problematical  and  Necessary  Propositions 
iTesponds,  in  the  mind  of  Aristotle,  to  that  capital  and 
llracteristic  doctrine  of  his  Ontology  and  Physics,  already 
^ched  on  in  this  chapter.  He  thought,  as  we  have  seen, 
hit  in  the  vast  circumferential  region  of  the  Kosmos,  from 

'  It  may  be  remftrked  that  Whate-  gent  matter,  without  any  apparent 
\JLogic,  Bk.  n.  ch.  ii.  §  2)  speaks  suspicion  that  they  belong  entirely 
Aecessary,  impossible  and  contin-      to  an  obsolete  point  oi  w^^ . 


308  Modality,  [chap. 

the  out6r  sidereal  sphere  down  to  the  lunai*  sphere,  Cele 
substance  was  a  necessary  existence  and  energy,  sempit< 
and  uniform  in  its  rotations  and  influence  ;  and  that  thr( 
its  beneficent  influence,  pervading  the  concavity  betweer 
lunar  sphere  and  the  terrestrial  centre  (which  included 
four  elements  with  their  compounds)  there  prevailed  a  r 
larizing  tendency  called  Nature;  modified,  however, 
partly  counteracted  by  independent  and  irregular  forces  a 
Spontaneity  and  Chance,  essentially  unknowable  and  ur 
dictable.  The  irregular  sequences  thus  named  by  Aris 
were  the  objective  correlate  of  the  Problematical  Propos 
in  Logic.  In  these  sublunary  sequences,  as  to  future  t 
may  or  may  not,  was  all  that  could  be  attained,  even  bj 
highest  knowledge ;  certainty,  either  of  affirmation  or  d 
tion,  was  out  of  the  question.  On  the  other  hand,  the  n( 
sary  and  uniform  energies  of  the  celestial  substance,  foi 
the  objective  correlate  of  the  Necessary  Proposition  in  Ix 
this  substance  was  not  merely  an  existence,  but  an  exist 
necessary  and  unchangeable... he  considers  the  Problema 
Proposition  in  Logic  to  be  not  purely  subjective,  a 
expression  of  the  speaker's  ignorance,  but  something  n 
namely,  to  correlate  with  an  objective  essentially  unknot 
to  all." 

§  14.  Even  after  this  philosophy  began  to  pass  a 
the  divisions  of  modality  originally  founded  upon  it  m 
have  proved,  as  De  Morgan  has  remarked*,  of  considei 
service  in  mediaeval  times.  As  he  says,  people  were  n 
more  firequently  required  to  decide  in  one  way  or  the  o 
upon  a  single  testimony,  without  there  being  a  sufficien( 
specific  knowledge  to  test  the  statements  made.  The 
logician  "  did  not  know  but  that  any  day  of  the  week  n 
bring  from  Cathay  or  Tartary  an  account  of  men  who  ra 

^  Formal  Logic^  p.  233« 
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vheels  of  flesh  and  blood,  or  grew  planted  in  the  ground, 
?olydorus  in  the  -^neid,  as  well  evidenced  as  a  great 
nearly  as  marvellous  stories."  Hence,  in  default  of 
r  inductions,  it  might  have  been  convenient  to  make 
I  classifications  of  the  facts  which  were  and  which  were 

0  be  accepted  on  testimony  (the  necessary,  the  impos- 
&c.),  and  to  employ  these  provisional  inductions  (which 

we  should  now  regard  them)   as  testing  the  stories 

1  reached  him.  Propositions  belonging  to  the  class  of 
mpossible  might  be  regarded  as  having  an  antecedent 
mption  against  them  so  great  as  to  prevail  over  almost 
estimony  worth  taking  account  of,  and  so  on. 

15.  But  this  old  four-fold  division  of  modals  con- 
d  to  be  accepted  and  perpetuated  by  the  logicians  long 

all  philosophical  justification  for  it  had  passed  away. 
r  as  I  have  been  able  to  ascertain,  scarcely  any  logician 
pute  or  popularity  before  Kant,  was  bold  enough  to 
!  any  important  change  in  the  way  of  regarding  them*. 

the  Port-Royal  Logic,  founded  as  it  is  on  Cartesianism, 
ts  the  traditional  statements,  though  with  extreme 
ty.  This  adherence  to  the  old  forms  led,  it  need  not  be 
rked,   to   considerable   inconsistency  and  confusion   in 

cases.  These  forms  were  founded,  as  we  have  seen,  on 
jective  view  of  the  province  of  logic,  and  this  view  was 

le  subject  was  sometimes  al-  tant  are  referred  to  in  one  passage 

3r  omitted,  as  by  Wolf.    He  [Philosophia  Rationalis  sive  Logica, 

good  deal  however  about  pro-  §  593). 

propositions  and    syllogisms,  Lambert  stands  quite  apart.     In 

ke  Leibnitz  before  him,  looked  this  respect,  as  in  most  others  where 

d  to  a  "logica  probabilium"  mathematical  conceptions  and  sym- 

lething  new  and  desirable.    I  bols  are  involved,  his  logical  attitude 

e  that  he  had  been  influenced  is  thoroughly  unconventional.    See, 

writers  on  Chances,  as  of  the  for  instance,  his  chapter  *Von  dem 

ID  had  already  treated  that  Wahrscheinlichen*,    in    his    Neues 

nearly  all  the  most  impor-  Organon* 
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by  no  means  rigidly  carried  out  in  many  cases.  In  &oi* 
was  beginning  to  be  abandoned,  to  an  extent  and  in 
tions  which  we  have  not  opportunity  here  to  discuss, 
the  influence  of  Kant  was  felt.  Many,  for  instance,  added  J 
the  list  of  the  four,  by  including  the  true  and  the 
occasionally  also  the  probable,  the  supposed,  and  the 
were  added.  This  seems  to  show  some  tendency  toi 
abandoning  the  objective  for  the  subjective  view,  or  at 
indicates  a  hesitation  between  them. 

§  16.    With  Kant's  view  of  modality  almost  every  one 
familiar.     He  divides  judgments,  under  this  head,  into 
apodeictic,  the  assertory,  and  the  problematic.    We  shall 
to  say  something  about  the  number  and  mutual  relations^ 
these  divisions  presently ;  we  are  now  only  concerned 
the  general  view  which  they  carry  out.    In  this  respect  it 
be  obvious  at  once  what  a  complete  change  of  position 
been  reached.     The  'necessary'  and  the   'impossible' 
manded  an  appeal  to  the  matter  of  a  proposition  in  order 
recognize  them ;  the  '  apodeictic '  and  the  '  assertory ',  on 
other   hand,  may  be  true  of  almost  any  matter,  for 
demand  nothing  but  an  appeal  to  our  consciousness  in  oi 
to   distinguish   between   them.      Moreover,   the    distinct 
between  the  assertory  and   the   problematic  is  so  enl 
subjective  and  personal,  that  it  may  vary  not  only  betw( 
one  person  and  another,  but  in  the  case  of  the  same  pei 
at  different  times.    What  one  man  knows  to  be  true,  anot 
may  happen  to  be  in  doubt  about.    The  apodeictic  judgmc 
is  one  which  we  not  only  accept,  but  which  we  find  ourseb 
unable  to  reverse  in  thought ;  the  assertory  is  simply 
cepted;   the   problematic   is   one   about   which   we   feel 
doubt. 

This  way  of  looking  at  the  matter  is  the  necessary  oi 
come  of  the  conceptualist  or  Kantian  view  of  logia     It 
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Ben  followed  by  many  logicians,  not  only  by  those  who  may 
e  called  followers  of  Kant,  but  by  almost  all  who  have  felt 
aa  influence.  Ueberweg,  for  instance,  who  is  altogether  at 
Kae  with  Kant  on  some  fundamental  points,  adopts  it. 

§  17.  The  next  question  to  be  discussed  is,  How  many 
libdivisions  of  modality  are  to  be  recognized  ?  The  Aristo- 
wBoBXL  or  scholastic  logicians,  as  we  have  seen,  adopted  a  four- 
pU  division.  The  exact  relations  of  some  of  these  to  each 
ither,  especially  the  possible  and  the  contingent,  is  an  ex^ 
(lemely  obscure  point,  and  one  about  which  the  commenta- 
are  by  no  means  agreed.  As,  however,  it  seems  tolerably 
that  it  was  not  consciously  intended  by  the  use  of  these 
terms  to  exhibit  a  graduated  scale  of  intensity  of  con- 
jfetion,  their  correspondence  with  the  province  of  modem 
Itobability  is  but  slight,  and  the  discussion  of  them,  there- 
pve,  becomes  rather  a  matter  of  special  or  antiquarian  in- 
Brest.  De  Morgan,  indeed  {Formal  Logic,  p.  232),  says  that 
lie  schoolmen  understood  by  contingent  more  likely  than 
ot,  and  by  possible  less  likely  than  not.  I  do  not  know 
It  what  authority  this  statement  rests,  but  it  credits  them 
ith  a  much  nearer  approach  to  the  modern  views  of  proba- 
Uity  than  one  would  have  expected,  and  decidedly  nearer  than 
Uit  of  most  of  their  successors  \  The  general  conclusion  at 
liich  I  have  arrived,  after  a  reasonable  amount  of  investiga- 
on,  is  that  there  were  two  prevalent  views  on  the  subject. 
c>me  (e.g.  Burgersdyck,  Bk.  i.  ch.  32)  admitted  that  there 
ifere  at  bottom  only  two  kinds  of  modality ;  the  contingent 
kd  the  possible  being  equipollent,  as  also  the  necessary  and 
le  impossible,  provided  the  one  asserts  and  the  other 
inies.  This  is  the  view  to  which  those  would  naturally 
i  led  who  looked  mainly  to  the  nature  of  the  subject-matter. 

^  I    cannot    find   the    slightest    authority   for   the    statement   in    the 
lx>rate  history  of  Logic  by  PrantL 
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On  the  other  hand,  those  who  looked  mainly  at  the  for 
expression,  would  be  led  by  the  analogy  of  the  four  foni 
proposition,  and  the  necessity  that  each  of  them  should  s 
in  definite  opposition  to  each  other,  to  insist  upon  a  dis 
tion  between  the  four  modals\  They,  therefore,  endeavo 
to  introduce  a  distinction  by  maintaining  (e.g.  Crackantb 
Bk.  III.  ch.  11)  that  the  contingent  is  that  which  now  ifi 
may  not  be,  and  the  possible  that  which  now  is  not  but 
be.  A  few  appear  to  have  made  the  distinction  © 
spondent  to  that  between  the  physically  and  the  logi< 
possible. 

§  18.  When  we  get  to  the  Kantian  divdsion  we  1 
reached  much  clearer  ground.  The  meaning  of  each  of  t 
terms  is  quite  explicit,  and  it  is  also  beyond  doubt  that 
tave  a  more  definite  tendency  in  the  direction  of  assigni 
graduated  scale  of  conviction.  So  long  as  they  are  rega 
from  a  metaphysical  rather  than  a  logical  standing  p 
there  is  much  to  be  said  in  their  favour.  If  we  use  ii 
spection  merely,  confining  ourselves  to  a  study  of  the  j 
ments  themselves,  to  the  exclusion  of  the  grounds  on  w 
they  rest,  there  certainly  does  seem  a  clear  and  well-ma 
distinction  between  judgments  which  we  cannot  even 
ceive  to  be  reversed  in  thought ;  those  which  we  c 
reverse,  but  which  we  accept  as  true;  and  those  whicl 
merely  entertain  as  possible. 

Regarded,  however,  as  a  logical  division,  Kant's  arra 
ment  seems  to  me  of  very  little  service.  For  such  Iq 
purposes  indeed,  as  we  are  now  concerned  with,  it  r 
seems  to  resolve  itself  into  a  two-ioM  division.  The 
tinction  between  the  apodeictic  and  the  assertory  wil 

^  "Hi    quatuor    modi    magnam      titateetqaalitate varietate"(W 
censeri  solent  analogiam  habei^e  cum      Instit,  Logic.  Bk.  n.  ch.  8). 
quadmplici  propositionum  in  qaan-  . 
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itted,  I  presume,  even  by  those  who  accept  the  meta- 
sical  or  psychological  theory  upon  which  it  rests,  to  be  a 
irence  which  concerns,  not  the  quantity  of  belief  with 
ch  the  judgments  are  entertained,  but  rather  the  violence 
ch  would  have  to  be  done  to  the  mind  by  the  attempt  to 
et  them.  Each  is  fully  believed,  but  the  one  can,  and 
other  cannot,  be  controverted.  The  belief  with  which  an 
jrtory  judgment  is  entertained  is  full  belief,  else  it  would 
diflfer  from  the  problematic ;  and  therefore  in  regard  to 
quantity  of  belief,  as  distinguished  from  the  quality  or 
racter  of  it,  there  is  no  difference  between  it  and  the  apo- 
3tic.  It  is  as  though,  to  offer  an  illustration,  the  index 
I  been  already  moved  to  the  top  of  the  scale  in  the  as- 
:ory  judgment,  and  all  that  was  done  to  convert  this  into 
apodeictic  one,  was  to  clamp  it  there.  The  only  logical 
erence  which  then  remains  is  that  between  problematic 
1  assertory,  the  former  comprehending  all  the  judgments 
bo  the  truth  of  which  we  have  any  degree  of  doubt,  and 
latter  those  of  which  we  have  no  doubt.  The  whole 
ge  of  the  former,  therefore,  v^dth  which  Probability  is 
iropriately  occupied,  is  thrown  undivided  into  a  single 
ipartment.  We  can  hardly  speak  of  a  *  division  *  where 
class  includes  everything  up  to  the  boundary  line,  and 
other  is  confined  to  that  boundary  line.  Practically, 
refore,  on  this  view,  modality,  as  the  mathematical  stu- 
t  of  Probability  would  expect  to  find  it,  as  completely 
ippears  as  if  it  were  intended  to  reject  it. 
§19.  By  less  consistent  and  systematic  thinkers,  and 
bhose  in  whom  ingenuity  was  an  over  prominent  feature, 
iriety  of  other  arrangements  have  been  accepted  or  pro- 
>d.  There  is,  of  course,  some  justification  for  such  attempts 
he  laudable  desire  to  bring  our  logical  forms  into  better 
nony  with  ordinary  thought  and  language.     In  practice^ 
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as  was  pointed  out  in  an  earlier  chapter,  every  one  re 
nizes  a  great  variety  of  modal  forms,  such  as  *  likely,'  * 
likely,'  '  almost  certainly,'  and  so  on  almost  without  limi 
each  direction.  It  was  doubtless  supposed  that,  by  negl 
ing  to  make  use  of  technical  equivalents  for  some  of  tl 
forms,  we  should  lose  our  lo^cal  control  over  certain  po« 
kinds  of  inference,  and  so  far  fall  short  even  of  the  preci 
of  ordinary  thought. 

With  regard  to  such  additional  forms,  it  appears  to 
that  all  those  which  have  been  introduced  by  writers 
were  uninfluenced  by  the  Theory  of  Probability,  have  < 
little  else  than  create  additional  confusion,  as  such  writer 
not  attempt  to  marshal  their  terms  in  order,  or  to  ascei 
their  mutual  relations.     Omitting,  of  course,  forms  obvio 
of  material  modality,  we  have  already  mentioned  the 
and  the  false;  the  probable,  the  supposed,  and  the  cen 
These  subdivisions  seem  to  have  reached  their  climax 
very  early  stage  in  Occam  (Prantl,  III.  380),  who  held  th 
proposition  might  be  modally  affected  by  being  '  vera,  s 
falsa,  ignota,  scripta,  prolata,  concepta,  credita,  opinata, 
bitata.' 

§  20.  Since  the  growth  of  the  science  of  Probabi 
logicians  have  had  better  opportunities  of  knowing  \ 
they  had  to  aim  at ;  and,  though  it  cannot  be  said  that  t 
attempts  have  been  really  successful,  these  are  at  any  ra 
decided  improvement  upon  those  of  their  predecessors. 
Thomson ^  for  instance,  gives  a  nine-fold  division.  He 
that,  arranging  the  degrees  of  modality  in  an  ascent 
scale,  we  find  that  a  judgment  may  be  either  poss 
doubtful,  probable,  morally  certain  for  the  thinker  him 
morally  certain  for  a  class  or  school,  morally  certain  for 
physically  certain  with  a   limit,  physically  certain  witl 

1  Laws  of  Thought,  §  118. 
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.tation,  and  mathematically  certain.  Many  other  divi- 
JB  might  doubtless  be  mentioned,  but,  as  every  mathema- 
in  will  recognize,  the  attempt  to  secure  any  general 
3ement  in  such  a  matter  of  arrangement  is  quite  hopeless, 
s  here  that  the  beneficial  influence  of  the  mathematical 
yrj  of  Probability  is  to  be  gratefully  acknowledged.  Aa 
1  as  this  came  to  be  studied  it  must  have  been  perceived 
k  in  attempting  to  mark  off  clearly  from  one  another 
ain  gradations  of  belief,  we  should  be  seeking  for  breaches 
i  continuous  magnitude.  In  the  advance  from  a  slight 
nimption  to  a  strong  presumption,  and  from  that  to  moral 
ainty,  we  are  making  a  gradual  ascent,  in  the  course  of 
ch  there  are  no  natural  halting-places.  The  proof  of  this 
tinuity  need  not  be  entered  upon  here,  for  the  materials 
it  will  have  been  gathered  from  almost  every  chapter  of 
work.  The  reader  need  merely  be  reminded  that  the 
inds  of  our  belief,  in  all  cases  which  admit  of  number  and 
isurement,  are  clearly  seen  to  be  of  this  description ;  and 
\,  therefore  unless  the  belief  itself  is  to  be  divorced  from 
grounds  on  which  it  rests,  what  thus  holds  as  to  their 
racteristics  must  hold  also  as  to  its  own. 
It  follows,  therefore,  that  modality  in  the  old  sense  of  the 
d,  wherein  an  attempt  was  made  to  obtain  certain  natural 
jsions  in  the  scale  of  conviction,  must  be  finally  abandoned. 
that  it  endeavoured  to  do  can  now  be  done  incomparably 
ter  by  the  theory  of  Probability,  with  its  numerical  scale 
ch  admits  of  indefinite  subdivision.  None  of  the  old  sjns- 
J3  of  division  can  be  regarded  as  a  really  natural  one  % 
le  which  admit  but  few  divisions  being  found  to  leave  the 
Je  range  of  the  probable  in  one  unbroken  class,  and  those 
ch  adopt  many  divisions  lapsing  into  unavoidable  vague- 
I  and  uncertainty. 
J  21.     Corresponding  to   the   distinction  between  pure 
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and  modal  propositions,  but  even  more  complicated 
unsatisfactory  in  its  treatment,  was  that  between  pun 
modal  syllogisms.  The  thing  discussed  in  the  case  o 
latter  was,  of  course,  the  effect  produced  upon  the  cond 
in  respect  of  modality,  by  the  modal  affection  of  one  or 
premises.  It  is  only  when  we  reach  such  consideratio 
these  that  we  are  at  all  getting  on  to  the  ground  approj 
to  Probability;  but  it  is  obvious  that  very  little  cou 
done  with  such  rude  materials,  and  the  inherent  clumi 
and  complication  of  the  whole  modal  system  come  out 
clearly  here.  It  was  in  reference  probably  to  this  com 
tion  that  some  of  the  bitter  sayings*  of  the  schoolmei 
others  which  have  been  recorded,  were  uttered. 

Aristotle  has  given  an  intricate  investigation  of  this 
ject,  and  his  followers  naturally  were  led  along  a  si 
track.  It  would  be  quite  foreign  to  my  purpose  in  the  i 
sketch  in  this  chapter  to  attempt  to  give  any  accou 
these  enquiries,  even  were  I  competent  to  do  so ;  for,  a 
been  pointed  out,  the  connection  between  the  Aristoi 
modals  and  the  modem  view  of  the  nature  of  Probal 
though  real,  is  exceedingly  slight.  It  need  only  be  remi 
that  what  was  complicated  enough  with  four  modals 
taken  account  of,  grows  intricate  beyond  all  endurance 
such  as  the  *  probable*  and  the  'true'  and  the  'felse' 
also  to  be  assigned  a  place  in  the  list.  The  following  e 
pies*  will  show  the  kind  of  discussions  with  which  the 

^    <*Haud  scio  magis  ne   doctri-  ^  Smiglecii    Diaputationet, 

nam  modalium  scholastici  exercue-  stadt,  1618. 

rint,  quam  ea  illos  vexarit.     Certe  See  also  Prantl's   Geschid 

usque  adeo  sudatum  hie  fuit,  ut  die-  Logik  (under  Occam  and  Bi 

terio  locus  sit  datus ;  De  modalihus  for  accounts  of  the  excessive 

non  gxistahit  asinus."    Eeckermann,  plication  which  the  subtlety  o 

Syst.  Log.  £k.  ii.  ch.  3.  learned  schoolmen    evolved 

such  suitable  materials.  • 
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ls  exercised  themselves.  'Whether,  with  one  premise 
ain^  and  the  other  probable,  a  certain  conclusion  may  be 
irred':  'Whether,  from  the  impossible,  the  necessary  can 
inferred';  'Whether,  with  one  premise  necessary  and  the 
er  de  inesse,  the  conclusion  is  necessary',  and  so  on, 
lessly. 

§  22.  On  the  Kantian  view  of  modality  the  discussion 
luch  kinds  of  syllogisms  becomes  at  once  decidedly  more 
pie  (for  here  but  three  modes  are  recognized),  and  alsa 
lewhat  more  closely  connected  with  strict  Probability,  (for 

modes  are  more  nearly  of  the  nature  of  gradations  of 
viction).  But,  on  the  other  hand,  there  is  less  justification 
their  introduction,  as  logicians  might  really  be  expected 
aiow  that  what  they  are  aiming  to  eflfect  by  their  clumsy 
trivances  is  the  very  thing  which  Probability  can  carry 

to  the  highest  desired  degree  of  accuracy.  The  former 
thods  are  as  coarse  and  inaccurate,  compared  with  the 
ber,  as  were  the  roughest  measurements  of  Babylonian 
;ht-watchers  compared  with  the  refined  calculations  of  the 
dem  astronomer.  It  is  indeed  only  some  of  the  general 
lerents  of  the  Kantian  Logic  who  enter  upon  any  such 
isiderations  as  these ;  some,  such  as  Hamilton  and  Mansel,. 
irely  reject  them,  as  we  have  seen.  By  those  who  do 
at  of  the  subject,  such  conclusions  as  the  following  are  laid 
«m ;  that  when  both  premises  are  apodeictic  the  conclusion 
1  be  the  same ;  so  when  both  are  assertory  or  problematic, 
one  is  apodeictic  and  the  other  assertory,  the  latter,  or 
Baker,'  is  all  that  is  to  be  admitted  for  the  conclusion; 
i  so  on.  The  English  reader  will  find  some  account  of 
!8e  rules  in  Ueberweg's  Logic\ 

§  23.  But  although  those  modals,  regarded  as  instru- 
nts  of  accurate  thought,  have  been  thus  superseded  by  the 

1  Translation  by  T.  M,  Lindsay,  p.  439, 
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precise  arithmetical  expressions  of  Probability,  the  qu« 
still  remains  whether  what  may  be  termed  our  popular  m 
expressions  could  not  be  improved  and  adapted  to  i 
accurate  use.  It  is  true  that  the  attempt  to  separate  t 
from  one  another  by  any  fundamental  distinctions  is  ft 
for  the  magnitude  of  which  they  take  cognizance  is,  as 
have  remarked,  continuous;  but  considering  the  enom 
importance  of  accurate  terminology,  and  of  recogni 
numerical  distinctions  wherever  possible,  it  would  be  a 
advance  if  any  agreement  could  be  arrived  at  with  regar 
the  use  of  modal  expressions.  We  have  already  noticed 
II.  §  16)  some  suggestions  by  Mr  Galton  as  to  the  possibi 
of  a  natural  system  of  classification,  resting  upon  the  K 
larity  with  which  most  kinds  of  magnitudes  tend  to  gi 
themselves  about  a  mean.  It  might  be  proposed,  for 
stance,  that  we  should  agree  to  apply  the  term  'g< 
to  the  first  quarter,  measuring  from  the  best  downwa 
*  indifferent'  to  the  middle  half,  and  *  bad'  to  the  last  quai 
There  seems  no  reason  why  a  similarly  improved  terminol 
should  not  some  day  be  introduced  into  the  ordinary  nw 
language  of  common  life.  It  might  be  agreed,  for  insta 
that  '  very  improbable '  should  as  far  as  possible  be  confi 
to  those  events  which  had  odds  of  (say)  more  than  99  t 
against  them ;  and  so  on,  with  other  similar  express! 
There  would,  no  doubt,  be  difiiculties  in  the  way,  for  in 
applications  of  classification  we  have  to  surmount  the  t 
fold  obstacles  which  lie  in  the  way,  firstly  (to  use  Ka 
expression)  of  the  faculty  of  making  rules,  and  secondl] 
that  of  subsumption  under  rules.  That  is  to  say,  even  if 
had  agreed  upon  our  classes,  there  would  still  be  much  do 
and  dispute,  in  the  case  of  things  which  did  not  readily  1 
themselves  to  be  counted  or  measured,  as  to  whether 
odds  were  more  jor  less  than  the  assigned  quantity. 
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[t  is  true  that  when  we  know  the  odds  for  or  against  an 
it,  we  can  always  state  them  explicitly  without  the  neces- 

of  first  agreeing  as  to  the  usage  of  terms  which  shall 
ly  them.  But  there  would  often  be  circumlocution  and 
antry  in  so  doing,  and  as  long  as  modal  terms  are  in 
;tical  use  it  would  seem  that  there  could  be  no  harm,  and 
ht  be  great  good,  in  arriving  at  some  agreement  as  to  the 
ree  of  probability  which  they  should  be  generally  under- 
kI  to  indicate.  Bentham,  as  is  well  known,  in  despair  of 
r  obtaining  anjrthing  accurate  out  of  the  language  of  com- 
1  life  on  this  subject,  was  in  &,your  of  a  direct  appeal  to 

numerical  standard.  He  proposed  the  employment,  in 
Lcial  trials,  of  an  instrument,  graduated  &om  0  to  10,  on 
ch  scale  the  witness  was  to  be  asked  to  indicate  the  de- 
3  of  his  belief  of  the  facts  to  which  he  testified  :  similarly 

judge  might  express  the  force  with  which  he  held  his 
elusion.  The  use  of  such  a  numerical  scale,  however,  was 
be  optional  only,  not  compulsory,  as  Bentham  admitted 
t  many  persons  might  feel  at  a  loss  thus  to  measure  the 
ree   of  their  belief.      {Rationale  of  Judicial  Evidencey 

I.,  Ch.  VI.) 

§  24.  Throughout  this  chapter  we  have  regarded  the 
ials  as  the  nearest  counterpart  to  modem  Probability 
Lch  was  afforded  by  the  old  systems  of  logic.  The  reason 
so  regarding  them  is,  that  they  represented  some  slight 
jmpt,  rude  as  it  was,  to  recognize  and  measure  certain 
dations  in  the  degree  of  our  conviction,  and  to  examine 

bearing  of  such  considerations  upon  our  logical  inferences. 
But  although  it  is  amongst  the  modals  that  the  germs  of 

methods  of  Probability  are  thus  to  be  sought ;  the  true 
ject-matter  of  our  science,  that  is,  the  classes  of  objects 
h  which  it  is  most  appropriately  concerned,  are  rather 
resented  by  another  part  of  the  scholastic  logic.     This 
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was  the  branch  commonly  called  Dialectic,  in  the  olc 
of  that  term.  Dialectic,  according  to  Aristotle,  se^ 
have  been  a  sort  of  sister  art  to  Rhetoric.  It  was  con 
with  syllogisms  differing  in  no  way  from  demonstrati 
logisms,  except  that  their  premises  were  probable  insi 
certain.  Premises  of  this  kind  he  termed  topics,  ai 
syllogisms  which  dealt  with  them  enthymemes.  The; 
said  to  start  from  'signs  and  likelihoods'  rather  thai 
axioms  \ 

§  25.  The  terms  in  which  such  reasonings  are 
monly  described  sound  very  much  like  those  applica 
Probability,  as  we  now  understand  it.  When  we  h 
likelihood,  and  of  probable  syllogisms,  our  first  impi 
might  be  that  the  inferences  involved  would  be  of  a  £ 
character*.     This,  however,   would  be   erroneous.     I 


1  "The  €lKbi  and  a-rjfielov  them- 
selves are  propositions;  the  former 
stating  a  general  probability,  the 
latter  a  fact,  which  is  known  to  be 
an  indication,  more  or  less  certain, 
of  the  truth  of  some  further  state- 
ment, whether  of  a  single  fact,  or 
of  a  general  belief.  The  former  is  a 
general  proposition,  nearly,  though 
not  quite,  universal ;  as,  '  most  men 
who  envy  hate';  the  latter  is  a 
singular  proposition,  which  however 
is  not  regarded  as  a  sign,  except 
relatively  to  some  other  proposition, 
which  it  is  supposed  may  be  inferred 
from  it."  (Mansel's  Aldrich ;  Appen- 
dix F,  where  an  account  will  be 
found  of  the  Aristotelian  enthy- 
meme,  and  dialectic  syllogism.  Also, 
of  course,  in  Grote's  Aristotle,  Topics, 
and  elsewhere.) 

3  <>Kam  in  hoc  etiam  divert  de- 


monstratio,  seu  demonstrati'^ 
mentatio,  d.  probabili,  qnia 
tam  conclusio  quam  prsemissf 
sarise  sunt ;  in  probabili  autei 
mentatione  sicut  conclusio  ut 
bills  infertur  ita  prsemisssB 
babiles  afferuntur"  (Grackan 
Bk.  v.,  Ch.  1) ;  almost  the  woi 
which  De  Morgan  distinguis 
tween  logic  and  probability 
passage  already  cited  (see  Gh. 
Perhaps  it  was  a  developn 
some  such  view  as  this  that  I 
looked  forward  to.  "  J'ai  dit  pk 
fois  qu'il  faudrait  une  nouvellc 
de  Logique,  qui  traiteroit  dea 
de  Probability,  puisqa'Aristoi 
ses  Topiques  n'a  rien  moins  i 
cela*'  {Nouveaux  essais.  Lib. 
xvi).  It  is  possible,  indeed, 
may  have  had  in  his  mind  mo 
we  now  understand  by  the  mi 
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ce  the  province  of  this  Dialectic  was  much  tck)  wide, 
vered  in  addition  the  whole  field  of  what  we  should 
oa  Scientific  or  Material  Induction.  The  distinctive 
jiistic  of  the  dialectic  premises  was  their  want  of 
y,  and  of  such  uncertain  premises  Probability  (as  I 
Bquently  insisted)  takes  account  of  one  class  only, 
)n  concerning  itself  with  another  class.  Again,  not  the 
b  attempt  was  made  to  enter  upon  the  enquiry,  How 
ba  are  the  premises  ?  It  is  only  when  this  is  at- 
l  that  we  can  be  considered  to  enter  upon  the  field  of 
lity,  and  it  is  because,  after  a  rude  fashion,  the  modals 
ed  to  grapple  with  this  problem,  that  we  have  regarded 
in  any  way  occupied  with  our  special  subject-matter. 
.  Amongst  the  older  logics  with  which  I  have  made 
laintance,  that  of  Crackanthorpe  gives  the  fullest  dis- 
upon  this  subject.  He  divides  his  treatment  of  the 
n  into  two  parts,  occupied  respectively  with  the  '  de- 
tive '  and  the  *  probable '  syllogism.  To  the  latter  a 
ook  is  devoted.  In  this  the  nature  and  consequences 
jen  diflFerent  'loci**  are  investigated,  though  it  is  not 
ar  in  what  sense  they  can  every  one  of  them  be  re- 
18  being  *  probable.* 

y  of  Probability,  but  in  the  the  term.      Crackanthorpe   says  of 

I  a  science  it  is  of  course  them,  **  sed  duel  a  loco  probaMliter 

ay  whether  any  particular  arguendi,  hoc  vere  proprium  est  Ar- 

definitely  contemplated  or  gumentationis  probabilis ;  et  in  hoc 

bnitz  (as  Todhunter  has  a  Demonstratione  differt,  quia  De- 

his  history)  took  the  great-  monstrator  utitur  solunnnodo  qua- 

it  in  such  chance  problems  tuor  Locis  eisque  necessariis....  Prss- 

been  discussed.  ter  hos  autem,   ex  quibus   quoque 

)ci  were  understood  certain  probabiliter  arguere  licet,  sunt  multo 

asses  of  premises.     They  plures  Loci  arguendi    probabiliter; 

fact,  to  the  major  premise  ut  a  Genere,  a  Specie,  ab  Adjuncto, 

lat  the  same  relation  that  ab  Oppositis,  et   similia"   (Logical 

ytv  or  Predicament  did  to  Lib.  v.,  ch.  n.). 
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It  is  doubtless  true,  that  if  the  old  logicians  had 
in  possession  of  such  premises  as  modem  Probability  is 
cemed  with,  and  had  adhered  to  their  own  way  of  tra 
them,  they  would  have  had  to  place  them  amongst  such 
and  thus  to  make  the  consideration  of  them  a  part  of 
Dialectic.     But  inasmuch  as  there  does  not  seem  to 
been  the  slightest  attempt  on  their  part  to  do  more 
than  recognize  the  fact  of  the  premises  being  probable; 
is,  since  it  was  not  attempted  to  measure  their  probal 
and  that  of  the  conclusion,  I  cannot  but  regard  this  pa 
Logic  as  having  only  the  very  slightest  relation  to  Y\ 
bility  as  now  conceived.     It  seems  to  me  little  more 
one  of  the  ways  (described  at  the  commencement  of 
chapter)  by  which  the  problem  of  Modality  is  not  indee 
jected,  but  practically  evaded. 

§  27.  As  Logic  ifr  not  the  only  science  which  is  dii 
and  prominently  occupied  with  questions  about  belief 
evidence,  so  the  difficulties  which  have  arisen  there 
been  by  no  means  unknown  elsewhere.  In  respect  ol 
modals,  this  seems  to  have  been  manifestly  the  case  in  J 
prudence.  Some  remarks,  therefore,  may  be  conveni 
made  here  upon  this  application  of  the  subject,  thouj 
course  with  the  brevity  suitable  on  the  part  of  a  layman 
has  to  touch  upon  professional  topics. 

Recall  for  a  moment  what  are  the  essentials  of  mod 
These  I  understand  to  be  the  attempt  to  mark  off  frou 
another,  without  any  resort  to  numerical  notation,  va 
degrees  of  conviction  or  belief,  and  to  determine  the  c 
quent  effect  of  premises,  thus  affected,  upon  our  conclu 
Moreover,  as  we  cannot  construct  or  retain  a  scale  oi 
kind  without  employing  a  standard  from  and  by  wU 
measure  it,  the  attainment  and  recognition  of  a  standi) 
certainty,  or  of  one  of  the  other  degrees  of  convictin 
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nost  inseparably  involved  in  the  same  enquiry.  In  this 
ttse  of  the  term,  modal  difficulties  have  certainly  shown 
emselves  in  the  department  of  Law.  There  have  been 
nilar  attempts  here,  encountered  by  similar  difficulties,  to 
me  to  some  definite  agreement  as  to  a  scale  of  arrange- 
ent  of  the  degrees  of  our  assent.  It  is  of  course  much 
ore  practicable  to  secure  such  agreement  in  the  case  of  a 
lecial  science,  confined  more  or  less  to  the  experts,  than  in 
ibjects  into  which  all  classes  of  outsiders  have  almost  equal 
fht  of  entry.  The  range  of  application  under  the  former 
rcamstances  is  narrower,  and  the  professional  experts  have 
quired  habits  and  traditions  by  which  the  standards  may 
s  retained  in  considerable  integrity.  It  does  not  appear, 
>wever,  according  to  all  accounts,  as  if  any  very  striking 
ccess  had  been  attained  in  this  direction  by  the  lawyers. 

§  28.  The  difficulty  in  its  scientific,  or  strictly  jurispru- 
ntial  shape,  seems  to  have  shown  itself  principally  in  the 
tempt  to  arrange  legal  evidence  into  classes  in  respect  of 
8  degree  of  its  cogency.  This,  I  understand,  was  the  case 
the  Roman  law,  and  in  some  of  the  continental  systems  of 
tisprudence  which  took  their  rise  from  the  Roman  law. 
Phe  direct  evidence  of  so  many  witnesses  was  plena  pro- 
Ho.  Then  came  minibs  plena  probatio,  then  semiplend 
VLJor  and  semiplend  minor;  and  by  adding  together  a 
rtain  number  of  half-proofs — for  instance,  by  the  pro- 
iction  of  a  tradesman's  account-books,  plus  his  supple- 
bntary  oath — full  proof  might  be  made  out.  It  was  on 
is  principle  that  torture  was  employed  to  obtain  a  con- 
ision.  The  confession  was  evidence  suppletory  to  the  cir- 
Itistances  which  were  held  to  justify  its  employment \" 

According  to  Bentham',  the  corresponding  scale  in  the 

Stephen  *s   General  View  of  the  ^  Rationale  of  Judicial  Evidence  ; 

minal  Law  of  England^  p.  241.  Bk.  i.  ch.  vi. 
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English  school  was: — Positive   proof,  Violent   presi: 
Probable  presumption.  Light  or  Rash  presumption, 
admitted  by  Blackstone  and  others,  I  understand  th 
divisions  are  not  at  all  generally  accepted  at  the 
day. 

§  29.     In  the  above  we  are  reminded  rather  oj 

syllogisms.     The  principal  practical  form  in  which  t 

culty  underlying   the   simple   modal   propositions   ] 

itself,  is  in  the  attempt  to  obtain  some  criterion  of 

certainty.     By  '  certainty '  here  we  mean,  of  course,  n 

the  metaphysicians  term  apodeictic*,  for  that  can  sel 

never  be  secured  in  practical  affairs,  but  such  a  d( 

conviction,  short  of  this,  as  every  reasonable  person  ^ 

to  be  suflficient  for  all  his  wants.     Here  again,  on€ 

think,  the  quest  must  appear,  to  accurate  thinkers,  an 

hopeless  one;  an  eflfort  to  discover  natural  breaks  ii 

tinuous  magnitude.     There  cannot  indeed  be  the  leas 

that,  amongst  limited  classes  of  keen  and  practised  in 

a  standard  of  certainty,  as  of  everything  else,  might 

tained  and  handed  down  with  considerable  accuracy  : 

possible  in  matters  of  taste  and  opinion  where  persom 

liarities  of  judgment  are  far  more  liable  to  cause  disagr 

and  confusion.     But  then  such  a  consensus  is  almost  < 

an  affair  of  tact  and  custom ;  whereas  what  is  wanted 

case  in  question  is  some  criterion  to  which  the  compai 

uninitiated  may  be  able  to  appeal.     The  standard,  th 

must  not  merely  be  retained  by  recollection,  but  be  g€ 

recognizable  by  its  characteristics.     If  such  a  criterioi 

^  Though  this  is  claimed  by  some  eingestanden.    Denn  wenn  i 

Kantian    logicians; — Nie    darf    an  Zeugnisse  and  die  abri|;en  i 

einem    angebliohen   Yerbreoher   die  wider  ihn  waren,  so  bleibt  < 

gesetzliche  Strafe  vollzogen  werden,  Gegentheil  immer  m^iglieh' 

beyor  er  nioht  selbat  daa  Yerbrechen  Denklehre,  §  131). 
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red,  its  importance  could  hardly  be  overrated.  But 
s  one  may  judge  fix)m  the  speeches  of  counsel,  the 

of  judges,  and  the  verdicts  of  juries,  nothing  really 
ig  the  name  is  ever  attained. 

L  The  nearest  approach,  perhaps,  to  a  recognized 
i  is  to  be  found  in  the  frequent  assurance  that  juries 
bound  to  convict  only  in  case  they  have  no  doubt  of 
It  of  the  accused;  for  the  absolute  exclusion  of  all 
the  utter  impossibiUty  of  suggesting  any  counter 
isis  which   this  assumes,  is  unattainable  in  human 

But,  it  is  frequently  said,  they  are  to  convict  if 
ive  no  'reasonable  doubt,'  no  such  doubt,  that  is, 
d  be  '  a  hindrance  to  acting  in  the  important  aflfairs 
As  a  caution  against  seeking  after  unattainable 
y,  such  advice  may  be  very  useful;  but  it  need 
36  remarked  that  the  certainty  upon  which  we  act  in 
)ortant  affairs  of  life  is  no  fixed  standard,  but  varies 
Qgly  according  to  the  nature  of  those  affairs.     The 

the  reward  at  stake,  the  greater  the  risk  we  are 
d  to  run,  and  conversely.  Hardly  any  degree  of  cer- 
jan  exist,  upon  the  security  of  which  we  should  not 
ared  to  act  under  appropriate  circumstances*, 
le  writers  indeed  altogether  deny  that  any  standard, 
common  sense  of  the  word,  either  is,  or  ought  to  be, 
at   in  legal   proceedings.      For  instance.   Sir  J.  F. 

Ir   C.  J.   Monro   puts   it :  not  do  this  would  very  often  prevent 

)  that  a  man  is  suspected  of  a  Chancery  judge  from  appointing 

%  his  daughter.    Evidence  the  man  guardian  to  a  ward  of  the 

uld  not  convict  him  hefore  court ;    evidence    which  would   not 

ry  jury  might  make  a  grand  affect  the  judge's  mind  might  make 

a  true  hill ;  evidence  which  a  father  think  twice  oil  his  death- 

»t  do  this  might  make  a  bed  before  he  appointed   the  man 

jury   bring   in  a  verdict  guardian  to  Ma  daughter.** 
im ;  evidence  .which  would 
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Steph^x  in  his  waik  on  English  Criminal  Law^, 
noticing  and  rejecting  such  standards  as  that  last 
cated*  comes  to  the  conclusion  that  the  only  standard  i 
niied  bj  our  law  is  that  which  induces  juries  to  con?i 
**What  is  judicial  proof?  That  which  being  permits 
law  to  be  giren  in  evidence,  induces  twelve  men,  c 
accoidiiig  to  the  Jury  Act,  to  say  that,  having  heard  it, 
minds  ai^  satisfied  of  the  truth  of  the  proposition  wh 
affirms.  They  may  be  prejudiced,  they  may  be  timid 
may  be  rash,  they  may  be  ignorant;  but  the  oatl 
number,  and  the  property  qualification,  are  intended, 
as  possible,  to  neutralize  these  disadvantages,  and  i 
precisely  to  the  conditions  imposed  upon  standards  of 
or  length.'*    (p^  26a) 

To  admit  this  is  much  about  the  same  thing  as  to  all 
such  a  standard  as  unattainable.  Evidence  which  ii 
a  jun*  to  convict  may  doubtless  be  a  standard  to  n 
others  of  what  we  ought  to  consider  '  reasonably  a 
provided  of  course  that  the  various  juries  are  tolerabi 
form  in  their  conclusions.  But  it  clearly  cannot  be  pr 
as  a  standard  to  the  juries  themselves ;  if  their  decisi( 
to  be  consistent  and  unitbrm,  they  want  some  externa 
cation  to  guide  them.  When  a  man  is  asking.  How  < 
ought  I  to  feel  ?  to  give  such  an  answer  as  the  ab 
surely,  merely  telling  him  that  he  is  to  be  as  cerl 


^  The  portions  of  this  work  which 
treat  of  the  natnre  of  proof  in  gene- 
ral, and  of  jndicial  proof  in  pcoiicn- 
lar,  are  well  worth  reading  bj  eTory 
logical  student.  It  aiqpears  to  me, 
howerer,  that  the  anthor  goes  modi 
too  far  in  the  direction  of  regarding 
proof  as  snbjectiTe,  that  is  as  what 
does  satisfy  people,  rather  than  as 


what  should  satisfy  them.  ] 
pares  the  legislatiTe  staikdazt 
taintv  with  that  of  Talne ;  th 
is  declared  to  be  a  certain  « 
gold,  irrespectiTe  of  the  n 
commonness  of  that  mttil 
c^taintr;  if  people  g:rowmoi 
loos  the  intrinaie  ^mhie  of  tfc 
aid  wiUiraiy. 
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is.  If,  indeed,  juries  composed  a  close  profession,  they 
ight,  as  was  said  above,  retain  a  traditional  standard.  But 
dng,  as  they  are,  a  selection  from  the  ordinary  lay  public, 
leir  own  decisions  in  the  past  can  hardly  be  held  up  to 
lem  as  a  direction  what  they  are  to  do  in  future. 

§  31.  It  would  appear  therefore  that  we  may  fairly  say 
lat  the  EInglish  law,  at  any  rate,  definitely  rejects  the  main 
Bomption  upon  which  the  logical  doctrine  of  modality  and 
B  le^  counterpart  are  based :  the  assumption,  namely,  that 
iffierent  grades  of  conviction  can  be  marked  off  from  one 
lother  with  sufficient  accuracy  for  us  to  be  able  to  refer 
idividual  cases  to  their  corresponding  classes.  And  that 
bh  regard  to  the  collateral  question  of  fixing  a  standard  of 
irtainty,  it  will  go  no  further  than  pronouncing,  or  im- 
lying,  that  we  are  to  be  content  with  nothing  short  of,  but 
led  not  go  beyond, '  reasonable  certainty.' 

This  is  a  statement  of  the  standard,  with  which  the 
gician  and  scientific  man  can  easily  quarrel;  and  they 
fty  with  much  reason  maintain  that  it  has  not  the  slightest 
ftim  to  accuracy,  even  if  it  had  one  to  strict  intelligibility. 
■  a  man  wishes  to  know  whether  his  present  degree  of  cer- 
intj  is  reasonable,  whither  is  he  to  appeal?  He  can 
Wcely  compare  his  mental  state  with  that  which  is  ex- 
^enced  in  'the  important  affairs  of  life,'  for  these,  as 
ready  remarked,  would  indicate  no  fixed  value.  At  the 
tne  time,  one  cannot  suppose  that  such  an  expression  is 
ifetitute  of  all  signification.  People  would  not  continue  to 
•e  language,  especially  in  matters  of  paramount  importance 
id  interest,  without  meaning  something  by  it.  We  are 
iven  therefore  to  conclude  that  *  reasonable  certainty '  does 
a  rude  sort  of  way  represent  a  traditional  standard  to 
lich  it  is  attempted  to  adhere.  As  already  remarked,  this 
J)erfectly  practicable  in  the  case  of  any  class  of  profea8i.o\va.\. 
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men,  and  therefore  not  altogether  impossible  in  the  c 
those  who  are  often  and  closely  brought  into  connection 
such  a  class.  Though  it  is  hard  to  believe  that  any 
expressions,  when  used  for  purposes  of  ordinary  life,  i 
at  all  near  enough  to  any  conventional  standard  to  be  y 
discussion;  yet  in  the  special  case  of  a  jury,  acting  \ 
the  direct  influence  of  a  judge,  it  seems  quite  possible 
their  deliberate  assertion  that  they  are  'fully  convi 
may  reach  somewhat  more  nearly  to  a  tolerably  fixed  stai 
than  ordinary  outsiders  would  at  first  think  likely. 

§  32.  Are  there  then  any  means  by  which  we 
ascertain  what  this  standard  is ;  in  other  words,  by  whi( 
could  determine  what  is  the  real  worth,  in  respect  of 
racy,  of  this  *  reasonable  certainty '  which  the  juries  are 
posed  to  secure  ?  In  the  absence  of  authoritative  de< 
tions  upon  the  subject,  the  student  of  Logic  and  Proba 
would  naturally  resort  to  two  means,  with  a  mome 
notice  of  which  we  will  conclude  this  enquiry. 

The  first  of  these  would  aim  at  determining  the  stai 
of  judicial  certainty  indirectly,  by  simply  determining 
statistical  fi^equency  with  which  the  decisions  (say)  of  a 
were  found  to  be  correct.  This  may  seem  to  be  a  hoj 
task ;  and  so  indeed  it  is,  but  not  so  much  on  any  the( 
insufficiency  of  the  determining  elements  as  on  accou: 
the  numerous  arbitrary  assumptions  which  attach  to 
of  the  problems  which  deal  with  the  probability  of  testii 
and  judgments.  It  is  not  necessary  for  this  purpose  tha 
should  have  an  infallible  superior  court  which  revised 
decisions  of  the  one  under  consideration* ;  it  is  sufficient 

^  The  question  will  be  more  fully  to  the  simplest  possible  elemei 

discussed  in  a  future  chapter,  but  a  supposing  only  two  judges  or  o 

few  words  may  be  inserted  here  by  of  the  same  average  correetD 

way  of  indication.    Heduce  tlcve  ca^e  decision.    Let  this  be  indicftt 
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ntunber  of  ordinaiy  representative  cases  are  submitted 
50iirt  consisting  even  of  exactly  similar  materials  to  the 
rhose  decisions  we  wish  to  test  Provided  always  that  we 
5  the  monstrous  assumption  that  the  judgments  of  men 
t  matters  which  deeply  affect  them  are  'independent' 
le  sense  in  which  the  tosses  of  pence  are  independent, 
the  statistics  of  mere  agreement  and  disagreement  will 
!  our  purpose.  We  might  be  able  to  say,  for  instance, 
a  jury  of  a  given  number,  deciding  by  a  given  majority, 
right  nine  times  out  of  ten  in  their  verdict.  Conclu- 
of  this  kind,  in  reference  to  the  French  courts,  are 
Poisson  has  attempted  at  the  end  of  his  great  work  on 
Probability  of  Judgments ;  though  I  do  not  suppose  that 
>tached  much  numerical  accuracy  to  his  results. 
L  scarcely  more  hopeful  means  would  be  found  by  a 
ence  to  certain  cases  of  legal  '  presumptions.'  A  '  con- 
VQ  presumption '  is  defined  as  follows : — "  Conclusive,  or 
ley  are  elsewhere  termed  imperative  or  absolute  pre- 
)tions  of  law,  are  rules  determining  the  quantity  of  evi- 
e  requisite  for  the  support  of  any  particular  averment 
h  is  not  permitted  to  be  overcome  by  any  proof  that  the 
is  otherwise*."  A  large  number  of  such  presumptions 
be  found  described  in  the  text-books,  but  they  seem  to 
to  matters  far  too  vague,  for  the  most  part,  to  admit  of 
reduction  to  statistical  frequency  of  occurrence.  It  is 
id  maintained  by  some  authorities  that  any  assignment 
jgree  of  Probability  is  not  their  present  object,  but  that 
are  simply  meant  to  exclude  the  troublesome  delays 

^en  the  chance  of  their  agree-  ment  is  confirmed  by  the  second,  we 

ar*  +  (l--a;)^  for  they  agree  if  have  the  means  of  determining  x. 

are  right  or  both  wrong.     If  i  Taylor  on  Evidence:  the  latter 

.tistical  frequency  of  this  agree-  part  of  the  extract  does  not  seem 

is  known, — that  is,  the  fre-  very  clear. 
f  with  which  the  first  judg- 
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that  would  ensue   if  everything  were   considered   open 
doubt  and  question.     Moreover,  even  if  they  did 
degree  of  certainty  this  would  rather  be  an  indication 
what  legislators  or  judges  thought  reasonable  than  of 
was  so  considered  by  the  juries  themselves. 

There  are  indeed  presumptions  as  to  the  time  after  wl 
a  man,  if  not  heard  of,  is  supposed  to  be  dead  (capable 
disproof,  of  course,  by  his  reappearance).     If  this  time 
with  the  age  of  the  man  in  question,  we  should  at  once  hai 
some  such  standard  as  we  desire,  for  a  reference  to  the 
tables  would  fix  his  probable  duration  of  life,  and  so  del 
mine  indirectly  the  measure  of  probability  which  satii 
the  law.     But  this  is  not  the  case ;  the  period  chosen  % 
entirely  irrespective  of  age.     The  nearest  case  in  point  (i 
that  does  not  amount  to  much)  which  I  have  been  able 
ascertain  is  that  of  the  age  after  which  it  has  been 
sumed  that   a  woman  was   incapable   of  bearing   chile 
This  was  the  age  of  53.     A  certain  approach  to  a  statistic 
assignment  of  the  chances  in  this  case  is  to  be  found 
Quetelet's  Physique  Sociale  (Vol.  I.  p.  184,  note).     Accoi 
to  the  authorities  which  he  there  quotes  it  would  seem  tl 
in  about  one  birth  in  5500  the  mother  was  of  the  age  of 
or  upwards.     This  does  not  quite  assign  the  degree  of  wl 
may  be  called  the  k  priori  chance  against  the  occurrence  of 
birth  at  that  age,  because  the  fact  of  having  commenced 
family  at  an  early  age  represents  some  diminution  of 
probability  of  continuing  it  into  later  life.     But  it  serves 
give  some  indication  of  what  may  be  called  the  odds 
such  an  event. 

It  need  not  be  remarked  that  any  such  clues  as  these 
the  measure  of  judicial  certainty  are  far  too  slight  to  be 
any  real  value.     They  only  deserve  passing  notice  as  a  poft-j 
sible  logical  solution  of  the  problem  in  question,  or  rather 
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dication  of  the  mode  in  which,  in  theory,  such  a  solution 
i  have  to  be  sought,  were  the  English  law,  on  these 
cts,  a  perfectly  consistent  scheme  of  scientific  evidence, 
is  the  mode  in  which  one  would,  under  those  circum- 
es,  attempt  to  extract  from  its  proceedings  an  admission 
e  exact  measure  of  that  standard  of  certainty  which  it 
:ed,  but  which  it  declined  openly  to  enunciate. 


CHAPTER  XIV. 

FALLACIES. 

§  1.  In  works  on  Logic  a  chapter  is  generally  dev( 
to  the  discussion  of  Fallacies,  that  is,  to  the  descrip 
and  classification  of  the  diiferent  ways  in  which  the  r 
of  Logic  may  be  transgressed.  The  analogy  of  Probabi 
to  Logic  is  sufficiently  close  to  make  it  advisable  to  ac 
the  same  plan  here.  In  describing  his  own  opinions 
author  is,  of  course,  perpetually  obliged  to  describe 
criticise  those  of  others  which  he  considers  erroneous.  . 
some  of  the  most  widely  spread  errors  find  no  supper 
worth  mentioning,  and  exist  only  in  vague  popular  mi 
prehension.  It  will  be  found  the  best  arrangement,  th 
fore,  at  the  risk  of  occasional  repetition,  to  collect  a  fen 
the  errors  that  occur  most  frequently,  and  as  far  as  posd 
to  trace  them  to  their  sources;  but  it  will  hardly  be  wo 
the  trouble  to  attempt  any  regular  system  of  arrangem 
and  classification.  We  shall  mainly  confine  ourselves, 
accordance  with  the  special  province  of  this  work,  to  probk 
which  involve  questions  of  logical  interest,  or  to  th 
which  refer  to  the  application  of  Probability  to  monJ  t 
social  science.  We  shall  avoid  the  discussion  of  isob 
problems  in  games  of  chance  and  skill  except  when  so 
error  of  principle  seems  to  be  involved  in  them. 
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§  2.  (I.)  One  of  the  most  fertile  sources  of  error  and 
infusion  upon  the  subject  has  been  ah^ady  several  times- 
luded  to,  and  in  part  discussed  in  a  previous  chapter., 
his  consists  in  choosing  the  class  to  which  to  refer  an 
7ent,  and  therefore  judging  of  the  rarity  of  the  event  and 
le  consequent  improbability  of  foretelling  it,  after  it  has 
appened,  and  then  transferring  the  impressions  we  expe- 
Lence  to  a  supposed  contemplation  of  the  event  beforehand. 
Tie  process  in  itself  is  perfectly  legitimate  (however  unne- 
essary  it  may  be),  since  time  does  not  in  strictness  enter 
t  all  into  questions  of  Probability.  No  error  therefore 
eed  arise  in  this  way,  if  we  were  careful  as  to  the  class 
iiich  we  thus  selected;  but  such  carefulness  is  often  neg- 
)cted. 

An  illustration  may  aflford  help  here.  A  man  once 
ointed  to  a  small  target  chalked  upon  a  door,  the  target 
aving  a  bullet  hole  through  the  centre  of  it,  and  surprised 
yme  spectators  by  declaring  that  he  had  fired  that  shot 
rom  an  old  fowling-piece  at  a  distance  of  a  hundred  yards. 
Es  statement  was  true  enough,  but  he  suppressed  a  rather 
nportant  fexjt.  The  shot  had  really  been  aimed  in  a  general 
ray  at  the  bam-door,  and  had  hit  it;  the  target  was  after- 
wards chalked  round  the  spot  where  the  bullet  struck.  A 
eception  analogous  to  this  is,  I  think,  often  practised  uncon- 
siously  in  other  matters.  We  judge  of  events  on  a  similar 
rinciple,  feeling  and  expressing  surprise  in  an  equally  un- 
dasonable  way,  and  deciding  as  to  their  occurrence  on 
toonds  which  are  really  merely  a  subsequent  adjunct  of  our 
Wjl  Butler's  remarks  about  'the  story  of  Caesar,'  discussed 
beady  in  the  twelfth  chapter,  are  of  this  character.  He 
dects  a  series  of  events  from  history,  and  then  imagines  a 
erson  guessing  them  correctly  who  at  the  time  had  not  the 
istory  before  him.     As  I  have  already  pointed  out,  it  is  one 
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thing  to  be  unlikely  to  guess  an  event  rightly  mi 
specific  evidence;  it  is  another  and  very  different  thii 
appreciate  the  truth  of  a  story  which  is  founded  parti 
entirely  upon  evidence.  But  it  is  a  great  mistake  to  tra 
to  one  of  these  ways  of  viewing  the  matter  the  mental 
pressions  which  properly  belong  to  the  other.  It  is 
drawing  the  target  afterwards,  and  then  being  surpris( 
find  that  the  shot  lies  in  the  centre  of  it. 

§  3.  One  aspect  of  this  fallacy  has  been  already 
cussed,  but  it  will  serve  to  clear  up  difficulties  which 
often  felt  upon  the  subject  if  we  reexamine  the  quei 
under  a  somewhat  more  general  form. 

In  the  class  of  examples  under  discussion  we  are  gene 
presented  with  an  individual  which  is  not  indeed  defin 
referred  to  a  class,  but  in  regard  to  which  we  have  no  { 
difficulty  in  choosing  the  appropriate  class.  Now  sup 
we  were  contemplating  such  an  event  as  the  throwin 
sixes  with  a  pair  of  dice  four  times  running.  Such  a  tl 
would  be  termed  a  very  unlikely  event,  as  the  odds  agi 
its  happening  would  be  36  x  36  x  36  x  36  - 1  to  1  or  1671 
to  1.  The  meaning  of  these  phrases,  as  has  been  abunds 
pointed  out,  is  simply  that  the  event  in  question  occurs 
rarely;  that,  stated  with  numerical  accuracy,  it  occurs  on( 
1679616  times. 

§  4.  But  now  let  us  make  the  assumption  that 
throw  has  actually  occurred;  let  us  put  ourselves  into 
position  of  contemplating  sixes  four  times  running  when 
known  or  reported  that  this  throw  has  happened.  The  a 
phrase,  namely  that  the  event  is  a  very  unlikely  one, 
often  be  used  in  relation  to  it,  but  we  shall  find  that  i 
phrase  may  be  employed  to  indicate,  on  one  occasion 
another,  extremely  different  meanings. 

(1)     There  is,  firstly,  the  most  correct  meaning.   T 
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vent,  it  is  true,  has  happened,  and  we  know  what  it  is,  and 
herefore,  we  have  not  really  any  occasion  to  resort  to  the 
ules  of  Probability;  but  we  can  nevertheless  conceive  our- 
elves  as  being  in  the  position  of  a  person  who  does  not 
now,  and  who  has  only  Probability  to  appeal  to.  By  calling 
he  chances  1679615  to  1  against  the  throw  we  then  mean 
o  imply  the  fact,  that  inasmuch  as  such  a  throw  occurs  only 
>nce  in  1679616  times,  our  guess,  were  we  to  guess,  would 
>e  correct  only  once  in  the  same  number  of  times;  provided, 
hat  is,  that  it  is  a  fair  guess,  based  simply  on  these  statis- 
ical  grounds. 

§  5.  (2)  But  there  is  a  second  and  very  diflferent  con- 
ception sometimes  introduced,  especially  when  the  event  in 
[uestion  is  supposed  to  be  known,  not  as  above  by  the  evi- 
lence  of  our  experience,  but  by  the  report  of  a  witness.  We 
Day  then  mean  by  the  'chances  against  the  event'  (as  was 
)ointed  out  in  Chapter  Xll.)  not  the  proportional  number  of 
imes  we  should  be  right  in  guessing  the  event,  but  the 
)roportional  number  of  times  the  witness  will  be  right  in 
reporting  it.  The  bases  of  our  inference  are  here  shifted 
m  to  new  ground.  In  the  former  case  the  statistics  were 
she  throws  and  their  respective  frequency,  now  they  are  the 
iritnesses'  statements  and  their  respective  truthfulness. 

§  6.  (3)  But  there  is  yet  another  meaning  sometimes 
btended  to  be  conveyed  when  persons  talk  of  the  chances 
against  such  an  event  as  the  throw  in  question.  They  may 
mean — not.  Here  is  an  event,  how  often  should  I  have 
guessed  it? — nor,  Here  is  a  report,  how  often  will  it  be 
correct  ? — ^but  something  different  from  either,  namely.  Here 
3«aa  event,  how  often  will  it  be  found  to  be  produced  by 
«ome  one  particular  kind  of  cause  ? 

When,  for  example,  a  man  hears  of  dice  giving  the  same 
*^w  several   times  running,  and  speaks  of  this  as  ver\[ 
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extraordinary,  we  shall  often  find  that  he  is  not 
thinking  of  the  improbability  of  his  guess  being  rigl 
j  the  report  being  true,  but,  that  along  with  this,  he  ii 
ducing  the  question  of  the  throw  having  been  prodi: 
fair  dice.  There  is,  of  course,  no  reason  whatever  wl 
a  question  as  this  should  not  also  be  referred  to  Prob 
provided  always  that  we  could  find  the  appropriate  st 
by  which  to  judge.  These  statistics  would  be  compos 
of  throws  of  the  particular  dice,  nor  of  reports  of  the 
cular  witness,  but  of  the  occasions  on  which  such  a  tl 
the  one  in  question  respectively  had,  and  had  noi 
produced  fairly.  The  objection  to  entering  upon  th 
of  the  question  would  be  that  no  such  statistics  are 
able,  and  that  if  they  were,  we  should  prefer  to  fo] 
opinion  (on  principles  to  be  described  in  Chapter  xvi 
the  special  circumstances  of  the  case  rather  than  fi 
appeal  to  the  averaga 

§  7.  The  reader  will  easily  be  able  to  supply  ex 
in  illustration  of  the  distinctions  just  given ;  we  will 
examine  but  one.  I  hide  a  banknote  in  a  certain  bo< 
large  library,  and  leave  the  room.  A  person  tells  m 
after  I  went  out,  a  stranger  came  in,  walked  straight 
that  particular  book,  and  took  it  away  with  him. 
people  on  hearing  this  account  would  reply.  How  ext 
improbable !  On  analysing  the  phrase,  I  think  w( 
find  that  certainly  two,  and  possibly  all  three,  of  the 
meanings  might  be  involved  in  this  exclamation.  (1) 
may  be  meant  is  this, — Assuming  that  the  report  i 
and  the  stranger  innocent,  a  rare  event  has  occurred, 
books  might  have  been  thus  taken  without  that  par 
one  being  selected.  I  should  not  therefore  have  ex 
the  event,  and  when  it  has  happened  I  am  surprised. 
a  man  has  a  perfect  right  to  be  surprised,  but  he  I 
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ical  right  (so  long  as  we  confine  ourselves  to  this  view)  to 
ke  his  surprise  a  ground  for  disbelieving  the  event.  To 
this  is  to  fell  into  the  fellacy  described  at  the  commence- 
nt  of  this  chapter.  The  fexjt  of  my  not  having  been  likely  \ 
have  guessed  a  thing  beforehand  is  no  reason  in  itself  for 
ibting  it  when  I  am  informed  of  it.  (2)  Or  I  may  stop 
>rt  of  the  events  reported,  and  apply  the  rules  of  Proba- 
ity  to  the  report  itself  If  so,  what  I  mean  is  that  such  a  I 
ry  as  this  now  before  me  is  of  a  kind  very  generally  false, 
1  that  I  cannot  therefore  attach  much  credit  to  it  now. 
I  Or  I  may  accept  the  truth  of  the  report,  but  doubt  the 
t  of  the  stranger  having  taken  the  book  at  random.  If 
what  I  mean  is,  that  of  men  who  take  books  in  the  way 
scribed,  only  a  small  proportion  will  be  found  to  have 
:en  them  really  at  random ;  the  majority  will  do  so  because 
3y  had  by  some  means  ascertained,  or  come  to  suspect, 
lat  there  was  inside  the  book. 

Elach  of  the  above  three  meanings  is  a  possible  and  a 
ritimate  meaning.  The  only  requisite  is  that  we  should  be 
refill  to  ascertain  which  of  them  is  present  to  the  mind,  so 

to  select  the  appropriate  statistics.  The  first  makes  in 
elf  the  most  legitimate  use  of  Probability ;  the  drawback 
ing  that  at  the  time  in  question  the  functions  of  Pro- 
bility  are  superseded  by  the  event  being  otherwise  known. 
le  second  or  third,  therefore,  is  the  more  likely  meaning  to 

present  to  the  mind,  for  in  these  cases  Probability,  if  it 
old  be  practically  made  use  of,  would,  at  the  time  in 
lestion,  be  a  means  of  drawing  really  important  inferences. 
le  drawbacks  are  the  difiiculty  of  finding  such  statistics, 
id  the  extreme  disturbing  influence  upon  these  statistics  of 
e  circumstances  of  the  special  case. 

§  8.    (II.)      Closely  connected  with   the   tendency  just 
entioned  is  that  which  prompts  us  to  confound  a  true 

V.  ^^ 
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chance  selection  with  one  which  is  more  or  less  p 
When  we  are  dealing  with  familiar  objects  in  a  co] 
way,  especially  when  the  greater  rarity  corresponds  1 
periority  of  quality,  almost  every  one  has  learnt  to  rec( 
the  distinction.  No  one,  for  instance,  on  observing  ; 
body  of  troops  in  a  foreign  town,  but  would  be  prompt 
ask  whether  they  came  from  an  average  regiment  or 
one  that  was  picked.  When  however  the  distinction 
to  unfamiliar  objects,  and  especially  when  only  compa 
rarity  seems  to  be  involved,  the  fallacy  may  assume  a  i 
subtle  and  misleading  form,  and  seems  to  deserve  s 
notice  by  the  consideration  of  a  few  examples. 

Sometimes  the  result  is  not  so  much  an  actual  falL 
a  slight  misreckoning  of  the  order  of  probability  of  the 
under  consideration.  For  instance,  in  the  Pyramid  que 
we  saw  that  it  made  some  diflference  whether  we  consi 
that  TT  alone  was  to  be  taken  into  account  or  wheth< 
put  this  constant  into  a  class  with  a  small  number  of 
similar  ones.  In  deciding,  however,  whether  or  not  th 
anything  remarkable  in  the  actual  falling  short  oi 
representation  of  the  number  7  in  the  evaluation 
(v.  p.  248)  the  whole  question  turns  upon  consideratic 
this  kind.  The  only  enquiry  raised  is  whether  there  i$ 
thing  remarkable  in  this  departure  from  the  mean,  an 
answer  depends  upon  whether  we  suppose  that  we  ai 
ferring  to  a  predetermined  digit,  or  to  whatever  digit  c 
ten  happens  to  be  most  above  or  below  the  average, 
take  the  case  raised  by  Coumot  {Exposition  de  la  Ti 
des  Chances,  §§  102,  114),  that  a  certain  deviation  fror 
mean  in  the  case  of  Departmental  returns  of  the  prop( 
between  male  and  female  births  is  significant  and  indi( 
of  a  diflference  in  kind,  provided  that  we  select  at  rand 
single  French  Department ;  but  that  the  same  deviation 
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le  accidental  if  it  is  the  maximum  of  the  respective  returns 
wr  several  Departments*.  The  answer  may  be  given  one 
ray  or  the  other  according  as  we  bear  this  consideration  in 
Bind. 

§  9.  We  are  peculiarly  liable  to  be  misled  in  this  way 
rhen  we  are  endeavouring  to  determine  the  cause  of  some 
llnenomenon,  by  mere  statistics,  in  entire  ignorance  as  to  the 
IBiection  in  which  the  cause  should  be  expected.  In  such 
lues  an  ingenious  person  who  chooses  to  look  about  over  a 
^e  field  can  never  fail  to  hit  upon  an  explanation  which  is 
jjausible  in  the  sense  that  it  fits  in  with  the  hitherto  ob- 
lerved  facts.  With  a  tithe  of  the  trouble  which  Mr  Piazzi 
Imyth  expended  upon  the  measurement  of  the  great  pyramid, 
I  think  I  would  undertake  to  find  plausible  intimations  of 

Eeral  of  the  important  constants  and  standards  which  he 
Bovered  there,  in  the  dimensions  of  the  desk  at  which  I  am 
Riting.  The  oddest  instance  of  this  sort  of  conclusion  is 
berhaps  to  be  found  in  the  researches  of  a  writer  who  has 
bcovered*  that  there  is  a  connection  of  a  striking  kind 
letween  the  respective  successes  of  the  Oxford  and  the 
Bbmbridge  boat  in  the  annual  race,  and  the  greater  and  less 
^equency  of  sun-spots. 

Of  course  our  usual  practical  resource  in  such  cases  is  to 
IVkke  appeal  to  our  previous  knowledge  of  the  subject  in 
laestion,  which  enables  us  to  reject  as  absurd  a  great  number 
iff  hypotheses  which  can  nevertheless  make  a  fair  show  when 
ihey  are  allowed  to  rest  upon  a  limited  amount  of  adroitly 
IKlected  instances.  But  it  must  be  remembered  that  if  any 
heoiy  chooses  to  appeal  to  statistics,  to  statistics  it  must  be 
Itfered  to  go  for  judgment.      Even  the  boat  race  theory 

^  DiflCusBedbyMrF.T.Edgeworth,  ^  Journal  of  the   Statistical  Soc, 

fc  iSbe  Phil.  Mag,  for  April,  1887.  (Vol.  xlii.  p.  328)  Dare  one  suspect 

a  joke? 

11— ^ 
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could  be  established  (if  sound)  on  this  ground  alone.  T 
is,  if  it  really  could  be  shown  that  experience  in  the  long 
confirmed  the  preponderance  of  successes  on  one  side  or 
other  according  to  the  relative  frequency  of  the  sun-sj 
we  should  have  to  accept'  the  fact  that  the  two  classe 
events  were  not  really  independent.  One  of  the  two,  wh 
ever  it  may  be,  must  be  suspected  of  causing  or  influent 
the  other ;  or  both  must  be  caused  or  influenced  by  s 
common  circumstances. 

§  10.  (III.)  The  fallacy  described  at  the  commencen 
of  this  chapter  arose  from  determining  to  judge  of  an 
served  or  reported  event  by  the  rules  of  Probability, 
employing  a  wrong  set  of  statistics  in  the  process  of  judg 
Another  fallacy,  closely  connected  with  this,  arises  from 
practice  of  taking  some  only  of  the  characteristics  of  sud 
event,  and  arbitrarily  confining  to  these  the  appeal  to  ] 
bability.  Suppose  I  toss  up  twelve  pence,  and  find  that  elc 
of  them  give  heads.  Many  persons  on  witnessing  such  an  oc 
rence  would  experience  a  feeling  which  they  would  expres 
the  remark.  How  near  that  was  to  getting  all  heads !  Ai 
any  thing  very  important  were  staked  on  the  throw  1 
would  be  much  excited  at  the  occurrence.  But  in  ^ 
sense  were  we  near  to  twelve  ?  There  is  a  not  uncom] 
error,  I  apprehend,  which  consists  in  unconsciously  regan 
the  eleven  heads  as  a  thing  which  is  already  some 
secured,  so  that  one  might  as  it  were  keep  them,  and  \ 
take  our  chance  for  securing  the  remaining  one.  The  ek 
are  mentally  set  aside,  looked  upon  as  certain  (for  they  I 
already  happened),  and  we  then  introduce  the  notioi 
chance  merely  for  the  twelfth.  But  this  twelfth,  ha^ 
also  happened,  has  no  better  claim  to  such  a  distinction  t 
any  of  the  others.  If  we  will  introduce  the  notion  of  chi 
in  the  case  of  the  one  that  gave  tail  we  must  do  the  sam 
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be  case  of  all  the  others  as  well.  In 'other  words,  if  the 
kosser  be  dissatisfied  at  the  appearance  of  the  one  tail,  and 
Irish  to  cancel  it  and  try  his  luck  again,  he  must  toss  up  the 
ole  lot  of  pence  again  fairly  together.  In  this  case,  of 
»urse,  so  far  from  his  having  a  better  prospect  for  the  next 
m  he  may  think  himself  in  very  good  luck  if  he  makes 
in  as  good  a  throw  as  the  one  he  rejected.  What  he  is 
ig  is  confounding  this  case  with  that  in  which  the  throws 
really  svccessive.  If  eleven  heads  have  been  tossed  up  in 
[,  we  are  of  course  within  an  even  chance  of  getting  a 
elfth;  but  the  circumstances  are  quite  diflferent  in  the 
ce  proposed. 
§  11.  In  the  above  example  the  error  is  transparent, 
it  in  forming  a  judgment  upon  matters  of  greater  com- 
!xity  than  dice  and  pence,  especially  in  the  case  of  what  are 
led  '  narrow  escapes,'  a  mistake  of  an  analogous  kind  is,  I 
ihend,  fer  from  uncommon.  A  person,  for  example,  who 
lbs  just  experienced  a  narrow  escape  will  often  be  filled 
nth  surprise  and  anxiety  anjounting  almost  to  terror.  The 
Ivent  being  past,  these  feelings  are,  at  the  time,  in  strictness 
■appropriate.  If,  as  is  quite  possible,  they  are  merely  in- 
ptinctive,  or  the  result  of  association,  they  do  not  fall  within 
^  province  of  any  kind  of  Logic.  If,  however,  as  seems 
Ikxtc  likely,  they  partially  arise  from  a  supposed  transference 
If  ourselves  into  that  point  of  past  time  at  which  the  event 
pis  just  about  to  happen,  and  the  production  by  imagina- 
kon  of  the  feelings  we  should  then  expect  to  experience, 
Ids  process  partakes  of  the  nature  of  an  inference,  and  can 
■e  right  or  wrong.  In  other  words,  the  alarm  may  be  pro- 
Ifertionate  or  disproportionate  to  the  amount  of  danger  that 
kght  fairly  have  been  reckoned  upon  in  such  a  hypothetical 
bitidpation.  If  the  supposed  transfer  were  completely 
out,  there  would  be  no  fallacy ;  but  it  is  oft^ii  n^t^j 


342  Fallacies.  [chap.  : 

incompletely  done,  some  of  the  component  parts  of  the  e^ 
being  supposed  to  be  determined  or  'arranged'  (to  m 
sporting  phrase)  in  the  form  in  which  we  now  know  1 
they  actually  have  happened,  and  only  the  remaining  c 
being  fairly  contemplated  as  future  chances. 

A  man,  for  example,  is  out  with  a  friend,  whose  rifle  { 
off  by  accident,  and  the  bullet  passes  through  his  hat. 
trembles  with  anxiety  at  thinking  what  might  have  i 
pened,  and  perhaps  remarks,  *How  very  near  I  was  to  be 
killed!'  Now  we  may  safely  assume  that  he  means  s(M 
thing  more  than  that  a  shot  passed  very  close  to  him. 
has  some  vague  idea  that,  as  he  would  probably  say,  ' 
chance  of  being  killed  then  was  very  great.'  His  surp 
and  terror  may  be  in  great  part  physical  and  instinct 
arising  simply  from  the  knowledge  that  the  shot  had  pas 
very  near  him.  But  his  mental  state  may  be  analysed,  i 
we  shall  then  most  likely  find,  at  bottom,  a  fallacy  of 
kind  described  above.  To  speak  or  think  of  chance  in  c 
nection  with  the  incident,  is  to  refer  the  particular  incid 
to  a  class  of  incidents  of  a  similar  character,  and  then  to  c 
sider  the  comparative  frequency  with  which  the  cont< 
plated  result  ensues.  Now  the  series  which  we  may  supj 
to  be  most  naturally  selected  in  this  case  is  one  composec 
shooting  excursions  with  his  friend;  up  to  this  point 
proceedings  are  assumed  to  be  designed,  beyond  it  oi 
in  the  subsequent  event,  was  there  accident.  Once  ii 
thousand  times  perhaps  on  such  occasions  the  gun  will 
off  accidentally;  one  in  a  thousand  only  of  those  dischai; 
will  be  directed  near  his  friend's  head.  If  we  will  make 
accident  a  matter  of  Probability,  we  ought  by  rights  in  t 
way  (to  adopt  the  language  of  the  first  example),  to  *to88 
again'  fairly.  But  we  do  not  do  this;  we  seem  to  assume 
certain  that  the  shot  goes  within  an  inch  of  our  heads, ' 
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Ittch  that  from  the  notion  of  chance  at  all,  and  then  begin  to 
^traduce  this  notion  agam  for  possible  deflections  from  that 
pimg  inch. 

^  §  12.  (IV.)  We  will  now  notice  a  &llacy  connected  with 
|ihe  subjects  of  betting  and  gambling.  Many  or  most  of  the 
»ular  misapprehensions  on  this  subject  imply  such  utter 
lorance  and  confusion  as  to  the  foimdations  of  the  science 
it  would  be  needless  to  discuss  them  here.  The  follow- 
however  is  of  a  &r  more  plausible  kind,  and  has  been  a 

of  perplexity  to  persons  of  considerable  acuteness. 
The  case,  put  into  the  simplest  form,  is  as  follows  \ 
ippose  that  a  person  A  is  playing  against  i?,  B  being 
ier  another  individual  or  a  group  of  individuals,  say  a 
ibling  bank.  They  begin  by  tossing  for  a  shilling,  and 
maintains  that  he  is  in  possession  of  a  device  which  will 
lure  his  winning.  If  he  does  win  on  the  first  occasion  he 
clearly  gained  his  point  so  far.  If  he  loses,  he  stakes 
pezt  time  two  shillings  instead  of  one.  The  result  of  course 
k  that  if  he  wins  on  the  second  occasion  he  replaces  his 
nrmer  loss,  and  is  left  with  one  shilling  profit  as  well.  So 
fd  goes  on,  doubling  his  stake  after  every  loss,  with  the 
l^ous  result  that  on  the  first  occasion  of  success  he  makes 
|ood  all  his  previous  losses,  and  is  left  with  a  shilling  over, 
pit  such  an  occasion  must  come  sooner  or  later,  by  the 
ptions  of  chance  on  which  the  game  is  founded.  Hence 
follows  that  he  can  insure,  sooner  or  later,  being  left  a 
winner.  Moreover  he  may  win  to  any  amount;  firstly 
the  obvious  consideration  that  he  might  make  his 
idtial  stake  as  large  as  he  pleased,  a  hundred  pounds,  for 

^  It  appears  to  have  been  long  Edinburgh^  for  1823)  whioh  discusses 

^own  to  gamblers  under  the  name  certain  points  connected  with  it,  but 

It  the  Martingale,     There  is  a  paper  scarcely  touches  on  the  subject  of  the 

f  Babbage  {Trans,  of  Royal  See.  of  sections  which  follow. 
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instance,  instead  of  a  shilling;  and  secondly,  because 
he  has  done  once  he  may  do  again.  He  may  put  his  sh 
by,  and  have  a  second  spell  of  play,  long  or  short  as  the 
may  be,  with  the  same  termination  to  it.  According 
mere  persistency  he  may  accumulate  any  sum  of  mon< 
pleases,  in  apparent  defiance  of  all  that  is  meant  by  lucl 
§  13.  I  have  classed  this  opinion  among  fallacies,  a 
present  is  the  most  convenient  opportunity  of  discussii 
though  in  strictness  it  should  rather  be  termed  a  par 
since  the  conclusion  is  perfectly  sound.  The  only  fa 
consists  in  regarding  such  a  way  of  obtaining  the  rest 
mysterious.  On  the  contrary,  there  is  nothing  more 
than  to  insure  ultimate  success  under  the  given  condil 
The  point  is  worth  enquiry,  from  the  principles  it  inv( 
and  because  the  answers  commonly  given  do  not  quite 
the  difficulty.  It  is  sometimes  urged,  for  instance,  thfl 
bank  would  or  does  allow  the  speculator  to  choose  at  wil 
amount  of  his  stake,  but  puts  a  limit  to  the  amoun 
which  it  will  consent  to  play.  This  is  quite  true,  but 
course  no  answer  to  the  hypothetical  enquiry  before  us,  ^ 
assumes  that  such  a  state  of  things  is  allowed.  Again,  i 
been  urged  that  the  possibility  in  question  turns  ent 
upon  the  fact  that  credit  must  be  supposed  to  be  givei 
otherwise  the  fortune  of  the  player  may  not  hold  out 
his  turn  of  luck  arrives: — that,  in  fact,  sooner  or  later,  i 
goes  on  long  enough,  his  fortune  will  not  hold  out 
enough,  and  all  his  gains  will  be  swept  away.  It  is  c 
true  that  credit  is  a  condition  of  success,  but  it  is  in  no  s 
the  cause.  We  may  suppose  both  parties  to  agree  at 
outset  that  there  shall  be  no  payments  until  the  gann 
ended,  A  having  the  right  to  decide  when  it  shall  be 
sidered  to  be  ended.  It  still  remains  true  that  wheref 
ordinary  gambling,  i.e.  with  fixed  or  haphazard  stake 


IBCT.  14]  Fallddes.  345 

eoald  not  ensure  winning  eventually  to  any  extent,  he  can 
|do  90  if  he  adopt  such  a  scheme  as  the  one  in  question.  And 
Uus  is  the  state  of  things  which  seems  to  call  for  explanation. 
\  §  14.  What  causes  perplexity  here  is  the  supposed  fact 
IQiat  in  some  mysterious  way  certainty  has  been  conjured  out 
iof  uncertainty;  that  in  a  game  where  the  detailed  events  are 
itterly  inscrutable,  and  where  the  average,  by  supposition, 
lows  no  preference  for  either  side,  one  party  is  nevertheless 
icceeding  somehow  in  steadily  drawing  the  luck  his  own 
It  looks  as  if  it  were  a  parallel  case  with  that  of  a 
who  should  succeed  by  some  device  in  permanently 
ig  more  than  half  of  the  tosses  with  a  penny  which 
nevertheless  to  be  regarded  as  a  perfectly  fair  one. 
\  This  is  quite  a  mistake.  The  real  fact  is  that  A  does 
^t  expose  his  gains  to  chance  at  all;  all  that  he  so  exposes 
Jk  the  number  of  times  he  has  to  wait  until  he  gains.  Put 
^ich  a  case  as  this.  I  oflfer  to  give  a  man  any  sum  of  money 
lie  chooses  to  mention  provided  he  will  at  once  give  it  back 
bgain  to  me  with  one  pound  more.  It  does  not  need  much 
bcuteness  to  see  that  it  is  a  matter  of  indifference  to  me 
Irhether  he  chooses  to  mention  one  pound,  or  ten,  or  a 
Itundred.  Now  suppose  that  instead  of  leaving  it  to  his 
fchoice  which  of  these  sums  is  to  be  selected  each  time,  the 
Ufo  parties  agree  to  leave  it  to  chance.  Let  them,  for 
instance,  draw  a  number  out  of  a  bag  each  time,  and  let  that 
|ke  the  sum  which  A  gives  to  B  under  the  prescribed  condi- 
tions. The  case  is  not  altered.  A  still  gains  his  pound  each 
Bme,  for  the  introduction  of  the  element  of  chance  has  not 
b  any  way  touched  this.  All  that  it  does  is  to  make  this 
^und  the  result  of  an  uncertain  subtraction,  sometimes  10 
minus  9,  sometimes  50  minus  49,  and  so  on.  It  is  these 
lumbers  only,  not  their  difference,  which  he  submits  to  luck, 
md  this  is  of  no  consequence  whatever. 


I 
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To  suggest  to  any  individual  or  company   that 
should  consent  to  go  on  playing  upon  such  terms  as 
would  be  too  barefaced  a  proposal.     And  yet  the  ca 
question  is  identical  in  principle,  and  almost  identic 
form,  with  this.     To  offer  to  give  a  maa  any  sum  he  lik 
name  provided  he  gives  you  back  again  that  same  sum 
one,  and  to  oflfer  him  any  number  of  terms  he  pleases  o 
series  1,  2,  4,  8,  16,  &c.,  provided  you  have  the  next  ter 
the  set,  are  equivalent.     The  only  difference  is  that  ir 
latter  case  the  result  is  attained  with  somewhat  ma 
arithmetical  parade.     Similarly  equivalent  are  the  proc 
in  case  we  prefer  to  leave  it  to  chance,  instead  of  to  cl 
to  decide  what  sum  or  what  number  of  terms  shall  be 
upon.     This  latter  is  what  is  really  done  in  the  cai 
question.     A  man  who  consents  to  go  on  doubling  his 
every  time  he  wins,  is  leaving  nothing  else  to  chance 
the  determination  of  the  particular  number  of  terms  of 
a  geometrical  series  which  shall  be  allowed  to  pass  befc 
stops. 

§  15.     It  may  be  added  that  there  is  no  special  virt 
the  particular  series  in  question,  viz.  that  in  accordance 
which  the  stake  is  doubled  each  time.     All  that  is  nee( 
that  the  last  term  of  the  series  should  more  than  balan 
the  preceding  ones.     Any  other  series  which  increased 
than  this  geometrical  one,  would  answer  the  purpose  a 
or  better.     Nor  is  it  necessary,  again,  that  the  game  s 
be  an  even  or  '  fair'  one.     Chance,  be  it  remembered,  a 
nothing  here  but  the  number  of  terms  to  which  the 
attains  on  each  occasion,  its  final  result  being  always 
metically  fixed.     "When  a  penny  is  tossed  up  it  is  on 
one  of  every  two  occasions  that  the  series  runs  to  more 
two  terms,  and  so  his  fixed  gains  come  in  pretty  regi 
But  unless  he  was  playing  for  a  limited  time  only,  it 
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(Ot  affect  him  if  the  series^  ran  to  two  hundred  terms;  it 
rotdd  merely  take  him  somewhat  longer  to  win  his  stakes. 
L  man  might  safely,  for  instance,  continue  to  lay  an  even 
t)et  that  he  would  get  the  single  prize  in  a  lottery  of  a  thou- 
ttnd  tickets,  provided  he  thus  doubled,  or  more  than  doubled. 
Ids  stake  each  time,  and.  unlimited  credit  was  given. 

§  16.  So  regarded,  the  problem  is  simple  enough,  but 
Biere  are  two  points  in  it  to  which  attention  may  conveni- 
BQtly  be  directed. 

In  the  first  place,  it  serves  very  pointedly  to  remind  us  of 
ie  distinction  between  a  series  of  events  (in  this  case  the 
iosses  of  the  penny)  which  really  are  subjects  of  chance,  and 
rar  conduct  founded  upon  these  events,  which  may  or  may 
lot  be  so  subject  \  It  is  quite  possible  that  this  latter  may 
le  so  contrived  as  to  be  in  many  respects  a  matter  of  abso- 
ate  certainty, — a  consideration,  I  presume,  familiar  enough 
0  professional  betting  men.  Why  is  the  ordinary  way  of 
letting  on  the  throws  of  a  penny  fair  to  both  parties?  Be- 
ause  a  'fair'  series  is  'fairly'  treated.  The  heads  and  tails 
ecur  at  random,  but  on  an  average  equally  often,  and  the 
kakes  are  either  fixed  or  also  arranged,  at  random.  If  a  man 
acks'  heads  every  time  for  the  same  amount,  he  will  of 
ourse  in  the  long  run  neither  win  nor  lose.  Neither  will  he  | 
:  he  varies  the  stake  every  time,  provided  he  does  not  vary  , 
» in  such  a  way  as  to  make  itiS  amount  dependent  on  the  , 
let  of  his  having  won  or  lost  the  time  before.  But  ho 
lay,  if  he  pleases,  and  the  other  party  consents,  so  arrange 
is  stakes  (as  in  the  case  in  question)  that  Chance,  if  one 
light  so  express  it,  does  not  get  a  fair  chance.  Here  the 
aman  elements  of  choice  and  design  have  been  so  brought 
>  bear  upon  a  series  of  events  which,  regarded  by  them- 

^  Attention  will  be  further  directed  to  this  distinction  in  the  chapter  on 
Borance  and  Gambling. 
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selves,  exhibit  nothing  but  the  physical  characteristic 
chance,  that  the  latter  elements  disappear,  and  we  g 
result  which  is  arithmetically  certain.  Other  analo 
instances  might  be  suggested,  but  the  one  before  us  has 
merit  of  most  ingeniously  disguising  the  actual  process. 

§  17.  The  meaning  of  the  remark  just  made  wil 
better  seen  by  a  comparison  with  the  following  case.  -  II 
been  attempted*  to  explain  the  preponderance  of  male  b: 
over  female  by  assuming  that  the  chances  of  .the  two 
equal,  but  that  the  general  desire  to  have  a  male  heir  t 
to  induce  many  unions  to  persist  until  the  occurrence  of 
event,  and  no  longer.  It  is  supposed  that  in  this  way  t 
would  be  a  slight  preponderance  of  families  which  consi 
of  one  son  only,  or  of  two  sons  and  one  daughter,  and  so  f 

This  is  quite  fallacious  (as  had  been  noticed  by  Lap 
in  his  Essai);  and  there  could  not  be  a  better  inst 
chosen  than  this  to  show  just  what  we  can  do  and  wha 
cannot  do  in  the  way  of  altering  the  luck  in  a  real  cha 
succession  of  events.  To  suppose  that  the  number  of  a( 
births  could  be  influenced  in  the  way  in  question  is  exi 
the  same  thing  as  to  suppose  that  a  number  of  gam 
could  increase  the  ratio  of  heads  to  tails,  to  something 
one-half,  by  each  handing  the  coin  to  his  neighbour  as 
as  he  had  thrown  a  head :  that  they  have  only  to  leave  ( 
soon  as  head  has  appeared;  an  absurdity  which  we  need 
pause  to  explain  at  this  stage.  The  essential  point  a 
the  *  Martingale'  is  that,  whereas  the  occurrence  of 
events  on  which  the  stakes  are  laid  is  unaffected,  the  si 
themselves  can  be  so  adjusted  as  to  make  the  luck  swinj 
way. 

^  As  by  Prevost  in  the  Bihliotfit-      parently  accepted,  by  Quetelet 
que  Universelle  de  Genh)e^  Oct.  1829.      sique  Sociale  i.  171), 
The  explanation  is  noted,  and  ap- 
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§  18.  In  the  second  place,  this  example  brings  before  us 
irhat  has  had  to  be  so  often  mentioned  already,  namely,  that 
the  series  of  Probability  are  in  strictness  supposed  to  be 
interminable.  If  therefore  we  allow  either  party  to  call 
apon  ns  to  stop,  especially  at  a  point  which  just  happens  to 
lait  him,  we  may  get  results  decidedly  opposed  to  the 
integrity  of  the  theory.  In  the  case  before  us  it  is  a  neces- 
pary  stipulation  for  A  that  he  may  be  allowed  to  leave  off 
when  he  wishes,  that  is  at  one  of  the  points  at  which  the 
throw  is  in  his  £Etvour.  Without  this  stipulation  he  may  be 
left  a  loser  to  any  amount. 

Introduce  the  supposition  that  one  party  may  arbitrarily 
Ball  for  a  stoppage  when  it  suits  him  and  refuse  to  permit  it 
Hxmer,  and  almost  any  system  of  what  would  be  otherwise  fair 
play  may  be  converted  into  a  very  one-sided  arrangement. 
Indeed,  in  the  case  in  question,  A  need  not  adopt  this  device 
of  doubling  the  stakes  every  time  he  loses.  He  may  play 
with  a  fixed  stake,  and  nevertheless  insure  that  one  party 
Bhall  win  any  assigned  sum,  assuming  that  the  game  is  even 
and  that  he  is  permitted  to  play  on  credit. 

§  19.  (V.)  A  common  mistake  is  to  assume  that  a  very 
imlikely  thing  will  not  happen  at  all.  It  is  a  mistake  which, 
when  thus  stated  in  words,  is  too  obvious  to  be  committed, 
fi>r  the  meaning  of  an  unlikely  thing  is  one  that  happens  at 
tare  intervals;  if  it  were  not  assumed  that  the  event  would 
happen  sometimes  it  would  not  be  called  unlikely,  but  im- 
|N)6sible.  This  is  an  error  which  could  scarcely  occur  except 
in  vague  popular  misapprehension,  and  is  so  abundantly  re- 
lated in  works  on  Probability,  that  it  need  only  be  touched 
Upon  briefly  here.  It  follows  of  course,  from  our  definition 
of  Probability,  that  to  speak  of  a  very  rare  combination  of 
events  as  one  that  is  'sure  never  to  happen,'  is  to  use  lan- 
gruage   incorrectly.     Such  a  phrase  may  pass  current  as  a 
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loose  popular  exaggeration,  but  in  strictness  it  involve 
contradiction.  The  truth  about  such  rare  events  canno 
better  described  than  in  the  following  quotation  from 
Morgan^: — 

"It  is  said  that  no  person  ever  does  arrive  at  such 
tremely  improbable  cases  as  the  one  just  cited  [drawing 
same  ball  five  times  running  out  of  a  bag  containing  twe 
balls].  That  a  given  individual  should  never  throw  an 
twelve  times  running  on  a  single  die,  is  by  far  the  r 
likely;  indeed,  so  remote  are  the  chances  of  such  an  e^ 
in  any  twelve  trials  (more  than  2,000,000,000  to  1  againsi 
that  it  is  unlikely  the  experience  of  any  given  countiy 
any  given  century,  should  furnish  it.  But  let  us  stop  f 
moment,  and  ask  ourselves  to  what  this  argument  app 
A  person  who  rarely  touches  dice  will  hardly  believe  i 
doublets  sometimes  occur  three  times  running;  one  who  1 
dies  them  frequently  knows  that  such  is  sometimes  the  i 
Every  very  practised  user  of  those  implements  has  seen 
rarer  siequences.  Now  suppose  that  a  society  of  persons 
thrown  the  dice  so  often  as  to  secure  a  run  of  six  aces 
served  and  recorded,  the  preceding  argument  would  stil 
used  against  twelve.  And  if  another  society  had  pract 
long  enough  to  see  twelve  aces  following  each  other,  1 
might  still  employ  the  same  method  of  doubting  as  to  a 
of  twenty-four;  and  so  on,  ad  infinitum.  The  power  of  i 
gining  cases  which  contain  long  combinations  so  much 
ceeds  that  of  exhibiting  and  arranging  them,  that  it  is  ( 
to  assign  a  telegraph  which  should  make  a  separate  sij 
for  every  grain  of  sand  in  a  globe  as  large  as  the  visible 
verse,  upon  the  hypothesis  of  the  most  space-penetra 
astronomer.  The  fallacy  of  the  preceding  objection  lie 
supposing  events  in  number  beyond  our  experience,  comp 

^  Essay  on  Probabilities,  p.  126. 
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ntirely  of  sequences  such  as  fall  within  our  experience.  It 
Hakes  the  past  necessarily  contain  the  whole,  as  to  the  qua- 
ity  of  its  components;  and  judges  by  samples.  Now  the 
east  cautious  buyer  of  grain  requires  to  examine  a  handful 
tefore  he  judges  of  a  bushel,  and  a  bushel  before  he  judges 
if  a  load.  But  relatively  to  such  enormous  numbers  of  com- 
linations  as  are  frequently  proposed,  our  experience  does  not 
leserve  the  title  of  a  handful  as  compared  with  a  bushel,  or 
>ven  of  a  single  grain." 

§  20.  The  origin  of  this  inveterate  mistake  is  not  diffi- 
nlt  to  be  accounted  for.  It  arises,  no  doubt,  from  the  exi- 
gencies of  our  practical  life.  No  man  can  bear  in  mind 
rrery  contingency  to  which  he  may  be  exposed.  If  therefore 
re  are  ever  to  do  anything  at  all  in  the  world,  a  large  num- 
ler  of  the  rarer  contingencies  must  be  left  entirely  out  of 
coount.  And  the  necessity  of  this  oblivion  is  strengthened 
iy  the  shortness  of  our  life.  Mathematically  speaking,  it 
voold  be  said  to  be  certain  that  any  one  who  lives  long 
bough  will  be  bitten  by  a  mad  dog,  for  the  event  is  not  an  \ 
tapossible,  but  only  an  improbable  one,  and  must  therefore 
ome  to  pass  in  time.  But  this  and  an  indefinite  number  ' 
f  other  disagreeable  contingencies  have  on  most  occasions 
9  be  entirely  ignored  in  practice,  and  thence  they  come 
boost  necessarily  to  drop  equally  out  of  our  thought  and 
Kpectation.  And  when  the  event  is  one  in  itself  of  no  im- 
ortance,  like  a  rare  throw  of  the  dice,  a  great  efibrt  of 
Imagination  may  be  required,  on  the  part  of  persons  not  ac- 
tatomed  to  abstract  mathematical  calculation,  to  enable 
^em  to  realize  the  throw  as  being  even  possible. 

Attempts  have  sometimes  been  made  to  estimate  what 
ktremity  of  unlikelihood  ought  to  be  considered  as  equi- 
ident  to  this  practical  zero  point  of  belief  In  so  far  as 
ich  attempts  are  carried  out  by  logicians,  or  by  those  who 
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are  unwilling  to  resort  to  mathematical  valuation  of  cl 
they  must  be  regarded  as  merely  a  special  form  of  the 
difficulties  discussed  in  the  last  chapter,  and  need  not 
fore  be  reconsidered  here;  but  a  word  or  two  may  be 
concerning  the  views  of  some  who  have  looked  at  the  : 
from  the  mathematician's  point  of  view. 

The  principal  of  these  is  perhaps  Buffbn.  He  1: 
rived  at  the  estimate  {Ariihmitiqae  Morale  §  vnL)  th 
practical  zero  is  equivalent  to  a  chance  of  777,^^. 
grounds  for  selecting  this  fraction  are  found  in  the  fac 
according  to  the  tables  of  mortality  accessible  to  1: 
represents  the  chance  of  a  man  of  56  d3dng  in  the  coi 
the  next  day.  But  since  no  man  under  common  d 
stances  takes  the  chance  into  the  slightest  considerat 
follows  that  it  is  practically  estimated  as  having  no  val 

It  is  obvious  that  this  result  is  almost  entirely  arb 
and  in  fact  his  reasons  cannot  be  regarded  as  anything 
than  a  slender  justification  from  experience  for  adop 
conveniently  simple  fraction  ;  a  justification  however 
would  apparently  have  been  equally  available  in  the  ( 
any  other  fractions  Ijdng  within  wide  limits  of  th 
selected  \ 

§  21.     There  is  one  particular  form  of  this  error, 
from   the  importance  occasionally  attached   to  it,  d€ 
perhaps  more  special  examination.     As  stated  above, 
can  be  no  doubt  that,  however  unlikely  an  event  maj 
we  (loosely  speaking)  vary  the  circumstances  sufficien 

^  This  theoretical  or  absolute  neg-  tion  will  be  found  describee 

lect  of  what  is  very  rare  must  not  be  Merriman's  Least  Squares  (] 

confused  with  the  practical  neglect  But  this  rests  on  the  onders 

sometimes  recommended  by  astro-  that  a  smaller  balance  of  erro 

nomical    and    other    observers.      A  thus  result  in  the  long  nu 

criterion,  known  as  Chauvenet's,  for  very  rare  event   is  deliben 

indicating  the  limits  of  such  rejec-  jected,  not  overlooked. 
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,  in  other  words,  we  keep  on  trjdng  long  enough,  we  shall 
leet  with  such  an  event  at  last.  If  we  toss  up  a  pair  of 
ice  a  few  times  we  shall  get  doublets ;  if  we  try  longer  with 
nee  we  shall  get  triplets,  and  so  on.  However  unusual  the 
rent  may  be,  even  were  it  sixes  a  thousand  times  runniug, 
f  will  come  some  time  or  other  if  we  have  only  patience  and 
itality  enough.  Now  apply  this  result  to  the  letters  of  the 
^habet.  Suppose  that  one  letter  at  a  time  is  drawn  from 
^hag  which  contains  them  all,  and  is  then  replaced.  If  the 
iMiers  were  written  down  one  affcer  another  as  they  occurred, 
b  would  commonly  be  expected  that  they  would  be  found  to 
hike  mere  nonsense,  and  would  never  arrange  themselves 
■to  the  words  of  any  language  known  to  men.  No  more 
hey  would  in  general,  but  it  is  a  commonly  accepted  result 
i  the  theory,  and  one  which  we  may  assume  the  reader  to 
to  ready  to  admit  without  further  discussion,  that,  if  the 
taooess  were  continued  long  enough,  words  making  sense 
poald  appear;  nay  more,  that  any  book  we  chose  to  men- 
Idd, — Milton's  Paradise  Lost  or  the  plays  of  Shakespeare, 
ir  example, — ^would  be  produced  in  this  way  at  last.  It 
iDald  take  more  days  than  we  have  space  in  this  volume  to 
apresent  in  figures,  to  make  tolerably  certain  of  obtaining 
he  former  of  these  works  by  thus  drawing  letters  out  of  a 
^g,  but  the  desired  result  would  be  obtained  at  length*. 

^  The  prooess  of  oaloolation  may      combinations  is  favourable,   if   we 
^  nsdily  indicated.    There  are,  say,      reject  variations  of  spelling.    Hence 


560,000  letters  in  the  work  in  onity  divided  by  this  nmnber  would 

■Mtion.    Since  any  of  the  26  letters  represent  the  chance  of  getting  the 

^  tiie  alphabet  may  be  drawn  each  desired  result  by  successive  random 

the  possible  number  of  com-  selection  of  the  required  number  of 


>zi8  would  be  2^*"*^;  a  num-  360,000  letters, 

k  which,  as  may  easily  be  inferred  If  this  chance  is  thought  too  small, 

Nb  a  table  of  logarithms,  would  and  any  one  asks  how  often  the 

Vttaod    for   its  expression  nearly  above  random  selection  must  be  re- 

Q^OOO  figures.    Only  one  of  these  peated  in  order  to  give  him  odda  ot  % 
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Now   many  people   have   not   unnaturally  thought 
rogatory  to  genius   to   suggest  that  its  productions 
have  also  been  obtained  by  chance,  whilst  others  hav( 
on  to  argue,  If  this  be  the  case,  might  not  the  world  it 
this  manner  have  been  produced  by  chance  ? 

§  22.  We  will  begin  with  the  comparatively  simp 
terminate,  and  intelligible  problem  of  the  possible  prod 
of  the  works  of  a  great  human  genius  by  chance, 
regard  to  this  possibility,  it  may  be  a  consolation  to 
timid  minds  to  be  reminded  that  the  power  of  producii 
works  of  a  Shakespeare,  in  time,  is  not  confined  to  co 
mate  genius  and  to  mere  chance.  There  is  a  third  al 
tive,  viz.  that  of  purely  mechanical  procedure.  An^ 
down  almost  to  an  idiot,  might  do  it,  if  he  took  suf 
time  about  the  task.  For  suppose  that  the  required  m 
of  letters  were  procured  and  arranged,  not  by  chanc< 
designedly,  and  according  to  rules  suggested  by  the  \ 
of  permutations :  the  letters  of  the  alphabet  and  the  ni 
of  them  to  be  employed  being  finite,  every  order  in 
.they  could  occur  would  come  in  its  due  turn,  and  the 
every  thing  which  can  be  expressed  in  language  woi 
arrived  at  some  time  or  other. 

There  is  really  nothing  that  need  shock  any  one  ii 
a  result.      Its  possibility  arises   from  the  following 


to  1  in  favour  of  success,  this  also 
can  be  easily  shown.     If  the  chance 

of  an  event  on  each  occasion  is  -, 

n 

the  chance  of  getting  it  once  at  least 

in  n  trials  is  1  -  ( )  ;    for  we 

shall  do  this  unless  we  fail  n  times 
running.  When  (as  in  the  case  in 
question)  n  is  very  large,  this  may  be 


shown  algebraically  to  be  eqi 
to  odds  of  about  2  to  1.  1 
when  we  have  drawn  the  n 
quantity  of  letters  a  number  c 
equal  to  the  inconceivably 
number  above  represented,  it 
only  2  to  1  that  we  shall  h 
cured  what  we  want: — and  t 
have  to  recognize  it. 
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rhe  number  of  letters,  and  therefore  of  words,  at  our  disposal 
B  limited;  whatever  therefore  we  may  desire  to  express 
n  language  necessarily  becomes  subject  to  corresponding 
imitation.  The  possible  variations  of  thought  are  literally 
nfinite,  so  are  those  of  spoken  language  (by  intonation  of 
he  voice,  &c.) ;  but  when  we  come  to  words  there  is  a  limit- 
ition,  the  nature  of  which  is  distinctly  conceivable  by  the 
nind,  though  the  restriction  is  one  that  in  practice  will 
lever  be  appreciable,  owing  to  the  fact  that  the  number  of 
combinations  which  may  be  produced  is  so  enormous  as  to 
urpass  all  power  of  the  imagination  to  realize \  The  answer 
herefore  is  plain,  and  it  is  one  that  will  apply  to  many  other 
ases  as  well,  that  to  put  a  finite  limit  upon  the  number  of 
rays  in  which  a  thing  can  be  done,  is  to  determine  that  any 
lie  who  is  able  and  willing  to  try  long  enough  shall  succeed 
Q  doing  it.  If  a  great  genius  condescends  to  perform  it 
mder  these  circumstances,  he  must  submit  to  the  possibility 
i  having  his  claims  rivalled  or  disputed  by  the  chance-man 
Bid  idiot.  If  Shakespeare  were  limited  to  the  use  of  eight 
r  nine  assigned  words,  the  time  within  which  the  latter 
Igents  might  claim  equality  with  him  would  not  be  very 
preat.  As  it  is,  having  had  the  range  of  the  English  lan- 
guage at  his  disposal,  his  reputation  is  not  in  danger  of  being 
iBBailed  by  any  such  methods. 

§  23.  The  case  of  the  possible  production  of  the  world 
ly  chance  leads  us  into  an  altogether  different  region  of  dis- 
Dflsion.  We  are  not  here  dealing  with  figures  the  nature 
bd  use  of  which  are  within  the  fair  powers  of  the  under- 
itanding,  however  the  imagination  may  break  down  in  at- 
intnpting  to  realize  the  smallest  fraction  of  their  full  signi- 

*  The  longest  life  which  could  utter  insignificance  in  the  face  of 
BAsonably  be  attributed  to  any  Ian-  such  periods  of  time  as  are  being 
Bftge  would  of  coarse  dwindle  into      here  arithmetically  contemplated. 
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ficance.  The  understanding  itself  is  wandering  out  < 
proper  province,  for  the  conditions  of  the  problem  cami 
assigned.  When  we  draw  letters  out  of  a  bag  we  know 
well  what  we  are  doing ;  but  what  is  really  meant  by 
ducing  a  world  by  chance  ?  By  analogy  of  the  former 
we  may  assume  that  some  kind  of  agent  is  presuppose 
perhaps  therefore  the  following  supposition  is  less  al 
than  any  other.  Imagine  some  being,  not  a  Creator  1 
sort  of  Demiurgus,  who  has  had  a  quantity  of  material 
into  his  hands,  and  he  assigns  them  their  collocations 
their  laws  of  action,  blindly  and  at  haphazard :  what  ar 
odds  that  such  a  world  as  we  actually  experience  should 
been  brought  about  in  this  way  ? 

If  it  were  worth  while  seriously  to  set  about  answ 
such  a  question,  and  if  some  one  would  furnish  us  witl 
number  of  the  letters  of  such  an  alphabet,  and  the  lenj 
the  work  to  be  written  with  them,  we  could  proceed  to 
cate  the  result.  But  so  much  as  this  may  surely  be  affi 
about  it ; — that,  far  from  merely  finding  the  length  oi 
small  volume  insuflScient  for  containing  the  figures  in  ^ 
the  adverse  odds  would  be  given,  all  the  paper  whicl 
world  has  hitherto  produced  would  be  used  up  before  w< 
got  far  on  our  way  in  writing  them  down. 

§  24.  The  most  seductive  form  in  which  the  diflS 
about  the  occurrence  of  very  rare  events  generally  pre 
itself  is  probably  this.  'You  admit  (some  persons  wi 
disposed  to  say)  that  such  an  event  may  sometimes  haj 
nay,  that  it  does  sometimes  happen  in  the  infinite  com 
time.  How  then  am  I  to  know  that  this  occasion  is  no 
of  these  possible  occurrences  V  To  this,  one  answer  onl^^ 
be  given, — the  same  which  must  always  be  given  ^ 
statistics  and  probability  are  concerned, — '  The  present 
he  such  an  occasion,  but  it  is  inconceivably  unlikely  th 
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diould  be  one.  Amongst  countless  billions  of  times  in  which 
pu,  and  such  as  you,  urge  this,  one  person  only  will  be 
justified ;  and  it  is  not  likely  that  you  are  that  one,  or  that 
this  is  that  occasion.' 

§  25.  There  is  another  form  of  this  practical  inability  to 
distinguish  between  one  high  number  and  another  in  the 
estimation  of  chances,  which  deserves  passing  notice  from  its 
importance  in  argimients  about  heredity.  People  will  often 
urge  an  objection  to  the  doctrine  that  qualities,  mental  and 
bodily,  are  transmitted  from  the  parents  to  the  oflfspring,  on 
the  ground  that  there  are  a  multitude  of  instances  to  the 
contrary,  in  &ct  a  great  majority  of  such  instances.  To 
raise  this  objection  implies  an  utter  want  of  appreciation  of 
the  very  great  odds  which  possibly  may  exist,  and  which  the 
argument  in  support  of  heredity  implies  do  exist  against  any 
^ven  person  being  distinguished  for  intellectual  or  other 
eminence.  This  is  doubtless  partly  a  matter  of  definition, 
depending  upon  the  degree  of  rarity  which  we  consider  to  be 
implied  by  eminence ;  but  taking  any  reasonable  sense  of  the 
term,  we  shall  readily  see  that  a  very  great  proportion  of 
fidlures  may  still  leave  an  enormous  preponderance  of  evi- 
dence in  favour  of  the  heredity  doctrine.  Take,  for  instance, 
that  degree  of  eminence  which  is  implied  by  being  one  of 
four  thousand.  This  is  a  considerable  distinction,  though, 
rince  there  are  about  two  thousand  such  persons  to  be  found 
amongst  the  total  adult  male  population  of  Great  Britain,  it 
18  far  from  implying  any  conspicuous  genius.  Now  suppose 
diat  in  examining  the  cases  of  a  large  number  of  the  chil- 
dren of  such  persons,  we  had  found  that  199  out  of  200  of 
them  failed  to  reach  the  same  distinction.  Many  persons 
roufd  conclude  that  this  was  pretty  conclusive  evidence 
against  any  hereditary  transmission.  To  be  able  to  adduce 
only  one  fovourable,  as  against  199  hostile  mstanceE,  n^ovJA 
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to  them  represent  the  entire  break-down  of  any  such  1 
The  error,  of  course,  is  obvious  enough,  and  one  whicl 
the  figures  thus  before  him,  hardly  any  one  could 
avoid.  But  if  one  may  judge  from  common  conve: 
and  other  such  sources  of  information,  it  is  found  in  p 
exceedingly  difficult  adequately  to  retain  the  convictic 
*  even  though  only  one  in  200  instances  were  favo 
this  would  represent  odds  of  about  20  to  1  in  favour 
theory.  If  hereditary  transmission  did  not  prevail,  or 
in  4000  sons  would  thus  rival  their  fathers;  but  w 
actually,  let  us  say  (we  are  of  course  taking  imaginai 
portions  here),  that  one  in  200  does.  Hence,  if  the  sU 
are  large  enough  to  be  satisfactory,  there  has  been 
influence  at  work  which  has  improved  the  chances  oi 
coincidence  in  the  ratio  of  20  to  1.  We  are  in  fact  s< 
able  to  realise  the  meaning  of  very  large  numbers, — t 
to  retain  the  ratios  in  the  mind,  where  large  numlx 
concerned, — that  unless  we  repeatedly  check  ourseb 
arithmetical  considerations  we  are  too  apt  to  treat  an 
^  mate  all  beyond  certain  limits  as  equally  vast  and  vagi 
-^  §  26.    (VI.)    In  discussing  the  nature  of  the  con 

between  Probability  and  Induction,  we  examined  the 
of  a  rule  commonly  given  for  inferring  the  probabilit 
an  event  which  had  been  repeatedly  observed  would 
again.     I  endeavoured  to  show  that  all  attempts  to 
and  prove  such  a  rule  were  necessarily  futile ;  if  these  i 
were   conclusive   the   employment  of  such  a  rule  m 
course  be  regarded  as  fallacious.     A  few  examples  ms 
veniently  be   added  here,  tending  to  show  how  inst 
there  being  merely  a  single  rule  of  succession  we  might 
divide  the  possible  forms  into  three  classes. 
y  (1)    In  some  cases  when  a  thing  has  been  obser 

liappen  several  times  it  \ieeQim^^  m  consequence  more 
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at  the  thing  should  happen  again.  This  agrees  with  the 
dinaiy  form  of  the  rule,  and  is  prohably  the  case  of  most 
3qaent  occurrence.  The  necessary  vagueness  of  expression 
hen  we  talk  of  the  '  happening  of  a  thing '  makes  it  quite 
ipossible  to  tolerate  the  rule  in  this  general  form,  but  if  we 
lecialize  it  a  little  we  shall  find  it  assume  a  more  familiar 
lape.  If,  for  example,  we  have  observed  two  or  more  pro- 
Bities  to  be  frequently  associated  together  in  a  succession  of 
idividuals,  we  shall  conclude  with  some  force  that  they  will 
B  found  to  be  so  connected  in  fiiture.  The  strength  of  our 
>nviction  however  will  depend  not  merely  on  the  nimiber 
f  observed  coincidences,  but  on  far  more  complicated  con- 
iderations;  for  a  discussion  of  which  the  reader  must  be 
iferred  to  regular  treatises  on  Inductive  evidence.  Or  again, 
*  we  have  observed  one  of  two  events  succeed  the  other 
3veral  times,  the  occurrence  of  the  former  will  excite  in 
lost  cases  some  degree  of  expectation  of  the  latter.  As 
efore,  however,  the  degree  of  our  expectation  is  not  to  be 
Bedgned  by  any  simple  formula ;  it  will  depend  in  part  upon 
he  supposed  intimacy  with  which  the  events  are  connected. 
o  attempt  to  lay  down  definite  rules  upon  the  subject 
'ould  lead  to  a  discussion  upon  laws  of  causation,  and  the 
bcumstances  under  which  their  existence  may  be  inferred, 
Hd  therefore  any  further  consideration  of  the  matter  must 
e  abandoned  here. 

§  27.  (2)  Or,  secondly,  the  past  recurrence  may  in  it- 
ilt  give  no  valid  grounds  for  inference  about  the  future ; 
lis  is  the  case  which  most  properly  belongs  to  Probability\ 

^  We  are  here  assuming  of  course  assuming  that  e.g.  the  die  is  known 

%t  the  nltimate  limit  to  which  our  to  be  a  fair  one;  if  this  is  not  known 

\erage  tends  is  known,  either  from  but  a  possible  bias  has  to  be  inferred 

lowledge  of  the  causes  or  from  pre-  from  its  observed  performances,  the 

^118  extensive  experience.    We  are  case  falls  under  the  {oxmei  Yi&^^. 
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That  it  does  so  belong  will  be  easily  seen  if  we  bear  in  n 
the  fundamental  conception  of  the  science.  We  are  tl 
introduced  to  a  series, — for  purposes  of  inference  an  inc 
nitely  extended  series, — of  terms,  about  the  details  of  wh 
information,  except  on  certain  points,  is  not  given ;  our  kn 
ledge  being  confined  to  the  statistical  fact,  that,  say,  on< 
ten  of  them  has  some  attribute  which  we  will  call  X,  S 
pose  now  that  five  of  these  terms  in  succession  have  been 
I  what  hint  does  this  give  about  the  sixth  being  also  an 
Clearly  none  at  all ;  this  past  fact  tells  us  nothing ;  the 
mula  for  our  inference  is  still  precisely  what  it  was  bef 
that  one  in  ten  being  X  it  is  one  to  nine  that  the  next  U 
is  X  And  however  many  terms  in  succession  had  beei 
one  kind,  precisely  the  same  formula  would  still  be  given. 
§  28.  The  way  in  which  events  will  justify  the  ans 
given  by  this  formula  is  often  misunderstood.  For 
benefit  therefore  of  those  unacquainted  with  some  of 
conceptions  familiar  to  mathematicians,  a  few  words  of 
planation  may  be  added.  Suppose  then  that  we  have 
X  twelve  times  in  succession.  This  is  clearly  an  anomal 
state  of  things.  To  suppose  anything  like  this  continu 
to  occur  would  be  obviously  in  opposition  to  the  statisi 
which  assert  that  in  the  long  run  only  one  in  ten  is 
But  how  is  this  anomaly  got  over?  In  other  words,  1 
do  we  obviate  the  conclusion  that  X  s  must  occur  ni 
frequently  than  once  in  ten  times,  after  such  a  long  sua 
sion  of  them  as  we  have  now  had  ?  Many  people  seem 
believe  that  there  must  be  a  diminution  of  X's  afterwi 
to  counterbalance  their  past  preponderance.  This  how€ 
would  be  quite  a  mistake;  the  proportion  in  which  i 
occur  in  future  must  remain  the  same  throughout ;  it  can 
be  altered  if  we  are  to  adhere  to  our  statistical  toim 
The  fact  is  that  the  rectification  of  the  exceptional  distv 
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in  the  proportion  will  be  brought  about  simply  by  the 
lual  influx  of  fresh  terms  in  the  series.  These  will  in 
3ng  run  neutralize  the  disturbance,  not  by  any  special 
ation,  as  it  were,  for  the  purpose,  but  by  the  mere 
it  of  their  overwhelming  numbers.  At  every  stage 
fore,  in  the  succession,  whatever  might  have  been  the 
►er  and  nature  of  the  preceding  terms,  it  will  still  be 
X)  say  that  one  in  ten  of  the  terms  will  be  an  X 

we  had  to  do  only  with  a  finite  number  of  terms, 
ver  large  that  number  might  be,  such  a  disturbance  as 
tve  spoken  of  would,  it  is  true,  need  a  special  alteration 
e  subsequent  proportions  to  neutralize  its  effects.  But 
we  have  to  do  with  an  infinite  number  of  terms,  this 
;  the  case ;  the  '  limit '  of  the  series,  which  is  what  we 
have  to  deal  with,  is  unaffected  by  these  temporary 
'bance&  In  the  continued  progress  of  the  series  we 
find,  as  a  matter  of  fact,  more  and  more  of  such  dis- 
Qces,  and  these  of  a  more  and  more  exceptional  character, 
irhatever  the  point  we  may  occupy  at  any  time,  if  we 
orward  or  backward  into  the  indefinite  extension  of  the 
,  we  shall  still  see  that  the  ultimate  limit  to  the  pro- 
n  in  which  its  terms  are  arranged  remains  the  same ; 
L  is  with  this  limit,  as  above  mentioned,  that  we  are 
med  in  the  strict  rules  of  Probability, 
le  most  familiar  example,  perhaps,  of  this  kind  is  that 
dng  up  a  penny.  Suppose  we  have  had  four  heads  in 
«ion;  people^  have  tolerably  realized  by  now  that '  head 
fth  time '  is  still  an  even  chance,  as  *  head '  was  each 

;ept  indeed  the  gamblers.  Ac-  it  will  not  be  repeated  at  the  next 
to  a  gambling  acquaintance  coup:  this  is  the  groundwork  of  all 
[oudin,  the  conjurer,  describes  theories  of  probabilities  and  is  term- 
as  having  met  at  Spa,  "the  ed  the  maturity  of  chances"  {Card- 
er particular  combination  has  sharping  expoted,  p.  85). 
1  the  more  certain  it  is  that 
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time  before,  and  will  be  ever  after.  The  preceding  j 
graph  explains  how  it  is  that  these  occasional  disturbs 
in  the  average  become  neutralized  in  the  long  run. 

§  29.  (3)  There  are  other  cases  which,  though 
are  by  no  means  unknown,  in  which  such  an  inferenc 
that  obtained  from  the  Rule  of  Succession  would  be  th< 
rect  reverse  of  the  truth.  The  oftener  a  thing  happei 
may  be,  the  more  unlikely  it  is  to  happen  again.  This  if 
case  whenever  we  are  drawing  things  from  a  Umited  so 
(as  balls  from  a  bag  without  replacing  them),  or  whei 
the  act  of  repetition  itself  tends  to  prevent  the  succei 
(as  in  giving  false  alarms). 

I  am  quite  ready  to  admit  that  we  believe  the  result 
scribed  in  the  last  two  classes  on  the  strength  of  some 
general  Inductive  rule,  or  rather  principle,  as  that  inv( 
in  the  first.  But  it  would  be  a  great  error  to  confound 
with  an  admission  of  the  validity  of  the  rule  in  each  sf 
instance.  We  are  speaking  about  the  application  of  the 
to  individual  cases,  or  classes  of  cases ;  this  is  quite  a 
tinct  thing,  as  was  pointed  out  in  a  previous  chapter, 
giving  the  grounds  on  which  we  rest  the  rule  itself, 
man  were  to  lay  it  down  as  a  universal  rule,  that  the  i 
mony  of  all  persons  was  to  be  believed,  and  we  adduce 
instance  of  a  man  having  lied,  it  would  not  be  consi( 
that  he  saved  his  rule  by  showing  that  we  believed  th 
was  a  lie  on  the  word  of  other  persons.  But  it  is  peri 
consistent  to  give  as  a  merely  general,  but  not  univ 
rule,  that  the  testimony  of  men  is  credible  ;  then  to  sep 
oS  a  second  class  of  men  whose  word  is  not  to  be  tn 
and  finally,  if  any  one  wants  to  know  our  ground  fo; 
second  rule,  to  rest  it  upon  the  first.  If  we  were  spei 
of  necessary  laws,  such  a  conflict  as  this  would  1 
hopeless  as  the  old  '  Cretan '  puzzle  in  logic ;  but  i 
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inces  of  Inductive  and  Analogical  extension  it  is  perfectly 
rmless. 

§  30.  A  familiar  example  will  serve  to  bring  out  the 
fee  different  possible  conclusions  mentioned  above.  We 
ve  observed  it  rain  on  ten  successive  days.  A  and  B  con- 
ide  respectively  for  and  against  rain  on  the  eleventh  day ; 
maintains  that  the  past  rain  affords  no  data  whatever  for 

opinion.  Which  is  right  ?  We  really  cannot  determine 
^uriori.  An  appeal  must  be  made  to  direct  observation,  or 
ttns  must  be  found  for  deciding  on  independent  grounds 
which  class  we  are  to  refer  the  instance.  If,  for  example, 
were  known  that  every  country  produces  its  own  rain,  we 
mid  choose  the  third  rule,  for  it  would  be  a  case  of  drawing 
tn  a  limited  supply.  If  again  we  had  reasons  to  believe 
it  the  rain  for  our  country  might  be  produced  anywhere 

the  globe,  we  should  probably  conclude  that  the  past 
Qfidl  threw  no  light  whatever  on  the  prospect  of  a  con- 
nance  of  wet  weather,  and  therefore  take  the  second. 
if,  finally,  we  knew  that  rain  came  in  long  spells  or  sea- 
8,  as  in  the  tropics,  then  the  occurrence  of  ten  wet  days 
mccession  would  make  us  believe  that  we  had  entered  on 
>  of  these  seasons,  and  that  therefore  the  next  day  would 
bably  resemble  the  preceding  ten. 

Since  then  all  these  forms  of  such  an  Inductive  rule  are 
sible,  and  we  have  often  no  d  priori  grounds  for  preferring 
\  to  another,  it  would  seem  to  be  unreasonable  to  attempt 
establish  any  universal  formula  of  anticipation.  All  that 
{ can  do  is  to  ascertain  what  are  the  circumstances  under 
fich  one  or  other  of  these  rules  is,  as  a  matter  of  fact, 

id  to  be  applicable,  and  to  make  use  of  it  under  those 

imstances. 

§  31.     (VII.)     In  the  cases  discussed  in  (V.)  the  almost 

itely  small  chances  with  which  we  were  conceTnied  ^et^ 
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rightly  neglected  from  all  practical  consideration,  ho 
proper  it  might  be,  on  speculative  grounds,  to  keep  our 
open  to  their  actual  existence.  But  it  has  often  occ 
me  that  there  is  a  common  error  in  neglecting  to  take  thenij 
account  when  they  may,  though  individually  small, 
for  their  minuteness  by  their  number.  As  the  mathemi 
would  express  it,  they  may  occasionally  be  capable  of 
integrated  into  a  finite  or  even  considerable  magnitude 
For  instance,  we  may  be  confronted  with  a  difficulty 
of  which  there  appears  to  be  only  one  appreciably 
mode  of  escape.  The  attempt  is  made  to  force  us 
accepting  this,  however  great  the  odds  apparently  are 
it,  on  the  ground  that  improbable  as  it  may  seem,  it 
any  rate  vastly  more  probable  than  any  of  the  oth 
can  quite  admit  that,  on  practical  grounds,  we  may  oftoi 
it  reasonable  to  adopt  this  course ;  for  we  can  only 
one  supposition,  and  we  naturally  and  rightly  chooee, 
of  a  quantity  of  improbabilities,  the  least  improbable, 
when  we  are  not  forced  to  act,  no  such  decisive  prefere: 
demanded  of  us.  It  is  then  perfectly  reasonable  to 
assent  to  the  proposed  explanation;  even  to  say 
that  we  do  not  believe  it,  and  at  the  same  time  to  d 
at  present,  to  accept  any  other  explanation.  We  re 
fact,  in  a  state  of  suspense  of  judgment,  a  state  pei 
right  and  reasonable  so  long  as  no  action  demanding  a 
cific  choice  is  forced  upon  us.  One  alternative  may] 
decidedly  probable  as  compared  with  any  other  individ 
but  decidedly  improbable  as  compared  with  all  others 
lectively.  This  in  itself  is  intelligible  enough ;  what 
often  fail  to  see  is  that  there  is  no  necessary  cont 
between  sajdng  and  feeling  this,  and  yet  being  pre] 
vigorously  to  act,  when  action  is  forced  upon  us,  as 
this  alternative  ^weie  leally  the  true  one. 
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§  32.  To  take  a  specific  instance,  this  way  of  regarding 
matter  has  often  occurred  to  me  in  disputes  upon  '  Spi- 
lalist '  manifestations.  Assent  is  urged  upon  us  because, 
is  said,  no  other  possible  solution  can  be  suggested.  It 
jjr  be  quite  true  that  apparently  overwhelming  difficulties 
jjr  lie  as  against  each  separate  alternative  solution ;  but  is 
always  sufficiently  realized  how  numerous  such  solutions 
,y  be  ?  No  matter  that  each  individually  may  be  almost 
ledible :  they  ought  all  to  be  massed  together  and  thrown 
o  the  scale  against  the  proffered  solution,  when  the  only 
38tion  asked  is,  Are  we  to  accept  this  solution  ?  There  is 
un£Eume88  in  such  a  course.  We  are  perfectly  ready  to 
ypt  the  same  plan  against  any  other  individual  altema- 
e,  whenever  any  person  takes  to  claiming  this  as  the 
ation  of  the  difficulty.  We  are  looking  at  the  matter 
noL  a  purely  logical  point  of  view,  and  are  quite  willing,  so 
,  to  place  every  solution,  spiritualist  or  otherwise,  upon  the 
ae  footing.  The  partisans  of  every  alternative  are  in 
newhat  the  same  position  as  the  members  of  a  deliberative 
embly,  in  which  no  one  will  support  the  motion  of  any 
ler  member.  Every  one  can  aid  eifectively  in  rejecting 
ary  other  motion,  but  no  one  can  succeed  in  passing  his 
11.  Pressure  of  urgent  necessity  may  possibly  force  them 
t  of  this  state  of  practical  inaction,  by,  so  to  say,  breaking 
rough  the  opposition  at  some  point  of  least  resistance;  but 
less  aided  by  some  such  pressure  they  are  left  in  a  state  of 
peless  dead-lock. 
§  33.  Assuming  that  the  spiritualistic  solution  admits 
and  is  to  receive,  scientific  treatment,  this,  it  seems  to 
i,  is  the  conclusion  to  which  one  might  sometimes  be  led 
the  face  of  the  evidence  offered.  We  might  have  to  say  to 
fery  individual  explanation.  It  is  incredible,  I  cannot  accept 
;  and  unless  circumstances  should  (which  it  is  hardly  pos- 
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sible  that  they  should)  force  us  to  a  hasty  decision, — 
sion,  remember,  which  need  indicate  no  preference 
judgment  beyond  what  is  just  sufl&cient  to  turn  the  sea 
favour  as  against  any  other  single  alternative, — we  lei 
matter  thus  in  abeyance.  It  will  very  likely  be  urg( 
one  of  the  explanations  (assuming  that  all  the  possib 
had  been  included)  must  be  true ;  this  we  readily 
It  will  probably  also  be  urged  that  (on  the  often- 
principle  of  Butler)  we  ought  forthwith  to  accept  t 
which,  as  compared  with  the  others,  is  the  most  pb 
whatever  its  absolute  worth  may  be.  This  seems  dh 
an  error.  To  say  that  such  and  such  an  explanation 
one  we  should  accept,  if  circumstances  compelled  us  t 
cipate  our  decision,  is  quite  compatible  with  its  ] 
rejection.  The  only  rational  position  surely  is  t 
admitting  that  the  truth  is  somewhere  amongst  the 
alternatives,  but  confessing  plainly  that  we  have  n 
preference  for  one  over  another  as  to  permit  our  sayii 
thing  else  than  that  we  disbelieve  each  one  of  them. 

§  34.  (VIII.)  The  very  common  fallacy  of  'judg 
the  event,'  as  it  is  generally  termed,  deserves  passing 
here,  as  it  clearly  belongs  to  Probability  rather  than  to 
though  its  nature  is  so  obvious  to  those  who  have  grasj 
general  principles  of  our  science,  that  a  very  few  w< 
remark  will  suffice.  In  one  sense  every  propositioi 
consent  to  be  judged  by  the  event,  since  this  is  mei 
other  words,  submitting  it  to  the  test  of  experience 
there  is  the  widest  difference  between  the  test  appr 
to  a  universal  proposition  and  that  appropriate  to  a 
proportional  or  statistical  one.  The  former  is  subverts 
single  exception;  the  latter  not  merely  admits  exc€ 
but  implies  them.  Nothing,  however,  is  more  commo 
to  blame  advice  (in  others)  because  it  has  happened  1 
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t  unfortunately,  or  to  claim  credit  for  it  (in  oneself)  because 
has  happened  to  succeed.  Of  course  if  the  conclusion  was 
owedly  one  of  a  probable  kind  we  must  be  prepared  with 
mplacency  to  accept  a  hostile  event,  or  even  a  succession  of 
em ;  it  is  not  until  the  succession  shows  a  disposition  to 
ntinue  over  long  that  suspicion  and  doubt  should  arise,  and 
en  only  by  a  comparison  of  the  degree  of  the  assigned 
Dbability,  and  the  magnitude  of  the  departure  from  it 
lich  experience  exhibits.  For  any  single  failure  the  reply 
ast  be,  *  the  advice  was  sound '  (supposing,  that  is,  that  it 
18  to  be  justified  in  the  long  run),  'and  I  shall  oifer  it  again 
der  the  same  circumstances.' 

§  35.  The  distinction  drawn  in  the  above  instance 
ierves  careful  consideration ;  for  owing  to  the  wide  differ- 
08  between  the  kind  of  propositions  dealt  with  in  Proba- 
ity  and  in  ordinary  Logic,  and  the  consequent  difference  in 
d  nature  of  the  proof  offered,  it  is  quite  possible  for  argu- 
mts  of  the  same  general  appearance  to  be  valid  in  the 
mer  and  fallacious  in  the  latter,  and  conversely. 

For  instance,  take  the  well-known  fallacy  which  consists 
Bimply  converting  a  universal  affirmative,  i,e.  in  passing 
m  All  -4  is  -B  to  All  B  is  A.  When,  as  in  common  Logic, 
i  conclusion  is  to  be  as  certain  as  the  premise,  there  is  not 
^ord  to  be  said  for  such  a  step.  But  if  we  look  at  the 
)ces8  with  the  more  indulgent  eye  of  Induction  or  Proba- 
Sty  we  see  that  a  very  fair  case  may  sometimes  be  made 
4  for  it.  The  mere  fact  that  '  Some  B  is  A'  raises  a  cer- 
tn  presumption  that  any  particular  B  taken  at  random  will 
|tan  A,  There  is  some  reason,  at  any  rate,  for  the  belief, 
jh  in  the  absence  of  statistics  as  to  the  relative  fre- 
icy  of  A  and  B  we  are  unable  to  assign  a  value  to  this 

lief  I  suspect  that  there  may  be  many  cases  in  which  a 
has  inferred  that  some  particular  5  is  an  J.  on  the 
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ground  that  All  A  is  B,  who  might  justly  plead  in  his 
that  he  never  meant  it  to  be  a  necessary,  but  only  a 
bable  inference.      The  same  remarks  will  of  course 
also  to  the  logical  fallacy  of  Undistributed  Middle. 

Now  for  a  case  of  the  opposite  kind,  i.e.  one  in 
Probability  fails  us,  whereas  the  circumstances  seem  d< 
analogous  to  those  in  which  ordinary  inference  woi 
able  to  make  a  stand.  Suppose  that  I  know  that  one  le 
in  a  million  is  lost  when  in  charge  of  the  post.  I  write 
Mend  and  get  no  answer.  Have  I  any  reason  to  sup] 
that  the  fault  lies  with  him  ?  Here  is  an  event  (viz. 
loss  of  the  letter)  which  has  certainly  happened ;  and  wei 
pose  that,  of  the  only  two  causes  to  which  it  can  be  assij 
the  'value,'  i.e.  statistical  frequency,  of  one  is  acci 
assigned,  does  it  not  seem  natural  to  suppose  that  some! 
can  be  inferred  as  to  the  likelihood  that  the  other  cause 
been  operative  ?  To  say  that  nothing  can  be  known 
its  adequacy  under  these  ciixjumstances  looks  at  first 
like  asserting  that  an  equation  in  which  there  is  only 
unknown  term  is  theoretically  insoluble. 

As  examples  of  this  kind  have  been  amply  discussed; 
the  chapter  upon  Inverse  rules  of  Probability  I  need  do 
more  here  than  remind  the  reader  that  no  conclusion  wl 
ever  can  be  drawn  as  to  the  likelihood  that  the  &ult 
with  my  friend  rather  than  with  the  Post  Office.  Unless 
either  know,  or  make  some  assumption  about,  the  fi^uei 
with  which  he  neglects  to  answer  the  letters  he  receives, 
problem  remains  insoluble. 

The  reason  why  the  apparent  analogy,  indicated  al 
to  an  equation  with  only  one  unknown  quantity,  fails  to 
good,  is  that  for  the  purposes  of  Probability  there  are 
i/iuo  unknown  quantities.     What  we  deal  with  are  proj 
tional  or  statistical  propositions.     Now  we  are  only  told 
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%  the  instance  in  question  the  letter  was  lost,  not  that  they 
fiete  found  to  he  lost  in  such  and  such  a  proportion  of  cases. 
j|ad  this  latter  information  been  given  to  us  we  should  really 
Ave  had  hut  one  unknown  quantity  to  determine,  viz.  the 
plfttive  firequency  with  which  my  correspondent  neglects  to 
toBwer  his  letters,  and  we  could  then  have  determined  this 
kith  the  greatest  ease. 


V.  ^^ 


CHAPTER  XV. 


INSURANCE  AND   GAMBLING, 


§  1.     If  the  reader  will  recall  to  mind  the  fundam 
postulate  of  the  Science  of  Probability,  established  an 
plained  in  the  first  few  chapters,  and  so  abundantly 
trated  since,  he  will  readily  recognize  that  the  two  opj 
characteristics  of  individual  irregularity  and  average 
larity  will  naturally  be  diflferently  estimated  by  difi 
minds.     To  some  persons  the  elements  of  uncertainty 
be  so  painful,  either  in  themselves  or  in  their  conseque 
that  they  are  anxious  to  adopt  some  means  of  diTnini 
them.     To  others  the  ultimate  regularity  of  life,  at  anj 
within  certain  departments,  its  monotony  as  they  consid 
may  be  so  wearisome  that  they  equally  wish  to  eifect 
alteration  and  improvement  in  its  characteristics.     We 
discuss  briefly  these  mental  tendencies,  and  the  most  si 
and  obvious  modes  of  satisfying  them. 

To  some  persons,  as  we  have  said,  the  world  is  all  to< 
of  change  and  irregularity  and  consequent  uncertainty, 
lization  has  done  much  to  diminish  these  characteristi 
certain  directions,  but  it  has  unquestionably  aggravated  i 
in  other  directions,  and  it  might  not  be  very  easy  to  say 
certainty  in  which  of  these  respects  its  operation  has  bee 
present,  on  the  whole  most  eifective.  The  diminutic 
irregularity  is  exemplified,  amongst  other  things,  in  the 
of  the  staple  products  which  supply  our  necessary  food 
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hing.  With  respect  to  them,  famine  and  scarcity  are  by 
iparison  almost  unknown  now,  at  any  rate  in  tolerably 
lized  communitie&  As  a  consequence  of  this,  and  of  the 
b  improvements  in  the  means  of  transporting  goods  and 
veying  intelligence,  the  fluctuations  in  the  price  of  such 
cles  are  much  less  than  they  once  were.  In  other  direc- 
ts, however,  the  reverse  has  been  the  case.  Fashion,  for 
ance,  now  induces  so  many  people  in  every  large  com- 
aity  simultaneously  to  desire  the  same  thing,  that  great 
tuations  in  value  may  ensue.  Moreover  a  whole  group  of 
368  (to  enter  upon  any  discussion  of  which  would  be  to 
ich  upon  the  ground  of  Political  Economy)  combine  to 
luce  great  and  frequent  variations  in  matters  concerning 
lit  and  the  currency,  which  formerly  had  no  existence. 
ikruptcy,  for  instance,  is  from  the  nature  of  the  case, 
est  wholly  a  creation  of  modem  times.  We  will  not  at- 
ipt  to  strike  any  balance  between  these  opposite  results 
ttodem  civilization,  beyond  remarking  that  in  matters  of 
ne  importance  the  actual  uncertainties  have  been  pro- 
ly  on  the  whole  diminished,  whereas  in  those  which  affect 
pocket  rather  than  the  life,  they  have  been  rather  in- 
ised.  It  might  also  be  argued  with  some  plausibility 
t  in  cases  where  the  actual  uncertainties  have  not  become 
ater,  they  have  for  all  practical  purposes  done  so,  by  their 
sequences  frequently  becoming  more  serious,  or  by  our 
mate  of  these  consequences  becoming  higher. 
§  2.  However  the  above  question,  as  to  the  ultimate 
smce  of  gain  or  loss,  should  be  decided,  there  can  be  no 
ibt  that  many  persons  find  the  present  amount  of  uncer- 
ity  in  some  of  the  affairs  of  life  greater  than  suits  their 
\e.  How  are  they  to  diminish  it?  Something  of  course 
Y  be  done,  as  regards  the  individual  cases,  by  prudence 
I  foresight.     Our  houses  may  be  built  with  a  view  not  \»o 
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take  fire  so  readily,  or  precautions  may  be  taken  that 
shall  be  fire-engines  at  hand.  In  the  warding  off  of 
from  disease  and  accident,  something  may  be  done  by 
one  who  chooses  to  live  prudently.  Precautions  of  the 
kind,  however,  do  not  introduce  any  questions  of  Proba 
These  latter  considerations  only  come  in  when  we  be 
invoke  the  regularity  of  the  average  to  save  us  fix): 
irregularities  of  the  details.  We  cannot,  it  is  true,  r 
the  uncertainty  in  itself,  but  we  can  so  act  that  the 
quences  of  that,  uncertainty  shall  be  less  to  us,  or  to  tl: 
whom  we  are  interested.  Take  the  case  of  Life  Insi 
A  professional  man  who  has  nothing  but  the  income  h^ 
to  depend  upon,  knows  that  the  whole  of  that  incom 
vanish  in  a  moment  by  his  death.  This  is  a  state  of 
which  he  cannot  prevent;  and  if  he  were  the  only  • 
such  a  position,  or  were  unable  or  unwilling  to  combin 
his  fellow-men,  there  would  be  nothing  more  to  be  d 
the  matter  except  to  live  within  his  income  as  much  s 
sible,  and  so  leave  a  margin  of  savings. 

§  3.  There  is  however  an  easy  mode  of  escape  fc 
All  that  he  has  to  do  is  to  agree  with  a  number  of  < 
who  are  in  the  same  position  as  himself,  to  make  up, 
say,  a  common  purse.  They  may  resolve  that  those  o: 
number  who  live  to  work  beyond  the  average  length 
shall  contribute  to  support  the  families  of  those  wl 
earlier.  If  a  few  only  concurred  in  such  a  resolutioi 
would  not  gain  very  much,  for  they  would  still  be  re 
by  but  a  slight  step  from  that  uncertainty  which  th 
seeking  to  escape.  What  is  essential  is  that  a  consic 
number  should  thus  combine  so  as  to  get  the  benefit  ( 
comparative  regularity  which  the  average,  as  is  well  1 
almost  always  tends  to  exhibit. 

§  4.     The  abo^e  simple  considerations  really  conta 
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essence  of  all  insurance.  Such  points  as  the  fact  that  the 
agreement  for  indemnity  extends  only  to  a  certain  definite 
sum  of  money;  and  that  instead  of  calling  for  an  occasional 
general  contribution  at  the  time  of  the  death  of  each  member 
they  substitute  a  fixed  annual  premium,  out  of  the  proceeds 
of  which  the  payment  is  to  be  made,  are  merely  accidents  of 
convenience  and  arrangement.  Insurance  is  simply  equiva- 
lent to  a  mutual  contract  amongst  those  who  dread  the  con- 
sequences of  the  uncertainty  of  their  life  or  employment, 
that  they  will  employ  the  aggregate  regularity  to  neutralize 
as  £eu:  as  possible  the  individual  irregularity.  They  know 
that  for  every  one  who  gains  by  such  a  contract  another  will 
lose  as  much;  or  if  one  gains  a  great  deal  many  must  have 
lost  a  little.  They  know  also  that  hardly  any  of  their  num- 
ber can  expect  to  find  the  arrangement  a  'fair*  one,  in  the 
fiense  that  they  just  get  back  again  what  they  have  paid  in 
premiums,  after  deducting  the  necessary  expenses  of  man- 
agement; but  they  deliberately  prefer  this  state  of  things. 
They  consist  of  a  body  of  persons  who  think  it  decidedly 
better  to  leave  behind  them  a  comparatively  fixed  fortune, 
rather  than  one  which  is  extremely  uncertain  in  amount; 
although  they  are  perfectly  aware  that,  owing  to  the  un- 
avoidable expenses  of  managing  the  affairs  of  such  a  society, 
the  comparatively  fixed  sum,  so  to  be  left,  will  be  a  trifle  less 
than  the  average  fortunes  which  would  have  been  left  had 
no  such  system  of  insurance  been  adopted. 

As  this  is  not  a  regular  treatise  upon  Insurance  no  more 
need  be  said  upon  the  exact  nature  of  such  societies,  beyond 
pointing  out  that  they  are  of  various  different  kinds.  Some- 
idmes  they  really  are  what  we  have  compared  them  with, 
Tiz.  mutual  agreements  amongst  a  group  of  persons  to  make 
up  each  other's  losses  to  a  certain  extent.  Into  this  category 
fell  the  Mutual  Insurance  Societies,  Benefit  Societies,  Trajdft.'s^ 
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Unions  (in  respect  of  some  of  their  functions),  together  wit 
innumerable   other  societies  which   go  by  various  m 
Sometimes  they  are   companies  worked  by  proprietors 
shareholders  for  a  profit,  like   any  other  industrial  en< 
prise.     This  is  the  case,  I  believe,  with  the  majority  of 
ordinary  Life  Insurance  Societies.     Sometimes,  again,  it  ii 
the  State  which  undertakes  the  management,  as  in  the 
of  our  Post  Ofl&ce  Insurance  business. 

§  5.     It  is  clear  that  there  is  no  necessary  limit  to 
range  of  application  of  this  principle\    It  is  quite  concdr* 
able  that  the  majority  of  the  inhabitants  of  some  nati(»LJ 
might  be  so  enamoured  of  security  that  they  should  devil 
a  grand  insurance  society  to  cover  almost  every  concern  ii 
life.     They  could  not  indeed   abolish  uncertainty,  for 
conditions  of  life  are  very  far  from  permitting  this,  but 
could  without  much  difficulty  get  rid  of  the  worst  of 
consequences  of  it.     They  might   determine   to   insure 
merely  their  lives,  houses,  ships,  and   other  things  in  le-j 
spect  of  which  sudden  and  total  loss  is  possible,  but  aboj 
to  insure  their  business ;  in  the  sense  of  avoiding  not  only j 


^  The  question  of  the  advisability 
of  inoculation  against  the  small-pox, 
which  gave  rise  to  much  discussion 
amongst  the  writers  on  Probability 
during  the  last  century,  is  a  case  in 
point  of  the  same  principles  applied 
to  a  very  different  kind  of  instance. 
The  loss  against  which  the  insurance 
was  directed  was  death  by  small-pox, 
the  premium  paid  was  the  illness 
and  other  inconvenience,  and  the 
very  small  risk  of  death,  from  the 
inoculation.  The  disputes  which 
thence  arose  amongst  writers  on  the 
subject  involved  the  same  difficulties 
as  to  the  balance  between  ceiWin 


moderate  loss  and  contingent  greitj 
loss.    In  the  seventeenth  centniyil 
seems  to  have  been   an  oocasionil] 
practice,  before  a  jonmey  into  tki^ 
Mediterranean,    to    insure    agabui 
capture  by  Moorish  pirates,  with  ft' 
view  to  secure  having  the  njufM 
paid.    (See,  for  an  account  of  soiMj 
extraordinary  developments  of  thi 
insurance  principle,    Walford*8  bh' 
surance  Guide  and  Handbook,    Ii* 
not  written  in  a  very  scientific  91- 
rit,  but  it  contains  much  infonnft* 
tion  on  all  matters  connected  wi& 
insurance.) 
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c^^K^^i^ptcy,  but  even  casual  bad  years,  on  the  same  principle 
f  commutation.  Unfamiliar  as  such  an  aim  may  appear 
rhen  introduced  in  this  language,  it  is  nevertheless  one 
rhich  under  a  name  of  suspicious  import  to  the  conservative 
lasses  has  had  a  good  deal  of  attention  directed  to  it.  It  is 
eally  scarcely  anything  else  than  Communism,  which  might 
ndeed  be  defined  as  a  universal  and  compulsory^  insurance 
ociety  which  is  to  take  account  of  all  departments  of  busi- 
ness, and,  in  some  at  least  of  its  forms,  to  invade  the  province 
f  social  and  domestic  life  as  well. 

Although  nothing  so  comprehensive  as  this  is  likely  to 
»  practically  carried  out  on  any  very  large  scale,  it  deserves 
lotice  that  the  principle  itself  is  steadily  spreading  in  every 
lirection  in  matters  of  detail.  It  is,  for  instance,  the  great 
omplaint  against  Trades  Unions  that  they  too  often  seek  to 
ecure  these  results  in  respect  of  the  equalization  of  the 
rorkmen's  wages,  thus  insuring  to  some  degree  against  in- 
ompetence,  as  they  rightly  and  wisely  do  against  illness  and 
38S  of  work.  Again,  there  is  the  Tradesman's  Mutual  Pro- 
ection  Society,  which  insures  against  the  occasional  loss 
ntailed  by  the  necessity  of  having  to  conduct  prosecutions 
t  law.  There  are  societies  in  many  towns  for  the  prose- 
Qtion  of  petty  thefts,  with  the  object  of  escaping  the  same 
.ncertain  and  perhaps  serious  loss.  Amongst  instances  of 
isurance  for  the  people  rather  than  by  them,  there  is  of 
ourse  the  giant  example  of  the  English  Poor  Law,  in 
rhich  the  resemblance  to  an  initial  Communistic  system 
lecomes  very  marked.     The  poor  are  insured  against  loss 

1  AU  that  is  meant  by  the  above  forcmg  it,  the  matter  would  of  course 

amparison  is  that  the  ideal  aimed  assume    a    very    different    aspect. 

k  by  Commnnism  is  similar  to  that  Similarly  with  the  action  of  Trades 

f  iDsorance.    If  we  look   at  the  Unionism  referred  to  in  the  next 

rooesses    by   which   it    would    be  paragraph. 
urried  oat,  and  the  means  for  en- 
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of  work  arising  not  only  from  illness  and  old  age,  but  f 
any  cause  except  wilful  idleness.  They  do  not,  it  is  t 
pay  the  whole  premium,  but  since  they  mostly  bear  sn 
portion  of  the  burden  of  municipal  and  county  taxai 
they  must  certainly  be  considered  as  pajdng  a  part 
the  premium.  In  some  branches  also  of  the  public 
private  services  the  system  is  adopted  of  deducting  a  ] 
centage  from  the  wage  or  salary,  for  the  purpose  o 
semi-compulsory  insurance  against  death,  illness  or  su] 
annuation. 

§  6.  Closely  connected  with  Insurance,  as  an  applica 
of  Probability,  though  of  course  by  contrast,  stands  Qambl 
Though  we  cannot,  in  strictness,  term  either  of  these  p 
tices  the  converse  of  the  other,  it  seems  nevertheless  cor 
to  say  that  they  spring  from  opposite  mental  tendeni 
Some  persons,  as  has  been  said,  find  life  too  monotonous 
their  taste,  or  rather  the  region  of  what  can  be  predi< 
with  certainty  is  too  large  and  predominant  in  their  esti 
tion.  They  can  easily  adopt  two  courses  for  securing 
changes  they  desire.  They  may,  for  one  thing,  aggra^ 
and  intensify  the  results  of  events  which  are  comparati' 
incapable  of  prevision,  these  events  not  being  in  themse 
of  sufficient  importance  to  excite  any  strong  emotions, 
most  obvious  way  of  doing  this  is  by  betting  upon  tl 
Or  again,  they  may  invent  games  or  other  pursuits, 
individual  contingencies  of  which  are  entirely  removed  i 
all  possible  human  prevision,  and  then  make  heavy  m( 
consequences  depend  upon  these  contingencies.  Thi 
gambling  proper,  carried  on  mostly  by  means  of  cards 
dice  and  the  roulette. 

The  gambling  spirit,  as  we  have  said,  seeks  for  the 
citement  of  uncertainty  and  variety.  When  therefore  p€ 
make  a  long  contmued  ^practice  of  playing,  especially  if 
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akes  for  which  they  play  are  moderate  in  comparison  with 
leir  fortune,  this  uncertainty  from  the  nature  of  the  case 
^;iiis  to  diminish.  The  thoroughly  practised  gambler,  if 
s  possesses  more  than  usual  skill  (in  games  where  skill 
mnts  for  something),  must  be  regarded  as  a  man  following 
profession,  though  a  profession  for  the  most  part  of  a  risky 
id  exciting  kind,  to  say  nothing  of  its  ignoble  and  often 
ishonest  character.  If,  on  the  other  hand,  his  skill  is  below 
18  average,  or  the  game  is  one  in  which  skill  does  not  tell 
id  the  odds  are  slightly  in  favour  of  his  antagonist,  as  in 
16  gaming  tables,  one  light  in  which  he  can  be  regarded 

that  of  a  man  who  is  following  a  favourite  amusement ; 

this  amusement  involves  a  constant  annual  outlay  on  his 
irt,  that  is  nothing  more  than  what  has  to  be  said  of  most 
^er  amusements. 

§  7.  We  cannot,  of  course,  give  such  a  rational  expla- 
ition  as  the  above  in  every  case.  There  are  plenty  of 
)vices,  and  plenty  of  fanatics,  who  go  on  steadily  losing  in 
le  full  conviction  that  they  will  eventually  comQ  out  win- 
jrs.  But  it  is  hard  to  believe  that  such  ignorance,  or  such 
ttellectual  twist,  can  really  be  so  widely  prevalent  as  would 
5  requisite  to  constitute  them  the  rule  rather  than  the  ex- 
ption.  There  must  surely  be  some  very  general  impulse 
hich  is  gratified  by  such  resources,  and  it  is  not  easy  to  see 
bat  else  this  can  be  than  a  love  of  that  variety  and  con- 
quent  excitement  which  can  only  be  found  in  perfection 
liere  exact  prevision  is  impossible. 

It  is  of  course  very  difficult  to  make  any  generalization 
tre  as  to  the  comparative  prevalence  of  various  motives 
longst  mankind;  but  when  one  considers  what  is  the 
HFerence  which  most  quiet  ordinary  whist  players  feel 
tween  a  game  for  'love'  and  one  in  which  there  is  a 
tall   stake,  one  cannot  but  assign  a  high  value   to  the 
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influence  of  a  wish  to  emphasize  the  excitement  oi 
and  gain. 

I  would  not  for  a  moment  underrate  the  practical  da 
which  are  found  to  attend  the  practice  of  gambling 
is  remarked  that  the  gambler,  if  he  continues  to  play 
long  time,  is  under  an  almost  irresistible  impulse  to  inc 
his  stakes,  and  so  re-introduce  the  element  of  uncerfa 
It  is  in  fact  this  tendency  to  be  thus  led  on,  which  n 
the  principal  danger  and  mischief  of  the  practice.  Rial 
uncertainty  are  still  such  normal  characteristics  of  even 
lized  life,  that  the  mere  extension  of  such  tendencies 
new  fields  does  not  in  itself  offer  any  very  alarming 
pect.  It  is  only  to  be  deprecated  in  so  far  as  there 
danger,  which  experience  shows  to  be  no  trifling  one, 
the  fascination  found  in  the  pursuit  should  lead  meE 
following  it  up  into  excessive  lengths  \ 

§  8.  The  above  general  treatment  of  Gambling 
Insurance  seems  to  me  the  only  rational  and  sound 
ciple  of  division ; — ^namely,  that  on  which  the  different 
tices  which,  under  various  names,  are  known  as  gan: 
or  insurance,  are  arranged  in  accordance  with  the  spi 
which  they  are  the  outcome,  and  therefore  of  the  r 
which  they  are  designed  to  secure.     If  we  were  to  atl 


^  One  of  the  best  discussions  that 
I  have  recently  seen  on  these  sub- 
jects, by  a  writer  at  once  thoroughly 
competent  and  well  informed,  is  in 
Mr  Proctor's  Chance  and  Luck.  It 
appears  to  me  however  that  he  runs 
into  an  extreme  in  his  denunciation 
not  of  the  folly  but  of  the  dishonesty 
of  all  gambling.  Surely  also  it  is  a 
strained  use  of  language  to  speak  of 
all  lotteries  as  'unfair'  and  even 
*8wmdlmg*  on  the  ground  that  the 


sum-total  of  what  they  distri 
prizes  is  less  than  that  of  wb 
receive  in  payments.  The  difl 
in  respect  of  information  deli 
ly  withheld  and  false  reports  y 
spread,  between  most  of  the  1* 
that  have  been  supported,  a 
bubble  companies  which  jus 
serve  the  name  of  swindles,  o 
prevent  the  same  name  being 
to  both. 


*.  8.]  Inmnmce  and  Qumbling.  379 

judge  and  airange  them  according  to  the  names  which 
currently  bear,  we  should  find  ourselves  led  to  no 
of  systematic  division  whatever;  the  fact  being  that 
they  all  aUke  involve,  as  their  essential  characteristic, 
ents  and  receipts,  one  or  both  of  which  are  necessarily 
in  their  date  or  amount,  the  names  may  often  be 
ged. 

e""  -  instance,  a  lottery  and  an  ordinary  insurance  society 
accident,  if  we  merely  look  to  the  processes  per- 
in  them,  are  to  all  intents  and  purposes  identical. 
t  each  alike  there  is  a  small  payment  which  is  certain  in 
^ount,  and  a  great  receipt  which  is  uncertain  in  amount. 
^  great  many  persons  pay  the  small  premium,  whereas  a 
|r  only  of  their  number  obtain  a  prize,  the  rest  getting 
\  return  whatever  for  their  outlay.  In  each  case  alike, 
10,  the  aggregate  receipts  and  losses  are  intended  to 
lance  each  other,  after  allowing  for  the  profits  of  those 
10  carry  on  the  undertaking.  But  of  course  when  we 
be  into  account  the  occasions  upon  which  the  insurers 
t  their  prizes,  we  see  that  there  is  all  the  difference  in  the 
■Id  between  receiving  them  at  haphazard,  as  in  a  lottery, 
d  receiving  them  as  a  partial  set-ofif  to  a  broken  limb  or 
ipred  constitution,  as  in  the  insurance  society. 

Again,  the  language  of  betting  may  be  easily  made  to 
rer  almost  every  kind  of  insurance.  Indeed  De  Morgan 
ft  described  life  insurance  as  a  bet  which  the  individual 
kes  with  the  company,  that  he  will  not  live  beyond  a 
tein  age.  If  he  dies  young,  he  is  pecuniarily  a  gainer,  if 
dies  late  he  is  a  loser*.     Here,  too,  though  the  expression 

**A,   fire   insuranoe  is  a  simple  transaction  in  which  the  results  of 

between  the  office  and  the  party,  a  future  event  are  to  bring  gain  or 

A  life  insurance  is  a  collection  loss."   Penny  Cyclopadia,  under  the 

nigers.     There  is  something  of  head  of  Wager, 
principle  of  a  wager  in  every 
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is  technically  quite  correct  (since  any  such  deliberate 
money,  upon  an  unproductive  venture,  may  &U 
definition  of  a  bet),  there  is  the  broadest  distinction 
betting  with  no  other  view  whatever  than  that  of 
money,  and  betting  with  the  view  of  diTninishing  Tik\ 
loss  as  much  as  possible.     In  fact,  if  the  language  of  i 
life  is  to  be  introduced  into  the  matter,  we  ought,  I  pnd 
to  speak  of  the  insurer  as  'hedging'  against  his  death. 

§  9.  Again,  in  Tontines  we  have  a  system  of  vU 
often  called  Insurance,  and  in  certain  points  light^ 
but  which  is  to  all  intents  and  purposes  simply  vAi 
lutely  a  gambling  transaction.  They  have  been  ad 
abandoned,  I  believe,  for  some  time,  but  were  onoe  fli 
popular,  especially  in  France.  On  this  plan  the  SM 
whatever  society  manages  the  business,  does  not  guii 
thing  until  the  last  member  of  the  Tontine  is  dead  ii 
number  of  the  survivors  diminishes,  the  same  sum-U* 
annuities  still  continues  to  be  paid  amongst  them,  as  ki 
any  are  left  alive,  so  that  each  receives  a  gradually  incwi 
sum.  Hence  those  who  die  early,  instead  of  receivinf 
most,  as  on  the  ordinary  plan,  receive  the  least;  fori 
death  of  each  member  the  annuity  ceases  absolutely,! 
as  he  and  his  relations  are  concerned.  The  whole  i 
therefore  is  to  all  intents  and  purposes  a  gigantic  «ji 
of  betting,  to  see  which  can  live  the  longest;  the  S 
being  the  common  stake-holder,  and  receiving  a  heavy  i 
mission  for  its  superintendence,  this  commission  being  ni 
ally  its  sole  motive  for  encouraging  such  a  transactioD. 
recorded  of  one  of  the  French  Tontines*  that  a  widow  < 
was  left,  as  the  last  survivor,  to  receive  an  annuity  of  73 
livres  during  the  rest  of  the  life  which  she  could  mu^ 
drag  on  after  that  age  ; — she  having  originally  subacnl 

^  Encyclopidie  Methodique,  under  the  head  of  Tootimik 


k 


.  10.]  Insurwnce  cmd  Ghimbling,  381 

[le  sum  of  300  livres  only.     It  is  obvious  that  such  a  system 

this,  though  it  may  sometimes  go  by  the  name  of  insur- 

is   utterly  opposed  to  the  spirit  of  true  insurance, 

it  tends  to  aggravate  existing  inequalities  of  fortune 

of  to  mitigate  them.     The  insurer  here  bets  that 

will  die  old ;  in  ordinary  insurance  he  bets  that  he  will 

young. 

Again,  to  take  one  final  instance,  common  opinion  often 
if^ards  the  bank  or  company  which  keeps  a  roiige  et  noir 
iUe,  and  the  individuals  who  risk  their  money  at  it,  as  being 
Ml  alike  engaged  in  gambling.  So  they  may  be,  tech- 
■Bally,  but  for  all  practical  purposes  such  a  bank  is  as  sure 
pd  safe  a  business  as  that  of  any  ordinary  insurance  society, 
bd  probably  &i  steadier  in  its  receipts  than  the  majority  of 
jdinary  trades  in  a  manu&cturing  or  commercial  city.  The 
bnk  goes  in  for  many  and  small  transax^tions,  in  proportion 
>  its  capital ;  their  customers,  very  often,  in  proportion  to 
beir  incomes  go  in  for  very  heavy  transactions.  That  the 
Kmer  comes  out  a  gainer  year  after  year  depends,  of  course, 
|)on  the  fact  that  the  tables  are  notoriously  slightly  in  their 
Bvoiir.  But  the  steadiness  of  these  gains  when  compared 
rith  the  unsteadiness  of  the  individual  losses  depends  simply 
|K)n, — in  fact,  is  merely  an  illustration  of, — the  one  great 
ennanent  contrast  which  lies  at  the  basis  of  all  reasoning 
I  Probability. 

§  10.  We  have  so  far  regarded  Insurance  and  Gambling 
I  being  each  the  product  of  a  natural  impulse,  and  as  having 
ftch,  if  we  look  merely  to  experience,  a  great  mass  of  human 
idgment  in  its  favour.  The  popular  moral  judgment,  however, 
'hich  applauds  the  one  and  condemns  the  other  rests  in  great 
art  upon  an  assumption,  which  has  doubtless  much  truth 
I  it,  but  which  is  often  interpreted  with  an  absoluteness  which 
ads  to  error  in  each  direction ; — the  duty  of  insurance  being 
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too  peremptorily  urged  upon  every  one,  and  the  prac 
gambling  too  imiversally  regarded  as  involving  a  sacri 
real  self-interest,  as  being  in  fact  little  better  than 
sistent  blunder.     The  assumption  in  question  seems 
extracted  from  the  acknowledged  advantages  of  insi] 
and  then  invoked  to  condemn  the  practice  of  gambling, 
in  so  doing  the  fact  does  not  seem  to  be  suflSciently 
nized  that  the  latter  practice,  if  we  merely  look  to  t! 
tent  and  antiquity  of  the  tacit  vote  of  mankind  in  its  f 
might  surely  claim  to  carry  the  day. 

It  is  of  course  obvious  that  in  all  cases  with  whi 
are  concerned,  the  aggregate  wealth  is  unaltered;  i 
being  merely  transferred  from  one  person  to  another, 
loss  of  one  is  precisely  equivalent  to  the  gain  of  an 
At  least  this  is  the  approximation  to  the  truth  with  whi 
find  it  convenient  to  start  \  Now  if  the  happiness  wh 
jdelded  by  wealth  were  always  in  direct  proportion 
amount,  it  is  not  easy  to  see  why  insurance  should  be 
cated  or  gambling  condemned.  In  the  case  of  the  lattx 
is  obvious  enough.  I  have  lost  £50,  say,  but  others  (< 
more  as  the  case  may  be)  have  gained  it,  and  the  in 
of  their  happiness  would  exactly  balance  the  diminut 
mine.  In  the  case  of  Insurance  there  is  a  slight  con 
tion,  arising  from  the  fact  that  the  falling  in  of  the 
does  not  happen  at  random  (otherwise,  as  already  p 


1  Of  course,  if  we  introduce  con- 
siderations of  Political  Economy, 
corrections  will  have  to  be  made. 
For  one  thing,  every  Insurance  Office 
is,  as  De  Morgan  repeatedly  insists, 
a  Savings  Bank  as  well  as  an  Insur- 
ance Office.  The  Office  invests  the 
premiums,  and  can  therefore  afford 
to  pay  a  larger  sum   than   would 


otherwise  be  the  case.  Ag 
the  case  of  gambling,  a  large 
capital  by  any  one  will  almos 
sarily  involve  an  actual  dest 
of  wealth;  to  say  nothing 
fact  that,  practically,  gamblii 
causes  a  constant  transfer  of 
from  productive  to  unproduct 
poses. 
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it  would  be  simply  a  lottery),  but  is  made  contingent 
some  kind  of  loss,  which  it  is  intended  as  far  as  possible 
balance.  I  insure  myself  on  a  railway  journey,  break  my 
in  an  accident,  and,  having  paid  threepence  for  my 
et,  receive  say  £200  compensation  from  the  insurance 
pany.  The  same  remarks,  however,  apply  here;  the 
piness  I  acquire  by  this  £200  would  only  just  balance  the 
gate  loss  of  the  16,000  who  have  paid  their  threepences 
received  no  return  for  them,  were  happiness  always 
ly  proportional  to  wealth. 
§  11.  The  practice  of  Insurance  does  not,  I  think,  give 
to  many  questions  of  theoretic  interest,  and  need  not 
fore  detain  us  longer.  The  fact  is  that  it  has  hardly 
been  applied  sufficiently  long  and  widely,  or  to  matters 
ih  admit  of  sufficiently  accurate  statistical  treatment, 
pt  in  one  department.  This,  of  course,  is  Life  Insurance; 
■it  the  subject  is  one  which  requires  constant  attention  to 
Entails  of  statistics,  and  is  (rightly)  maialy  carried  out  in 
hact  accordance  with  routine.  As  an  illustration  of  this, 
|e  need  merely  refer  to  the  works  of  De  Morgan, — a  profes- 
bmal  actuary  as  well  as  a  writer  on  the  theory  of  Probability, 
^who  has  found  but  little  opportunity  to  aid  his  speculative 
^eatment  of  Probability  by  examples  drawn  from  this  class 
H  considerations. 

,  With  Gambling  it  is  otherwise.  Not  only  have  a  variety 
t  interesting  single  problems  been  discussed  (of  which  the 
fetersburg  problem  is  the  best  known)  but  several  specula- 
feve  questions  of  considerable  importance  have  been  raised. 
bie  of  these  concerns  the  disadvantages  of  the  practice  of 
hmbling.  There  have  been  a  number  of  writers  who,  not 
^tent  with  dwelling  upon  the  obvious  moral  and  indirect 
hiBchief  which  results,  in  the  shape  of  over-excitement, 
Hisequent    greed,    withdrawal    from   the   steady  business 
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habits  which  alone  insure  prosperity  in  the  long  run, 
sion  of  wealth  into  dishonest  hands,  &c.,  have  endeav< 
to  demonstrate  the  necessary  loss  caused  by  the  practice^ 

§  12.     These  attempts  may  be  divided  into  two  cl 
There  are  (1)  those  which  appeal  to  merely  numerical 
siderations,  and  (2)  those  which  introduce  what  is  called 
'moral'  as  distinguished  from  the  mathematical  value 
future  contingency^ 

(1)  For  instance,  an  ingenious  attempt  has  been 
by  Mr  Whitworth  to  prove  that  gambling  is  nec( 
disadvantageous  on  purely  mathematical  grounds. 

When  two  persons  play  against  each  other  one  of  the 
must  be  ruined  sooner  or  later,  even  though  the  game 
fair  one,  supposing  that  they  go  on  playing  long  enough; 
one  with  the  smaller  income  having  of  course  the 
chance  of  being  the  lucky  survivor.    If  one  of  them 
finite,  and  the  other  an  infinite  income,  it  must  clearly 
the  former  who  will  be  the  ultimate  sufferer  if  they  go 
long  enough.    It  is  then  maintained  that  this  is  in  fiwt  ei 
individual  gambler's  position,  "no  one  is  restricted  to 
ling  with  one  single  opponent;  the  speculator  deals  with 
public  at  large,  with  a  world  whose  resources  are  practic 
unlimited.      There  is  a  prospect  that  his  operations 
terminate  to  his  own  disadvantage,  through  his  having 
thing  more  to  stake ;  but  there  is  no  prospect  that  it 
terminate  to  his  advantage  through  the  exhaustion  of 
resources  of  the  world.     Every  one  who  gambles  is 
on  an  unequal  warfare:  he  is  ranged  with  a  restricted  caj 
against  an  adversary  whose  means  are  infinite*." 

In  the  above  argument  it  is  surely  overlooked  that 
adversaries  against  whom  he  plays  are  not  one  body  wit 
common  purse,  like  the  bank  in  a  gambling  establisl 

^  Choice  and  Chance,  Ed.  ii.  p.  208. 
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Isch  of  these  adversaries  is  in  exactly  the  same  position  as 
e  himself  is,  and  a  precisely  similar  proof  might  be  em- 
loyed  to  show  that  each  of  them  must  be  eventually  ruined 
pfaich  is  of  course  a  reduction  to  absurdity,  (rambling  can 
idy  transfer  money  from  one  player  to  another,  and  there- 
be  none  of  it  can  be  actually  lost. 

§  13.  What  really  becomes  of  the  money,  when  they 
lay  to  extremity,  is  not  difficult  to  see.  First  suppose  a 
biited  number  of  players.  If  they  go  on  long  enough,  the 
honey  will  at  last  all  find  its  way  into  the  pocket  of  some 
ne  of  their  number.  If  their  fortunes  were  originally  equal, 
IlK^h  stands  the  same  chance  of  being  the  lucky  survivor; 
||l  which  case  we  cannot  assert,  on  any  numerical  grounds, 
|kat  the  prospect  of  the  play  is  disadvantageous  to  any  one 
|f  them.  If  their  fortunes  were  unequal,  the  one  who  had 
lie  largest  sum  to  begin  with  can  be  shown  to  have  the 
bsst  chance,  according  to  some  assignable  law,  of  being  left 
he  final  winner;  in  which  case  it  must  be  just  as  advan- 
llgeous  for  him,  as  it  was  disadvantageous  for  his  less  wealthy 
fempetitors. 

^  When,  instead  of  a  limited  number  of  players,  we  sup- 
ptoe  an  unlimited  number,  each  as  he  is  ruined  retiring 
Itoin  the  table  and  letting  another  come  in,  the  results  are 
More  complicated,  but  their  general  tendency  can  be  readily 
Irtrnguished.  If  we  supposed  that  no  one  retired  except 
Hien  he  was  ruined,  we  should  have  a  state  of  things  in 
lUch  all  the  old  players  were  growing  gradually  richer.  In 
ms  case  the  prospect  before  the  new  comers  would  steadily 
fcow  worse  and  worse,  for  their  chance  of  winning  against 
Iteh  rich  opponents  would  be  exceedingly  small.  But  as 
bfa  is  an  unreasonable  supposition,  we  ought  rather  to 
ferome  that  not  only  do  the  ruined  victims  retire,  but  also 
lat  those  who  have  gained  fortunes  of  a  certain  amount 
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retire  also,  so  that  the  aggregate  and  average  wealth  of 
gambling  body  remains  pretty  steady.     What  chanoe 
given  player  has   of  being  ruined,  and  how  long  he 
expect  to  hold  out  before  being  ruined,  will  depend  of 
upon  the  initial  incomes  of  the  players,  the  rules  of 
game,  the  stakes  for  which  they  play,  and  other 
tions.     But  it  is  clear  that  for  all  that  is  lost  by  oMk 
precisely  equal  sum  must  be   gained  by  others,  and 
therefore  any  particular  gambler  can  only  be  cautioned 
forehand  that  his  conduct  is  not  to  be  recommended, 
appealing  to  some  such  suppositions  as  those  alreadj 
tioned  in  a  former  section. 

§  14.  As  an  additional  justification  of  this  view 
reader  may  observe  that  the  state  of  things  in  the 
example  is  one  which,  expressed  in  somewhat 
language  and  with  a  slight  alteration  of  eircumstanco; 
being  incessantly  carried  on  upon  a  gigantic  scale 
every  side  of  us.  Call  it  the  competition  of  merchante 
traders  in  a  commercial  country,  and  the  general  resuhi 
familiar  enough.  It  is  true  that  in  so  far  as  skill  comes; 
the  question,  they  are  not  properly  gamblers;  but  in  « 
as  chance  and  risk  do,  they  may  be  fairly  so  termed,  and 
many  branches  of  business  this  must  necessarily  be  the 
to  a  very  considerable  extent.  Whenever  business  is 
on  in  a  reckless  way,  the  comparison  is  on  general 
fair  enough.  In  each  case  alike  we  find  some  retiring 
and  some  making  their  fortunes;  and  in  each  case 
also  the  chances,  cceteris  paribus,  lie  with  those  who 
the  largest  fortunes.  Every  one  is,  in  a  sense,  st 
against  the  collective  commercial  world,  but  since  each  of  I 
competitors  is  doing  the  same,  we  clearly  could  not  ctoi 
any  of  them  (except  indeed  the  poorer  ones)  that  their 
must  finally  end  in  disadvantage. 
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§  15.    If  we  wish  to  see  this  result  displayed  in  its 

-J  fflOBt  decisive  form  we  may  find  a  good  analogy  in  a  very 

Cerent  class  of  events,  viz.  in  the  fate  of  surnames.    We 

^  all  gamblers  in  this  respect,  and  the  game  is  carried 

OQt  to  the  last  fieurthing  with  a  rigour  unknown  at  New- 

BUtfket  or  Monte   Carlo.     In  its  complete  treatment  the 

object  is  a  very  intricate  one^  but  a  simple  example  will 

«erve  to  display  the  general  tendency.     Suppose  a  colony 

comprising  1000  couples  of  different  surnames,  and  suppose 

that  each  of  these  has  four  children  who  grow  up  to  marry. 

Approximately,  one   in  16  of  these  families  will  consist  of 

girls  only;  and  therefore,  under  ordinary  conventions,  about 

62  of  the  names  will  have  disappeared  for  ever  after  the 

next  generation.     Four  again  out  of  16  will  have  but  one 

X)y,  each  of  whom  will  of  course  be  in  the  same  position 

ks   his   father,  viz.   the   sole    representative    of   his  name. 

Accordingly  in  the  next  generation  one  in  16  of  these  names 

rill  again  drop   out,  and   so   the  process  continues.     The 

lumber  which  disappears  in  each  successive  generation  be- 

iomes   smaller,  as  the   stability  of   the   survivors  becomes 

preater  owing  to  their  larger  numbers.     But  there   is  no 

;heek  to  the  process. 

§  16.  The  analogy  here  is  a  very  close  one,  the  names 
rhich  thus  disappear  corresponding  to  the  gamblers  who 
etire  ruined  and  those  which  increase  in  number  corre- 
ponding  to  the  lucky  winners.  The  ultimate  goal  in  each 
ase  cdike, — of  course  an  exceedingly  remote  one, — is  the 
'xelusive  survival  of  one  at  the  expense  of  all  the  others. 
liat  one  surname  does  thus  drop  out  after  another  must 
lave  struck  every  one  who  has  made  any  enquiry  into  family 

1  It  was,  I  believe,  first  treated  as      iv.  1875,  where  a  complete  mathe- 
serioas  problem   by  Mr  Galton.      matical  solution  is  indicated  by  Mr 
lee  the  Journal  Anthrop,  Inst,  Vol.      H.  W.  Watson.) 
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genealogy,  and  various  fanciful  accounts  have   been  given 
by  those  unfamiliar  with  the  theory  of  probability.    What 
is  often  apt  to  be  overlooked  is  the  extreme  slightness  of 
what  may  be  termed  the  "turn  of  the  tables"  in  fevour 
of  the  survival  at  each  generation.     In  the  above  numerical 
example  we  have  made  an  extravagantly  favourable  sup* 
position,  by  assuming  that  the  population  doubles  at  evoy 
generation.     In  an  old  and  thickly  populated  country  whe» 
the  numbers  increase  very  slowly,  we  should  be  much  neawr^ 
the  mark  in  assuming  that  the  average  eflfective  family,—] 
that  is,  the  average  number  of  children  who  live  to  many,—] 
was  only  two.     In  this  case  every  family  which  was  repoe-j 
sented  at  any  time  by  but  a  single  male  would  have 
three  chances  in  four  of  surviving  extinction,  and  of  coiii»] 
the  process  of  thinning  out  would  be  a  more  rapid  one. 

§  17.     The  most  interesting  class  of  attempts  to  proi 
the    disadvantages  of   gambling   appeal  to  what  is  tedi* 
nically   called    'moral    expectation'   as    distinguished  froa] 
*  mathematical   expectation.'      The   latter  may   be  define 
simply  as  the    average  money  value   of   the    venture 
question;   that  is,  it  is  the  product  of  the  amount  to 
gained  (or  lost)  and  the  chance  of  gaining  (or  losing) 
For  instance,  if  I  bet  four  to  one  in  sovereigns  against 
occurrence  of  ace  with  a  single  die  there  would  be,  on 
average  of  many  throws,  a  loss  of  four  pounds  against  a 
of  five  pounds  on  each   set  of  six  occurrences;   i.e.  the 
would  be  an  average  gain  of  three  shillings  and  foi 
on  each  throw.     This  is  called  the  true  or  mathemat 
expectation.'    The  so-called  'moral  expectation',  on  the  ot 
hand,  is  the  subjective  value  of  this  mathematical  e: 
tation.     That  is,  instead  of  reckoning  a  money  fortune 
the  ordinary  way,  as  what  it  is,  the  attempt  is  made 
reckon  it  at  what  it  is  felt  to  be.    The  elements  of  com| 
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I  therefore  become,  not  pounds  and  shillings,  but  sums 
easure  enjoyed  actually  or  in  prospect.  Accordingly 
reckoning  the  present  value  of  a  future  gain,  we  must 
multiply,  not  the  objective  but  the  subjective  value, 
e  chance  we  have  of  securing  that  gain, 
f^ith  regard  to  the  exact  relation  of  this  moral  fortune 
e  physical  various  more  or  less  arbitrary  assumptions 
been  made.  One  writer  (Buffon)  considers  that  the 
I  value  of  any  given  sum  varies  inversely  with  the 
wealth  of  the  person  who  gains  it.  Another  (D.  Ber- 
i)  starting  from  a  different  assumption,  which  we  shall 
ntly  have  to  notice  more  particularly,  makes  the  moral 

of  a  fortune  vary  as  the  logarithm  of  its  actual  amounts 
jd  (Cramer)  makes  it  vary  with  the  square  root  of  the 
nt. 

18.     Historically,  these  proposals  have   sprung  from 

wish   to   reconcile   the   conclusions   of  the   Petersburg 

em  with  the  dictates  of  practical  common  sense;   for, 

ibstituting   the  moral   for  the   physical   estimate   the 

value  of  the  expectation  could  be  reduced  to  a  finite 

On  this  ground  therefore  such  proposals  have  no  great 
3st,  for,  as  we  have  seen,  there  is  no  serious  difficulty  in 
roblem  when  rightly  understood, 
hese  same  proposals   however  have  been  employed  in 

moolli  himself  does  not  seem  every  psychologist.  It  is  what  is 
e  based  his  conclusions  upon  commonly  called  Fechner's  Law, 
experience.  But  it  is  a  note-  which  he  has  established  by  aid  of 
'  fact  that  the  assumption  with  an  enormous  amount  of  careful  ex- 
he  starts,  viz.  that  the  sub-  periment  in  the  case  of  a  number  of 
value  of  any  small  increment  our  simple  sensations.  But  I  do  not 
inversely  proportional  to  the  believe  that  he  has  made  any  claim 
hen  i>osse88ed  (x),  and  which  that  such  a  law  holds  good  in  the 
.t  once  to  the  logarithmic  law  far  more  intricate  dependence  of 
mentioned,  is  identical  with  happiness  upon  wealth, 
iich  is  now  familiar  enough  to 
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order  to  prove  that  gambling  is  necessarily  disadvantageoi 
and  this  to  both  parties.    Take,  for  instance,  Bernoulli's  su] 
position.     It  can  be  readily  shown  that  if  two  persons  eadij 
with  a  sum  of  £60  to  start  with  choose  to  risk,  say,  £10  u] 
an  even  wager  there  will  be  a  loss  of  happiness  as  a  resuhl 
for  the  pleasure  gained  by  the  possessor  of  £60  will  nc 
be  equal  to  that  which  is  lost  by  the  man  who  leaves  off] 
with  £40\ 

§  19.  This  is  the  form  of  argument  commonly  adopted; 
but,  as  it  stands,  it  does  not  seem  conclusive.  It  may  si 
be  replied  that  all  which  is  thus  proved  is  that  inequality  k 
bad,  on  the  ground  that  two  fortunes  of  £50  are  better  than' 
one  of  £60  and  one  of  £40.  Conceive  for  instance  that 
original  fortunes  had  been  £60  and  £40  respectively, 
event  may  result  in  an  increase  of  happiness ;  for  this 
certainly  be  the  case  if  the  richer  man  loses  and  the  fortunes^ 
are  thus  equalized.  This  is  quite  true;  and  we  are  therefoiel 
obliged  to  show, — what  can  be  very  easily  shown, — that  if  | 
the  other  alternative  had  taken  place  and  the  two  fortunttj 
had  been  made  still  more  unequal  (viz.  £65  and  £35  respec-^ 
tively)  the  happiness  thus  lost  would  more  than  balance^ 
what  would  have  been  gained  by  the  equalization.  Andi 
since  these  two  suppositions  are  equally  likely  there  >vill  bet' 
loss  in  the  long  run. 

The  consideration  just  adduced  seems  however  to  show 


^  The  formula  expressive  of  this 

moral  happiness  is  c  log  - ;  where  x 

stands  for  the  physical  fortune  pos- 
sessed at  the  time,  and  a  for  that 
small  value  of  it  at  which  happiness 
is  supposed  to  disappear:  c  being  an 
arbitrary  constant.  Let  two  persons, 
whose  fortune  is  x,  risk  \^  on.  an  even 


bet.    Then  the  balance,  as  regiidt 
happiness,  must  be  drawn  between 

c  log  -  and  ic  log  ^il?  +  Aclog  ^^ , 

or     log  a^  and  log  {x  +  y )  («  -  y ), 
or  ar'  and  a:*— y', 

the  former  of  which  is  n< 
the  greater. 
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}he  common  way  of  stating  the  conclusion  is  rather 
iding;  and  that,  on  the  assumption  in  question  as 
I  law  of  dependence  of  happiness  on  wealth,  it  really  is 
ase  that  the  efifective  element  in  rendering  gambling 
rantageous  is  its  tendency  to  the  increase  of  the  in- 
ity  in  the  distribution  of  wealth. 

20.  This  raises  two  questions,  one  of  some  speculative 
st  in  connection  with  our  subject,  and  the  other  of 
me  importance  in  the  conduct  of  life.  The  first  is  this : 
apart  from  any  particular  assumption  which  we  make 
moral  fortunes  or  laws  of  variation  of  happiness,  is 
3  fact  that  gambling  tends  to  increase  the  existing 
alities  of  wealth  ?  Theoretically  there  is  no  doubt  that 
\  so.  Take  the  simplest  case  and  suppose  two  people 
g  for  a  pound.  If  their  fortunes  were  equal  to  begin 
there  must  be  resultant  inequality.  If  they  were 
lal  there  is  an  even  chance  of  the  inequality  being 
Lsed  or  diminished;  but  since  the  increase  is  proper- 
ly greater  than  the  decrease,  the  final  result  remains  of 
ane  kind  as  when  the  fortunes  were  equal  \  Taking  a 
general  view  the  same  conclusion  underlies  all  our 
ling  as  to  the  averages  of  large  numbers,  viz.  that  the 
ant  divergencies  increase  absolutely  (however  they 
lish  relatively)  as  the  numbers  become  greater.  And  of 
3  we  refer  to  these  absolute  divergencies  when  we 
Jking  of  the  distribution  of  wealth. 


is  may  be  seen  more  clearly 
ows.  Suppose  two  pair  of 
!r8,  each  pair  consisting  of 
ossessing  £50  and  £30  re- 
Bly.  Now  if  we  suppose  the 
man  to  win  in  one  case  and 
orer  in  the  other  these  two 
will  be  a  fair  re^nres^ntation 


of  the  average;  for  there  are  only 
two  alternatives  and  these  will  b& 
equally  frequent  in  the  long  run. 
It  is  obvious  that  we  have  had  two 
fortunes  of  £50  and  two  of  £30  con- 
verted into  one  of  £20,  two  of  £40, 
and  one  of  £60.  And  this  is  clearly 
an  increase  of  inequality. 
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§  21.  This  is  the  theoretic  conclusion.  How  far 
actual  practice  of  gambling  introduces  counteracting  age; 
must  be  left  to  the  determination  of  those  who  are 
petent  to  pronounce.  So  far  as  outsiders  are  authoi 
to  judge  from  what  they  read  in  the  newspapers  and 
public  sources  of  information,  it  would  appear  that 
counteracting  agencies  are  very  considerable,  and  that 
consequence  it  is  a  rather  insecure  argument  to  ad 
against  gambling.  Many  a  large  fortune  has  notori 
been  squandered  on  the  race-course  or  in  gambling  8al< 
and  most  certainly  a  large  portion,  if  not  the  major 
has  gone  to  swell  the  incomes  of  many  who  were  by  com 
son  poor.  But  the  solution  of  this  question  must  clearly 
left  to  those  who  have  better  opportunities  of  kno 
the  facts  than  is  to  be  expected  on  the  part  of  writers 
Probability. 

§  22.     The  general  conclusion  to  be  drawn  is  that 
who  invoked  this  principle  of  moral  fortune  as  an  argum' 
against  gambling  were  really  raising  a  much  more  intri< 
and  far-reaching  problem  than  they  were  aware  of. 
they  were   at   work   upon  was  the  question,  What  is 
distribution  of  wealth  which  tends  to  secure  the  maxim 
of  happiness  ?   Is  this  best  secured  by  equality  or  inequalii 
Had  they  really  followed  out  the  doctrine  on  which  th< 
denunciation  of  gambling  was  founded  they  ought  to 
adopted  the  Socialist's  ideal  as  being  distinctly  that  w 
tends    to    increase   happiness.      And    they   ought   to 
brought    under  the   same   disapprobation   which   they 
pressed  against  gambling   all   those  tendencies  of  mod( 
civilized  life  which  work   in   the  same  direction.     For 
stance ;   keen  competition,  speculative  operations,  exte; 
facilities   of  credit,  mechanical   inventions,  enlargement 
business   operations  into  vast  firms: — all  these,  and  o 


hai 


hai 


•or.  22.]  Insurance  and  Gambling.  393 

::3cdlar  tendencies  too  numerous  to  mention  here,  have  had 
me  influence  in  the  way  of  adding  to  existing  inequalities. 
3ey  are,  or  have  been,  in  consequence  denounced  by 
cdalists:  are  we  honestly  to  bring  them  to  this  test  in 
rier  to  ascertain  whether  or  not  they  are  to  be  condemned  ? 
be  reader  who  wishes  to  see  what  sort  of  problems  this 
sumption  of  'moral  fortune'  ought  to  introduce  may  be 
commended,  to  read  Mr  F.  Y.  Edgeworth's  Mathematical 
Bychics,  the  only  work  with  which  I  am  acquainted  which 
eats  of  these  questions. 


CHAPTER  XVI. 

THE  APPLICATION  OP  PROBABILITY  TO  TESTIMOHY. 

i 

§  1.  On  the  principles  which  have  been  adopted  in  A 
work,  it  becomes  questionable  whether  several  classes  < 
problems  which  may  seem  to  have  acquired  a  prescriptn 
right  to  admission,  will  not  have  to  be  excluded  from  tl 
science  of  Probability.  The  most  important,  perhaps,  < 
these  refer  to  what  is  commonly  called  the  credibility  • 
testimony,  estimated  either  at  first  hand  and  directly,  or  i 
influencing  a  juryman,  and  so  reaching  us  through  li 
sagacity  and  trustworthiness.  Almost  every  treatise  up 
the  science  contains  a  discussion  of  the  principles  accordii 
to  which  credit  is  to  be  attached  to  combinations  of  tl 
reports  of  witnesses  of  various  degrees  of  trustworthiness, 
the  verdicts  of  juries  consisting  of  larger  or  smaller  niunbe) 
A  great  modern  mathematician,  Poisson,  has  written  i 
elaborate  treatise  expressly  upon  this  subject ;  whilst  a  ca 
siderable  portion  of  the  works  of  Laplace,  De  Morgan,  ai 
others,  is  devoted  to  an  examination  of  similar  enquiries, 
would  be  presumptuous  to  differ  from  such  authorities  i 
these,  except  upon  the  strongest  grounds ;  but  I  confess  tb 
the  extraordinary  ingenuity  and  mathematical  ability  whi 
have  been  devoted  to  these  problems,  considered  as  quesda 
in  Probability,  fail^  to  convince  me  that  they  ought  to  hv 
been  so  considered.  The  following  are  the  principal  groun 
for  this  opinion. 
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§  2.     It  will  be  remembered  that  in  the  course  of  the 

ir  on  Induction  we  entered  into  a  detailed  investiga- 

of  the  process  demanded  of  us  when,  instead  of  the 

^priate  propositions  from  which  the  inference  was  to  be 

le  being  set  before  us,  the  individual  presented  himself, 

the  task  was  imposed  upon  us  of  selecting  the  requisite 

ips  or  series  to  which  to  refer  him.     In  other  words,  in- 

of  calculating  the  chance  of  an  event  from  determinate 

itions  of  frequency  of  its  occurrence  (these  being  either 

led  by  direct  experience,  or  deductively  inferred)  we 

to  select  the  conditions  of  frequency  out  of  a  plurality 

tore  or  less  suitable  ones.     When  the  problem  is  pre- 

to  us  at  such  a  stage  as  this,  we  may  of  course  assume 

the    preliminary  process  of   obtaining  the   statistics 

(h  are  extended  into  the  proportional  propositions  has 

already  performed ;  we  may  suppose  therefore  that  we 

already  in  possession  of  a  quantity  of  such  propositions, 

principal  remaining  doubt  being  as  to  which  of  them 

diould  then  employ.     This  selection  was  shown  to  be 

i  certain  extent  arbitrary ;  for,  owing  to  the  fact  of  the 

idual  possessing  a  large  number  of  different  properties, 

became  in  consequence  a  member  of  different  series  or 

\,  which  might  present  different  averages.     We  must 

examine,   somewhat  more   fully   than  we   did  before, 

practical  conditions  under  which  any  difficulty  arising 

this  source  ceases  to  be  of  importance. 

bl  §  3.  One  condition  of  this  kind  is  very  simple  and  ob- 
bvus.  It  is  that  the  different  statistics  with  which  we  are 
mted  should  not  in  reality  offer  materially  different 
tfi.  If,  for  instance,  we  were  enquiring  into  the  pro- 
Ijfaility  of  a  man  aged  forty  djring  within  the  year,  we  might 
•we  pleased  take  into  account  the  fact  of  his  having  red 
BT,  or  his  having  been  born  in  a  certain  county  or  town. 
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Each  of  these  circumstances  would  serve  to  speci 
individual,  and  therefore  to  restrict  the  limits  of  the  si 
which  were  applicable  to  his  case.     But  the  consideral 
such  qualities  as  these  would  either  leave  the  average 
cisely  as  it  was,  or  produce  such  an  unimportant  all 
in  it  as  no  one  would  think  of  taking  into  account, 
we   could    hardly   say   with    certainty   of    any   conceii 
characteristic   that   it    has   absolutely  no    bearing  oa 
result,  we  may  still  feel  very  confident  that  the 
such    characteristics  as   these   is   utterly   insignificant 
course   in   the   extreme   case  of  the  things  most 
suited  to  the  Calculus   of  Probability,  viz.  games  of 
chance,  these  subsidiary  characteristics  are  quite  irrel 
Any  further  particulars  about  the  characteristics  of  the 
in  a  really  fair  pack,  beyond  those  which  are  familiar 
the  players,  would  convey  no  information  whatever  aboal 
result. 

Or  again;   although  the  diflferent  sets  of  statistics 
not  as  above  give   almost  identical  results,  yet  they 
what  practically  comes  to  very  much  the  same  thing; 
is,  arrange  themselves  into  a  small  number  of  groups, 
the  statistics  in  any  one  group  practically  coinciding  in 
results.     If  for  example  a  consumptive  man  desired  to  ii 
his  life,  there  would  be  a  marked  diflference  in  the  si 
according  as  we  took  his  peculiar  state  of  health  into 
or  not.    We  should  here  have  two  sets  of  statistics,  so 
marked  oflf  from  one  another  that  they  might  almost 
with  the  distinctions  of  natural  kinds,  and  which  wot 
consequence  oflfer  decidedly  diflferent  resulta      If  we 
to  specialize  still  further,  by  taking  into  account  insi| 
qualities   like   those   mentioned  in  the  last  paragrapht' 
might  indeed  get  more  limited  sets  of  statistics  appl 
to  persons  still   more  closely  resembling  the  individual^ 
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Lon,  but  these  would  not  differ  sufl&ciently  in  their 
Its  to  make  it  worth  our  while  to  do  so.  In  other  words, 
different  propositions  which  are  applicable  to  the  case  in 
it  arrange  themselves  into  a  limited  number  of  groups, 
I,  and  which  only,  need  be  taken  into  account ;  whence 
range  of  choice  amongst  them  is  very  much  diminished 

jtice. 

§  4.     The  reasons  for  the  conditions  above  described  are 
difficult  to  detect.     Where  these  conditions  exist  the 
of  selecting  a  series  or  class  to  which  to  refer  any 
idual  is  very  simple,  and  the  selection  is,  for  the  par- 
purposes  of  inference,  final.     In  any  case  of  insurance, 
example,  the  question  we  have  to  decide  is  of  the  very 
»Ie  kind ;  Is  A,B,  a  man  of  a  certain  age  ?     If  so  one  in 
in  his  circumstances  will  die  in  the  course  of  the  year. 
further  questions  have  to  be  decided  they  would  be  of 
following  description.     Is  il.jB.  a  healthy  man  ?    Does  he 
a   dangerous  trade?      But   here  too   the  classes  in 
Lon  are  but  few,  and  the   limits  by  which   they  are 
ided  are  tolerably  precise ;  so  that  the  reference  of  an 
idual  to  one  or  other  of  them  is  easy.     And  when  we 
once  chosen  our  class  we  remain  untroubled  by  any 
ler  considerations ;  for  since  no  other  statistics  are  sup- 
to  offer  a  materially  different  average,  we  have  no 
don  to  take  account  of  any  other  properties  than  those 
ly  noticed 

The  case  of  games  of  chance,  already  referred  to,  offers 
^course  an  instance  of  these  conditions  in  an  almost  ideal 
of  perfection;  the  same  circumstances  which  fit  them 
[eminently  for  the  purposes  of  fair  gambling,  fitting  them 
dly  to  become  examples  in  Probability.     When  a  die  is 
le  thrown,  all  persons  alike  stand  on  precisely  the  same 
tng  of  knowledge  and  of  ignorance  about  the  result ;  the 
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only  data  to  which  any  one  could  appeal  being  that 
face  turns  up  on  an  average  once  in  six  times. 

§  5.     Let  us  now  examine  how  far  the  above  com 
are  fulfilled  in  the  case  of  problems  which  discuss 
<5alled  the  credibility  of  testimony.     The  following  wot 
a  fair  specimen  of  one  of  the  elementary  enquiries 
which  these  problems  are  composed; — Here  is  a  stal 
made  by  a  witness  who  lies  once  in  ten  times,  what  am 
conclude  about  its  truth?     Objections  might  feirly  be 
against  the  possibility  of  thus  assigning  a  man  his 
upon  a  graduated  scale  of  mendacity.     This  however  mi 
pass  over,  and  will  assume  that  the  witness  goes  aboofcij 
world  bearing  stamped  somehow  on  his  feice  the  appi 
class  to  which  he  belongs,  and  consequently,  the  d< 
credit  to  which  he  has  a  claim  on  such  general 
But  there  are  other  and  stronger  reasons  against  the 
missibility  of  this  class  of  problems. 

§  6.     That  which  has  been  described  in  the  previl 
sections  as  the  'individual'  which  had  to  be  assigned  to^ 
appropriate  class  or  series  of  statistics  is,  of  course,  in 
case,  a  statement     In  the  particular  instance  in  question 
individual  statement  is  already  assigned   to   a   class, 
namely  of  statements  made  by  a  witness  of  a  given  dej 
veracity;  but  it  is  clearly  optional  with  us  whether  or  not 
choose  to  confine  our  attention  to  this  class  in  forming 
judgment;  at  least  it  would  be  optional  whenever  we 
practically  called  on  to  form  an  opinion.     But  in  the 
this  statement,  as  in  that  of  the  mortality  of  the  man 
insurance  we  were  discussing,  there  are  a  multitude  of 
properties  observable,  besides  the  one  which  is  supposed 
mark  the  given  class.     Just  as   in   the   latter   there 
{besides  his  age),  the  place  of  his  birth,  the  nature  rf 
occupation,  and  so  on;  so  in  the  former  there  are  (besideBi 
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eing  a  statement  by  a  certain  kind  of  witness),  the  fact  of  its 
eing  uttered  at  a  certain  time  and  place  and  under  certain 
iicumstances.  At  the  time  the  statement  is  made  all  these 
ualities  or  attributes  of  the  statement  are  present  to  us,  and 
«  clearly  have  a  right  to  take  into  account  as  many  of  them 
B  we  please.  Now  the  question  at  present  before  us  seems  to 
e  simply  this; — ^Are  the  considerations,  which  we  might  thus 
itroduce,  as  immaterial  to  the  result  in  the  case  of  the  truth 
f  a  statement  of  a  witness,  as  the  corresponding  considera- 
bns  are  in  the  case  of  the  insurance  of  a  life?  There  can 
arely  be  no  hesitation  in  the  reply  to  such  a  question. 
ruder  ordinary  circumstances  we  soon  know  all  that  we  can 
now  about  the  conditions  which  determine  us  in  judging  of 
lie  prospect  of  a  man's  death,  and  we  therefore  rest  content 
ith  general  statistics  of  mortality;  but  no  one  who  heard  a 
itness  speak  would  think  of  simply  appealing  to  his  figure 
f  veracity,  even  supposing  that  this  had  been  authoritatively 
Dmmunicated  to  us.  The  circumstances  under  which  the 
latement  is  made  instead  of  being  insignificant,  are  of  over- 
iielming  importance.  The  appearance  of  the  witness,  the 
one  of  his  voice,  the  fact  of  his  having  objects  to  gain, 
ogether  with  a  countless  multitude  of  other  circumstances 
diich  would  gradually  come  to  light  as  we  reflect  upon  the 
Batter,  would  make  any  sensible  man  discard  the  assigned 
f^erage  from  his  consideration.  He  would,  in  fact,  no  more 
liink  of  judging  in  this  way  than  he  would  of  appealing  to 
be  Carlisle  or  Northampton  tables  of  mortality  to  determine 
be  probable  length  of  life  of  a  soldier  who  was  already  in 
he  midst  of  a  battle. 

§  7.  It  cannot  be  replied  that  under  these  circumstances 
re  still  refer  the  witness  to  a  class,  and  judge  of  his  veracity 
jr  an  average  of  a  more  limited  kind;  that  we  infer,  for  ex- 
mple,  that  of  mien  who  look  and  act  like  him  under  such 
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circumstances,  a  much  larger  proportion,  say  nine-tei 
are  found  to  lie.  There  is  no  appeal  to  a  class  in  this  wa 
all,  there  is  no  immediate  reference  to  statistics  of  any  I 
whatever;  at  least  none  which  we  are  conscious  of  usin 
the  time,  or  to  which  we  should  think  of  resorting  for  jus 
cation  afterwards.  The  decision  seems  to  depend  upon 
quickness  of  the  observer  s  senses  and  of  his  apprehen 
generally. 

Statistics  about  the  veracity  of  witnesses  seem  in  fee 
be  permanently  as  inappropriate  as  all  other  statistics  o 
sionally  may  be.  We  may  know  accurately  the  percent 
of  recoveries  after  amputation  of  the  leg;  but  what  surg 
would  think  of  forming  his  judgment  solely  by  such  ta' 
when  he  had  a  case  before  him  ?  We  need  not  deny 
course,  that  the  opinion  he  might  form  about  the  patie 
prospects  of  recovery  might  ultimately  rest  upon  the  pro] 
tions  of  deaths  and  recoveries  he  might  have  previously  ^ 
nessed.  But  if  this  were  the  case,  these  data  are  lying 
one  may  say,  obscurely  in  the  background.  He  does 
appeal  to  them  directly  and  immediately  in  forming 
judgment.  There  has  been  a  far  more  important  inter 
diate  process  of  apprehension  and  estimation  of  what 
essential  to  the  case  and  what  is  not.  Sharp  senses,  mem< 
judgment,  and  practical  sagacity  have  had  to  be  called  i 
play,  and  there  is  not  therefore  the  same  direct  consci 
and  sole  appeal  to  statistics  that  there  was  before,  j 
surgeon  may  have  in  his  mind  two  or  three  instances 
which  the  operation  performed  was  equally  severe,  but 
which  the  patient's  constitution  was  different;  the  lat 
element  therefore  has  to  be  properly  allowed  for.  There  n 
be  other  instances  in  which  the  constitution  was  similar,  I 
the  operation  more  severe  ;  and  so  on.  Hence,  although  t 
ultimate  appeal  may  be  to  the  statistics,  it  is  not  so  directi 
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heir  value  has  to  be  estimated  through  the  somewhat  hazy 
aedium  of  our  judgment  and  memory,  which  places  them 
mder  a  very  different  aspect. 

§  8.  Any  one  who  knows  anything  of  the  game  of  whist 
nay  supply  an  apposite  example  of  the  distinction  here 
nsisted  on,  by  recalling  to  mind  the  alteration  in  the  nature 
if  our  inferences  as  the  game  progresses.  At  the  commence- 
nent  of  the  game  our  sole  appeal  is  rightfully  made  to  the 
iheory  of  Probability.  All  the  rules  upon  which  each  player 
lets,  and  therefore  upon  which  he  infers  that  the  others  will 
let,  rest  upon  the  observed  frequency  (or  rather  upon  the 
tequency  which  calculation  assures  us  will  be  observed)  with 
vhich  such  and  such  combinations  of  cards  are  found  to 
KXJur.  Why  are  we  told,  if  we  have  more  than  four  trumps, 
K)  lead  them  out  at  once  ?  Because  we  are  convinced,  on 
lure  grounds  of  probability,  capable  of  being  stated  in  the 
Arictest  statistical  form,  that  in  a  majority  of  instances  we 
ball  draw  our  opponent's  trumps,  and  therefore  be  left  with 
lie  command.  Similarly  with  every  other  rule  which  is 
recognized  in  the  early  part  of  the  play. 

But  as  the  play  progresses  all  this  is  changed,  and 
owards  its  conclusion  there  is  but  little  reliance  upon  any 
lules  which  either  we  or  others  could  base  upon  statistical 
irequency  of  occurrence,  observed  or  inferred.  A  multitude 
if  other  considerations  have  come  in ;  we  begin  to  be  in- 
hienced  partly  by  our  knowledge  of  the  character  and 
practice  of  our  partner  and  opponents;  partly  by  a  rapid 
Bombination  of  a  multitude  of  judgments,  founded  upon 
•or  observation  of  the  actual  course  of  play,  the  grounds 
bC  which  we  could  hardly  realize  or  describe  at  the  time 
Ind  which  may  have  been  forgotten  since.  That  is,  the 
particular  combination  of  cards,  now  before  us,  does  not 
Mdily  fail  into  any  well-marked  class  to  which  alone  it  can 

V.  U 
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reasonably  be  referred  by  every  one  who  has  the  facts 
him. 

§  9.  A  criticism  somewhat  resembling  the  abo^ 
been  given  by  Mill  (Logic,  Bk.  iii.  Chap,  xviii  §  3) 
the  applicability  of  the  theory  of  Probability  to  the 
bility  of  witnesses.  But  he  has  added  other  reasons 
do  not  appear  to  me  to  be  equally  valid ;  he  says  "  co: 
sense  would  dictate  that  it  is  impossible  to  strike  a  g 
average  of  the  veracity,  and  other  qualifications  for 
testimony,  of  mankind  or  any  class  of  them ;  and  if  it 
possible,  such  an  average  would  be  no  guide,  the  credibi 
almost  every  witness  being  either  below  or  above  the  ave 
The  latter  objection  would  however  apply  with  equal 
to  estimating  the  length  of  a  man's  life  from  tables  of 
tality ;  for  the  credibility  of  diflferent  witnesses  can  sc 
have  a  wider  range  of  variation  than  the  length  of  dif 
lives.  If  statistics  of  credibility  could  be  obtained 
could  be  conveniently  appealed  to  when  they  were  obt 
they  might  furnish  us  in  the  long  run  with  as  ac( 
inferences  as  any  other  statistics  of  the  same  gener 
scription.  These  statistics  would  however  in  practice 
rally  and  rightly  be  neglected,  because  there  can  hard 
to  be  circumstances  in  each  individual  statement  which 
more  appropriately  refer  it  to  some  new  class  dependi 
diflferent  statistics,  and  aflfording  a  far  better  chance  < 
being  right  in  that  particular  case.  In  most  instan 
the  kind  in  question,  indeed,  such  a  change  is  thus  pro 
in  the  mode  of  formation  of  our  opinion,  that,  as  a 
pointed  out,  the  mental  operation  ceases  to  be  in  any  ] 
sense  founded  on  appeal  to  statistics*. 

^  It  may  be  remarked  also  that      principles    of    Probability 
there  is  another  reason  which  tends      majority  of  the  cases  wher 
to  dissuade  us  from  appealing   to      mony  has  to  be  estimated.    I 
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.0.  The  Chance  problems  which  are  concerned  with  tes- 
Y  axe  not  altogether  confined  to  such  instances  as  those 
to  referred  to.     Though  we  must,  as  it  appears  to  me, 

all  attempts  to  estimate  the  credibility  of  any  par- 
r  witness,  or  to  refer  him  to  any  assigned  class  in 
3t  of  his  trustworthiness,  and  consequently  abandon  as 
table  any  of  the  numerous  problems  which  start  from 
data  as  *a  witness  who  is  wrong  once  in  ten  times,' 
b  does  not  follow  that  testimony  may  not  to  a  slight 
t  be  treated  by  our  science  in  a  somewhat  diflferent 
ler.  We  may  be  quite  unable  to  estimate,  except  in 
oughest  possible  way,  the  veracity  of  any  particular 
jss,  and  yet  it  may  be  possible  to  form  some  kind  of 
on  upon  the  veracity  of  certain  classes  of  ^vitnesses ; 
jr,  for  instance,  that  Europeans  are  superior  in  this  way 
rientals.     So  we  might  attempt  to  explain  why,  and  to 

extent,  an  opinion  in  which  the  judgments  of  ten  per- 
say  jurors,  concur,  is  superior  to  one  in  which  five  only 
ir.  Something  may  also  be  done  towards  la3nng  down 
principles  in  accordance  with  which  we  are  to  decide 
her,  and  why,  extraordinary  stories  deserve  less  credence 

ordinary  ones,  even  if  we  cannot  arrive  at  any  precise 
definite  decision  upon  the  point.  This  last  question  is 
er  discussed  in  the  course  of  the  next  chapter. 

11.  The  change  of  view  in  accordance  with  which  it 
Ns  that  questions  of  the  kind  just  mentioned  need  not 
ntirely  rejected  from  scientific  consideration,  presents  it- 

ps   usually  happens,  that  we  on  the  average^  but  truth  in  each 

ot  absolutely  forced  to  come  mdiyidual  instance,  so  that  we  had 

ecision;  at  least  so  far  as  the  rather  not  form  an  opinion  at  all 

tting  of  an  accused  person  may  than  form  one  of  which  we  can  only 

Qsidered  as  avoiding  a  decision.  say  in  its  justification  that  it  will 

\,y  be  of  much  greater  import-  tend  to  lead  us  right  in  the  long 

to  us  to  attain  not  merely  truth  run. 
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self  in  other  directions  also.   It  has,  for  instance,  been  air 
pointed  out  that  the  individual  characteristics  of  any 
man's  disease  would  be  quite  sufficiently  important  in 
cases  to  prevent  any  surgeon  from  judging  about  his  recoi 
by  a  genuine  and  direct  appeal  to  statistics,  however 
considerations-  might  indirectly  operate  upon  his  judgme 
But  if  an  opinion  had  to  be  formed  about  a  consid( 
number  of  cases,  say  in  a  large  hospital,  statistics 
again  come  prominently  into  play,  and  be  rightly  recognia 
as  the  principal  source  of  appeal.     We  should  feel  able 
compare  one  hospital,  or  one   method   of  treatment, 
another.     The  ground  of  the  diflference  is  obvious.     It 
from  the  fact  that  the  characteristics  of  the   individi 
which  made  us  so  ready  to  desert  the  average  when  we 
to  judge  of  them  separately,  do  not  produce  the  same 
turbance  when  we  have  to  judge  about  a  group  of 
The  averages  then  become  the  most  secure  and  ai 
ground  on  which  to  form  an  opinion,  and   therefore  Pro-] 
bability  again  becomes  applicable. 

But  although  some  resort  to  Probability  may  be  ad- 
mitted in  such  cases  as  these,  it  nevertheless  does  nol' 
appear  to  me  that  they  can  ever  be  regarded  as  particulariy' 
appropriate  examples  to  illustrate  the  methods  and  resources' 
of  the  theory.  Indeed  it  is  scarcely  possible  to  resist  the 
conviction  that  the  refinements  of  mathematical  calculation 
have  here  been  pushed  to  lengths  utterly  unjustifiable,  when 
we  bear  in  mind  the  impossibility  of  obtaining  any  corre- 
sponding degree  of  accuracy  and  precision  in  the  data  from 
which  we  have  to  start.  To  cite  but  one  instance.  It  would 
be  hard  to  find  a  case  in  which  love  of  consistency  has  pre- 
vailed over  common  sense  to  such  an  extent  as  in  the  ad- 
mission of  the  conclusion  that  it  is  unimportant  what  are  | 
the  numbers  for  and  against  a  particular  statement,  provided 
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le  actual  majority  is  the  same.  That  is,  the  unanimous 
idgment  of  a  jury  of  eight  is  to  count  for  the  same  as  a 
majority  of  ten  to  two  in  a  jury  of  twelve.  And  yet  this 
inclusion  is  admitted  by  Poisson.  The  assumptions  under 
hich  it  follows  will  be  indicated  in  the  course  of  the  next 
hapter. 

Again,  perfect  independence  amongst  the  witnesses  or 
irors  is  an  almost  necessary  postulate.  But  where  can  this 
e  secured?  To  say  nothing  of  direct  collusion,  human 
eings  are  in  almost  all  instances  greatly  under  the  influence 
f  sympathy  in  forming  their  opinions.  This  influence,  under 
he  various  names  of  political  bias,  class  prejudice,  local 
eeling,  and  so  on,  always  exists  to  a  sufficient  degree  to 
nduce  a  cautious  person  to  make  many  of  those  individual 
jorrections  which  we  saw  to  be  necessary  when  we  were 
estimating  the  trustworthiness,  in  any  given  case,  of  a  single 
witness ;  that  is,  they  are  sufficient  to  destroy  much,  if  not 
all,  of  the  confidence  with  which  we  resort  to  statistics  and 
averages  in  forming  our  judgment.  Since  then  this  Essay  is 
mainly  devoted  to  explaining  and  establishing  the  general 
pinciples  of  the  science  of  Probability,  we  may  very  fairly 
be  excused  from  any  further  treatment  of  this  subject,  beyond 
the  brief  discussions  which  are  given  in  the  next  chapter. 


CHAPTER  XVII. 

ON  THE   CREDIBILITY  OF  EXTRAORDINARY  STORIES. 

§  1.  It  is  now  time  to  recur  for  fuller  investigation  to  as 
enquiry  which  has  been  already  briefly  touched  upon  men 
than  once;  that  is,  the  validity  of  testimony  to  establish, 
as  it  is  frequently  expressed,  an  otherwise  improbable  stoiy 
It  will  be  remembered  that  in  a  previous  chapter  (dM 
twelfth)  we  devoted  some  examination  to  an  assertion  bj 
Butler,  which  seemed  to  be  to  some  extent  countenanced 
by  Mill,  that  a  great  improbability  before  the  proof  migU 
become  but  a  very  small  improbability  after  the  proof.  In 
opposition  to  this  it  was  pointed  out  that  the  different 
estimates  which  we  undoubtedly  formed  of  the  credibili^ 
of  the  examples  adduced,  had  nothing  to  do  with  the 
fact  of  the  event  being  past  or  future,  but  arose  from  a 
very  different  cause;  that  the  conception  of  the  event 
which  we  entertain  at  the  moment  (which  is  all  that  is  then 
and  there  actually  present  to  us,  and  as  to  the  correctness 
of  which  as  a  representation  of  facts  we  have  to  make  up  oar 
minds)  comes  before  us  in  two  very  different  ways.  In  (me 
instance  it  was  a  mere  guess  of  our  own  which  we  kneir 
from  statistics  would  be  right  in  a  certain  proportion  rf 
cases ;  in  the  other  instance  it  was  the  assertion  of  a  witness 
and  therefore  the  appeal  was  not  now  primarily  to  statistics  rf 
the  event,  but  to  the  trustworthiness  of  the  witness.    The  coo- 
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>tion,  or  'event*  if  we  will  so  term  it,  had  in  feet  passed 
b  of  the  category  of  guesses  (on  statistical  grounds),  into 
),t  of  assertions  (most  likely  resting  on  some  specific  evi- 
nce), and  would  therefore  be  naturally  regarded  in  a  very 
fferent  light. 

§  2.  But  it  may  seem  as  if  this  principle  would  lead  us 
\  somewhat  startling  conclusiona  For,  by  transferring  the 
ppeal  from  the  frequency  with  which  the  event  occurs  to 
he  trustworthiness  of  the  witness  who  makes  the  assertion, 
is  it  not  implied  that  the  probability  or  improbability  of  an 
assertion  depends  solely  upon  the  veracity  of  the  witness  ? 
iKso,  ought  not  any  story  whatever  to  be  believed  when 
litis  asserted  by  a  truthful  person  ? 

In  order  to  settle  this  question  we  must  look  a  little 
Biore  closely  into  the  circumstances  under  which  such 
testimony  is  commonly  presented  to  us.  As  it  is  of  course 
neoessary,  for  clearness  of  exposition,  to  take  a  numerical 
example,  let  us  suppose  that  a  given  statement  is  made  by 
a  witness  who,  on  the  whole  and  in  the  long  run,  is  right 
in  what  he  says  nine  times  out  of  ten\  Here  then  is  an 
average  given  to  us,  an  average  veracity  that  is,  which 
includes  all  the  particular  statements  which  the  witness  has 
inade  or  will  make. 

§  3.  Now  it  has  been  abundantly  shown  in  a  former 
chapter  (Ch.  ix.  §§  14 — 32)  that  the  mere  fact  of  a  par- 


^  Beasons  were  given  in  the  last 
chapter  against  the  propriety  of  ap- 
ptying  the  roles  of  Probability  with 
ioy  strietness  to  such  examples  as 
tiiese.  Bat  although  all  approach 
^  numerical  accuracy  is  unattain- 
*Me,  we  do  undoubtedly  recognize 
^  ordinary  life  a  distinction  between 
^  credibility  of  one  witness  and 


another;  such  a  rough  practical 
distinction  will  be  quite  sufficient 
for  the  purposes  of  this  chapter. 
For  convenience,  and  to  illustrate 
the  theory,  the  examples  are  best 
stated  in  a  numerical  form,  but  it 
is  not  intended  thereby  to  imply 
that  any  such  accuracy  is  really 
attainable  in  practice. 
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ticular  average  having  been  assigned,  is  no  reason  for 
being  forced  invariably  to  adhere  to  it,  even  in  those 
in  which  our  most  natural  and  appropriate  ground  of  ju< 
ment  is  found  in  an   appeal   to  statistics    and    avei 
The  general  average  may  constantly  have  to  be  coi 
in  order  to  meet  more  accurately  the  circumstances  of 
ticular  cases.     In  statistics  of  mortality,  for  instance,  ii 
of  resorting  to   the   wider  tables  furnished  by  people 
general  of  a  given  age,  we  often  prefer  the  narrower 
furnished  by  men  of  a  particular  profession,  abode,  or 
of  life.     The  reader  may  however  be  conveniently  rei 
here  that  in  so  doing  we  must  not  suppose  that  we  are 
by  any  such  device,  in  any  special  or  peculiar  way  to 
truth.     The    general    average,  if   persistently   adhered 
throughout  a  suflSciently  wide  and  varied  experience,  woi 
in  the  long  run  tend  to  give  us  the  truth ;  all  the  advani 
which  the  more  special  averages  can  secure  for  us  is  to  gii 
us  the  same  tendency  to  the  truth  with  fewer  and  slight 
aberrations. 

§  4.  Returning  then  to  our  witness,  we  know  that 
we  have  a  very  great  many  statements  from  him  upon 
possible  subjects,  we  may  feel  convinced  that  in  nine  out 
ten  of  these  he  will  tell  us  the  truth,  and  that  in  the  tent 
case  he  will  go  wrong.  This  is  nothing  more  than  a  mati 
of  definition  or  consistency.  But  cannot  we  do  better  thaaj 
thus  rely  upon  his  general  average  ?  Cannot  we,  in  almoslj 
any  given  case,  specialize  it  by  attending  to  various  cluh' 
racteristic  circumstances  in  the  nature  of  the  statementl 
which  he  makes;  just  as  we  specialize  his  prospects 
mortality  by  attending  to  circumstances  in  his  constitutioii 
or  mode  of  life  ? 

Undoubtedly  we  may  do  this ;  and  in  any  of  the  practical, 
contingencies  of  life,  supposing  that  we  were  at  all  guided 
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onsiderations  of  this  nature,  we  should  act  very  foolishly 
e  did  not  adopt  some  such  plan.  Two  methods  of  thus 
ecting  the  average  may  be  suggested :  one  of  them  being 
j  which  practical  sagacity  would  be  most  likely  to  employ, 
other  that  which  is  almost  universally  adopted  by  writers 
Probability.  The  former  attempts  to  make  the  correction 
the  following  considerations :  instead  of  relying  upon  the 
uess'  general  average,  we  assign  to  it  a  sort  of  conjectural 
xection  to  meet  the  case  before  us,  founded  on  our  expe- 
llee or  observation;  that  is,  we  appeal  to  experience  to 
Ublish  that  stories  of  such  and  such  a  kind  are  more  or 
likely  to  be  true,  as  the  case  may  be,  than  stories  in 
The  other  proceeds  upon  a  different  and  some- 
more  methodical  plan.  It  is  here  endeavoured  to 
by  an  analysis  of  the  nature  and  number  of  the 
of  error  in  the  cases  in  question,  that  such  and  such 
of  stories  must  be  more  or  less  likely  to  be  correctly 
d,  and  this  in  certain  numerical  proportions. 
§  5.  Before  proceeding  to  a  discussion  of  these  methods 
distinction  must  be  pointed  out  to  which  writers  upon  the 
ject  have  not  always  attended,  or  at  any  rate  to  which 
have  not  generally  suflBciently  directed  their  readers' 
tion*.  There  are,  broadly  speaking,  two  diflferent  ways 
I  which  we  may  suppose  testimony  to  be  given.  It  may,  in 
le  first  place,  take  the  form  of  a  reply  to  an  alternative 
^estion,  a  question,  that  is,  framed  to  be  answered  by  yes 
P  no.  Here,  of  course,  the  possible  answers  are  mutually 
totradictory,  so  that  if  one  of  them  is  not  correct  the  other 
nst  be  so: — Has  A  happened,  yes  or  no?  The  common 
(ode  of  illustrating  this  kind  of  testimony  numerically  is  by 

'  I   must    plead    guilty   to    this      make  the  treatment  of  this  part  of 
Mge  myself,  in  the  first  edition      the  subject  obscure  and  imperfect, 
Hub  work.    The  result  was  to      and  in  some  respects  erroneous. 
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supposing  a  lottery  with  a  prize  and  blanks,  or  a  bag  of 
of  two  colours  only,  the  witness  knowing  that  there  are 
two,  or  at  any  rate  being  confined  to  naming  one  or  oth 
them.  If  they  are  black  and  white,  and  he  errs  when  1 
is  drawn,  he  must  say  'white/  The  reason  for  the  pi 
nence  assigned  to  examples  of  this  class  is,  probably, 
they  correspond  to  the  very  important  case  of  verdic 
juries ;  juries  being  supposed  to  have  nothing  else  to  do 
to  say  '  guilty*  or  '  not  guilty/ 

On  the  other  hand,  the  testimony  may  take  the  foni 
more  original  statement  or  piece  of  information.  Inste 
saying,  Did  A  happen  ?  we  may  ask.  What  happened  ?  ! 
if  the  witness  speaks  truth  he  must  be  supposed,  as  b 
to  have  but  one  way  of  doing  so ;  for  the  occurrence  of 
specific  event  was  of  course  contemplated.  But  if  he  er 
has  many  wa)rs  of  going  wrong,  possibly  an  infinite  nui 
Ordinarily  however  his  possible  false  statements  are  assi 
to  be  limited  in  number,  as  must  generally  be  more  ca 
the  result  in  practice.  This  case  is  represented  numeri 
by  supposing  the  balls  in  the  bag  not  to  be  of  two  co 
only,  but  to  be  all  distinct  from  each  other ;  say  by 
being  all  numbered  successively.  It  may  of  course  hi 
jected  that  a  large  number  of  the  statements  that  are  i 
in  the  world  are  not  in  any  way  answers  to  questions,  e 
of  the  alternative  or  of  the  open  kind.  For  instance,  a 
simply  asserts  that  he  has  drawn  the  seven  of  spades  fir 
pack  of  cards ;  and  we  do  not  know  perhaps  whether  he 
been  asked  *  Has  that  card  been  drawn  V  or  '  What  can 
been  drawn?'  or  indeed  whether  he  had  been  asked  anyl 
at  all.  Still  more  might  this  be  so  in  the  case  of  any 
nary  historical  statement. 

This  objection  is  quite  to  the  point,  and  must  be  r 
nized  as  constituting  an  additional  difficulty.     All  tha 
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do  is  to  endeavour,  as  best  we  may,  to  ascertain,  from 
circunistances  of  the  case,  what  number  of  alternatives 
I  witness  may  be  supposed  to  have  had  before  him.    When 
iply  testifies  to  some  matter  well  known  to  be  in  dis- 
and  does  not  go  much  into  detail,  we  may  fsdrly  con- 
that  there  were  practically  only  the  two  alternatives 
him  of  saying  '  yes '  or  '  no.'    When,  on  the  other  hand, 
itells  a  story  of  a  more  original  land,  or  (what  comes  to 
the  same  thing)  goes  into  details,  we  must  regard  him 
kving  a  wide  comparative  range  of  alternatives  before 

These  two  classes  of  examples,  viz.  that  of  the  black  and 

balls,  in  which  only  one  form  of  error  is  possible,  and 

numbered  balls,  in  which  there  may  be  many  forms  of 

are  the  only  two  which  we  need  notice.     In  practice  it 

seem  that  they  may  gradually  merge  into  each  other, 

ing  to  the  varying  ways  in  which  we  choose  to  frame 

question.     Besides  asking,  Did  you  see  A  strike  B  ?  and, 

did  you  see  ?  we  may  introduce  any  number  of  inter- 

»  leading  questions,  as.  What  did  -4  do  ?     What  did 

do  to  j5?  and  so  on.   In  this  way  we  may  gradually  narrow 

possible  openings  to  wrong  statement,  and  so  approach 

e  direct  alternative  question     But  it  is  clear  that  all 

cases  may  be  represented  numerically  by  a  supposed 

inution  in  the  number  of  the  balls  which  are  thus  distin- 

from  each  other. 
§  6.  Of  the  two  plans  mentioned  in  §  4  we  will  begin 
the  latter,  as  it  is  the  only  methodical  and  scientific  one 
has  been  proposed  Suppose  that  there  is  a  bag  with 
balls,  only  one  of  which  is  white,  the  rest  being  all 
feck.  A  ball  is  drawn  at  random,  and  our  witness  whose 
kcity  is  -^  reports  that  the  white  ball  was  drawn.  Take 
■reat  many  of  his  statements  upon  this  particular  subject. 
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say  10,000 ;  that  is,  suppose  that  10,000  balls  having 
successively  drawn  out  of  this  bag,  or  bags  of  exactl; 
same  kind,  he  makes  his  report  in  each  case.  His  1 
statements  being  taken  as  a  fair  sample  of  his  genera 
rage,  we  shall  find,  by  supposition,  that  9  out  of  every 
them  are  true  and  the  remaining  one  false.  What  w 
the  nature  of  these  false  statements  ?  Under  the  ci 
stances  in  question,  he  having  only  one  way  of  going  ^ 
the  answer  is  easy.  In  the  10,000  drawings  the  whit 
would  come  out  10  times,  and  therefore  be  rightly  aa 
9  times,  whilst  on  the  one  of  these  occasions  on  whi 
goes  wrong  he  has  nothing  to  say  but  *  black.'  So  wil 
9990  occasions  on  which  black  is  drawn;  he  is  righ 
says  black  on  8991  of  them,  and  is  wrong  and  therefor 
white  on  999  of  them.  On  the  whole,  therefore,  we  coi 
that  out  of  every  1008  times  on  which  he  says  that  wl 
drawn  he  is  wrong  999  times  and  right  only  9  times. 
is,  his  special  veracity,  as  we  may  term  it,  for  cases  c 
description,  has  been  reduced  from  -^  to  y^.  As  it 
commonly  be  expressed,  the  latter  fraction  represeni 
chance  that  this  particular  statement  of  his  is  true\ 

^  The  generalized  algebraical  form  be  presently  made,  the  lea 

of  this  resalt  is  as  follows.    Let  p  notice  that  on  making  either 

be  the  k  priori  probability  of   an  expressions  =p,  we  obtain 

event,  and  a;  be  the  credibility  of  the  casex=i.     That  is,  a  witnef 

witness.     Then,  if  he  asserts  that  veracity  =  ^  leaves  the  k  prio 

the  event  happened,  the  probability  ability  of  an  event  (of  this  k 

that  it  really  did  happen  is  affected. 

If,  on  the  other  hand,  n 

px+{l-p)ll-x)'  *^®^   expressions    equal  to 

l-x  respectively,  we  obtain 
whilst  if  he  asserts  that  it  did  rwt  case  |?  =  J.  That  is,  when  a 
happen  the  probability  that  it  did      (of  this  kind)  is  as  Ukely  to 

happen  is         PQ--^"^ ,  as  not,  the  ordinary  veraci^ 

p{l-x)  +  {l-p)x  witness  in  respect  of  it  renu 

In  illustration  of  some  remarks  to      affected. 
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§  7.  We  will  now  take  the  case  in  which  the  witness 
many  ways  of  going  wrong,  instead  of  merely  one.  Sup- 
B  that  the  balls  were  all  numbered,  from  1  to  1,000,  and 
I  witness  knows  this  (act.  A  ball  is  drawn,  and  he  tells 
I  that  it  was  numbered  25,  what  are  the  odds  that  he  is 
?  Proceeding  as  before,  in  10,000  drawings  this  ball 
be  obtained  10  times,  and  correctly  named  9  times. 
on  the  9990  occasions  on  which  it  was  not  drawn  there 
be  a  difference^  for  the  witness  has  now  many  open- 
ifor  error  before  him.  It  is,  however,  generally  considered 
ible  to  assume  that  his  errors  will  all  take  the  form  of 
^ing  wrong  numbers;  and  that,  there  being  no  apparent 
why  he  should  choose  one  number  rather  than  another, 
*will  be  likely  to  announce  all  the  wrong  ones  equally 
Hence  his  999  errors,  instead  of  all  leading  him  now 
again  to  one  spot,  will  be  imiformly  spread  over  as 
ly  distinct  ways  of  going  wrong.  On  one  only  of  these 
^ns,  therefore,  will  he  mention  25  as  having  been 
It  follows  therefore  that  out  of  every  10  times  that 
names  25  he  is  right  9  times ;  so  that  in  this  case  his 
or  general  truthfulness  applies  equally  well  to  the 
case  in  point. 
§  8.  With  regard  to  the  truth  of  these  conclusions,  it 
of  course  be  admitted  that  if  we  grant  the  validity  of 
aiBumptions  about  the  limits  within  which  the  blunder- 
er mendacity  of  the  witness  are  confined,  and  the  corn- 
impartiality  with  which  his  answers  are  disposed  within 
limits,  the  reasoning  is  perfectly  sound.  But  are  not 
assumptions  extremely  arbitrary,  that  is,  are  not  our 
and  bags  of  balls  rendered  perfectly  precise  in  many 
in  which,  in  ordinary  life,  the  conditions  supposed  to 
»nd  to  them  are  so  vague  and  imcertain  that  no  such 
lod  of  reasoning  becomes  practically  available  ?   Suppose 
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that  a  person  whom  I  have  long  known,  and  of  who« 
sure  of  veracity  and  judgment  I  may  be  supposed  th( 
to  have  acquired  some  knowledge,  informs  me  that  tl 
something  to  my  advantage  if  I  choose  to  go  to  < 
trouble  or  expense  in  order  to  secure  it.  As  regar 
general  veracity  of  the  witness,  then,  there  is  no  difi 
we  suppose  that  this  is  determined  for  us.  But  as  r 
his  story,  diflBculty  and  vagueness  emerge  at  every 
What  is  the  number  of  balls  in  the  bag  here  ?  What 
3.re  the  nature  and  contents  of  the  bag  out  of  which  ^ 
pose  the  drawing  to  have  been  made?  It  does  not 
that  the  materials  for  any  rational  judgment  exisi 
But  if  we  are  to  get  at  any  such  amended  figure  of  v< 
as  those  attained  in  the  above  example,  these  question 
necessarily  be  answered  with  some  degree  of  accurst 
the  main  point  of  the  method  consists  in  determinii 
often  the  event  must  be  considered  7iot  to  happen,  and 
inferring  how  often  the  witness  will  be  led  wrongly  tc 
that  it  has  happened. 

It  is  not  of  course  denied  that  considerations  of  th 
in  question  have  some  influence  upon  our  decision,  h\ 
that  this  influence  could  under  any  ordinary  circum 
be  submitted  to  numerical  determination.  We  are 
less  liable  to  have  information  given  to  us  that  w 
come  in  for  some  kind  of  fortune,  for  instance,  wl 
such  good  luck  has  really  befallen  us ;  and  this  nc 
only  but  repeatedly.  But  who  can  give  the  fainter 
mation  of  the  nature  and  number  of  the  occasions  on 
a  blank  being  thus  really  drawn,  a  prize  will  never 
be  falsely  announced  ?  It  appears  to  me  therefor 
numerical  results  of  any  practical  value  can  seldom, : 
be  looked  for  from  this  method  of  procedure. 

§  9.     Our  conclusion  in  the  case  of  the  lottery,  o 
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mes  to  the  same  thing,  in  the  case  of  the  bag  with  black 
d  white  balls,  has  been  questioned  or  objected  to*  on  the 
[>und  that  it  is  contrary  to  all  experience  to  suppose  that 
B  testimony  of  a  moderately  good  witness  could  be  so 
onnously  depreciated  under  such  circumstances.  I  should 
efer  to  base  the  objection  on  the  ground  that  experience 
ircely  ever  presents  such  circumstances  as  those  supposed ; 
tt  if  we  postulate  their  existence  the  given  conclusion  seems 
meet  enougL  Assume  that  a  man  is  merely  required  to 
yes  or  no  ;  assume  also  a  group  or  succession  of  cases  in 
ich  no  should  rightly  be  said  very  much  oftener  than 
Then,  assuming  almost  any  general  truthfulness  of  the 
LOSS,  we  may  easily  suppose  the  rightful  occasions  for 
to  be  80  much  the  more  frequent  that  a  majority  of 
affirmative  answers  will  actually  occur  as  false  'noes' 
ler  than  as  correct  'ayes/  This  of  course  lowers  the 
value  of  his  '  ayes/  and  renders  them  comparatively 
;tworthy. 
Consider  the  following  example.  I  have  a  gardener  whom 
^trust  as  to  all  ordinary  matters  of  fact.  If  he  were  to 
me  some  morning  that  my  dog  had  run  away  I  should 
believe  him.  He  tells  me  however  that  the  dog  has 
mad.  Surely  I  should  accept  the  statement  with  much 
Btation,  and  on  the  grounds  indicated  above.  It  is  not 
he  is  more  likely  to  be  wrong  when  the  dog  is  mad ; 
that  experience  shows  that  there  are  other  complaints 
*g.  fits)  which  are  far  more  common  than  madness,  and 
most  of  the  assertions  of  madness  are  erroneous  asser- 
referring  to  these.  This  seems  a  somewhat  parallel 
to  that  in  which  we  find  that  most  of  the  assertions 
\t  a  white  ball  had  been  drawn  are  really  false  assertions 
ferring  to  the  drawing  of  a  black  ball.     Practically  I  do 

*  Todhonter's  Historyy  p.  400.    Philosophical  Magazine^  July,  1864. 
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not  think  that  any  one  would  feel  a  difficulty  in  thi 
orbitantly  discounting  some  particular  assertion  of  a  tv 
whom  in  most  other  respects  he  fully  trusted. 

§  10.  There  is  one  particular  case  which  has  bee 
garded  as  a  difficulty  in  the  way  of  this  treatment  c 
problem,  but  which  seems  to  me  to  be  a  decided  coni 
tion  of  it ;  always,  be  it  understood,  within  the  very  ni 
and  artificial  limits  to  which  we  must  suppose  ourseb 
be  confined.  This  is  the  case  of  a  witness  whose  verac 
just  one-half;  that  is,  one  who,  when  a  mere  yes  or 
demanded  of  him,  is  as  often  wrong  as  right.  In  the  a 
any  other  assigned  degree  of  veracity  it  is  extremely  dii 
to  get  anything  approaching  to  a  confirmation  fix)m 
tical  judgment  and  experience.  We  are  not  accustonv 
estimate  the  merits  of  witnesses  in  this  way,  and  hardl 
preciate  what  is  meant  by  his  numerical  degree  of  trul 
ness.  But  as  regards  the  man  whose  veracity  is  one-ha 
are  (as  Mr  C.  J.  Monro  has  very  ingeniously  suggested) 
too  well  acquainted  with  such  witnesses,  though  un( 
somewhat  different  name ;  for  this  is  really  nothing  else 
the  case  of  a  person  confidently  answering  a  question  i 
a  subject-matter  of  which  he  knows  nothing,  and  can  t 
fore  only  give  a  mere  guess. 

Now  in  the  case  of  the  lottery  with  one  prize,  whei 
witness  whose  veracity  is  one-half  tells  us  that  we 
gained  the  prize,  we  find  on  calculation  that  his  testii 
goes  for  absolutely  nothing ;  the  chances  that  we  havi 
the  prize  are  just  the  same  as  they  would  be  if  he  had  i 
opened  his  lips,  viz.  j^.  But  clearly  this  is  what  c 
to  be  the  result,  for  the  witness  who  knows  nothing  a 
the  matter  leaves  it  exactly  as  he  found  it.  He  is  in( 
in  strictness,  scarcely  a  witness  at  all ;  for  the  natural  1 
tion  of  a  witness  is  to  examine  the  matter^  and  so  to 
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nation,  more  or  less,  according  to  his  judgment  and 
y,  but  at  any  rate  to  oflfer  an  improvement  upon  the 
guesser.  If,  however,  we  will  give  heed  to  his  mere 
we  are  doing  just  the  same  thing  as  if  we  were  to  guess 
ves,  in  which  case  of  course  the  odds  that  we  are  right 
.mply  measured  by  the  frequency  of  occurrence  of  the 
s. 

^e  cannot  quite  so  readily  apply  the  same  rule  to  the 
case,  namely  to  that  of  the  numbered  balls,  for  there 
itness  who  is  right  every  other  time  may  really  be  a 
fair,  or  even  excellent,  witness.  If  he  has  many  ways 
ing  wrong,  and  yet  is  right  in  half  his  statements,  it  is 
that  he  must  have  taken  some  degree  of  care,  and  can- 
ave  merely  guessed.  In  a  case  of  yes  or  no,  any  one  can 
ght  every  other  time,  but  it  is  diflferent  where  truth 
igle  and  error  is  manifold.  To  represent  the  case  of  a 
y  worthless  witness  when  there  were  1000  balls  and 
rawing  of  one  assigned  ball  was  in  question,  we  should 
to  put  his  figure  of  veracity  at  -nnRr*  ^^  ^^s  were 
we  should  of  course  get  a  similar  result. 
11.  It  deserves  notice  therefore  that  the  figure  of 
ity,  or  fi:action  representing  the  general  truthfulness 
witness,  is  in  a  way  relative,  not  absolute ;  that  is,  it 
ads  upon,  and  varies  with,  the  general  character  of  the 
er  which  he  is  supposed  to  give.  Two  witnesses  of 
1  intrinsic  veracity  and  worth,  one  of  whom  confined 
elf  to  saying  yes  and  no,  whilst  the  other  ventured  to 
3  more  original  assertions,  would  be  represented  by 
rent  fii'actions;  the  former  having  set  himself  a  much 
T  task  than  the  latter.  The  real  caution  and  truthful- 
of  the  witness  are  only  one  factor,  therefore,  in  his 
Bil  figure  of  veracity;  the  other  factor  consists  of  the 
re  of  his  assertions,  as  just  pointed  out.     The  ordinary 

V.  ^1 
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plan  therefore,  in  such  problems,  of  assigning  an  a 
truthfulness  to  the  witness,  and  accepting  this  alike  : 
case  of  each  of  the  two  kinds  of  answers,  though  conv€ 
seems  scarcely  sound.  This  consideration  would  he 
be  of  much  more  importance  were  not  the  discussions 
the  subject  mainly  concerned  with  only  one  descript 
answer,  namely  that  of  the  '  yes  or  no '  kind. 

§  12.     So  much  for  the  methodical  way  of  treating 
a  problem.     The  way  in  which  it  would  be  taken  in  hai 
those  who  had  made  no  study  of  Probability  is  very  difi 
It  would,  I  apprehend,  strike  them  as  follows.     They 
say  to  themselves,  Here  is  a  story  related  by  a  witnes 
tells  the  truth,  say,  nine  times  out  of  ten.     But  it  is  a 
of  a  kind  which  experience  shows  to  be  very  generally 
untruly,  say  99  times  out  of  100.     Having  then  these 
site  inducements  to  belief,  they  would  attempt  in  som 
to  strike  a  balance  between  them.     Nothing  in  the  nat 
a  strict  rule  could  be  given  to  enable  them  to  decide 
they  might  escape  out  of  the  difficulty.     Probably,  in 
as  they  did  not  judge  at  haphazard,  they  would  be  g 
by  still  further  resort  to  experience,  or  unconscious 
lections  of  its  previous  teachings,  in  order  to  settle 
of  the  two  opposing  inductions  was  better  entitled  to 
the  day  in   the   particular  case  before  them.      The  i 
will  readily  see  that  any  general  solution  of  the  pre 
when  thus  presented,  is  impossible.     It  is  simply  the 
familiar  case  (Chap.  ix.  §§  14 — 32)  of  an  individual 
belongs  equally  to  two  distinct,  or  even,  in  respect  of 
characteristics,  opposing  classes.     We  cannot  decide  of 
to  which  of  the  two  its  characteristics  most  naturalh 
rightly  refer  it.     A  fresh  induction  is  needed  in  ord 
settle  this  point. 

§  13.     Rules  have    indeed   been   suggested  by  vi 
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Titers  in  order  to  extricate  us  from  the  difficulty.  The  con- 
roversy  about  miracles  has  probably  been  the  most  fertile 
ccasion  for  suggestions  of  this  kind  on  one  side  or  the 
►ther.  It  is  to  this  controversy,  presumably,  that  the  phrase 
8  due,  so  often  employed  in  discussions  upon  similar  sub- 
ects,  '  a  contest  of  opposite  improbabilities.*  What  is  meant 
3y  such  an  expression  is  clearly  this:  that  in  forming  a 
udgment  upon  the  truth  of  certain  assertions  we  may  find 
ihat  they  are  comprised  in  two  very  distinct  classes,  so  that, 
iccording  as  we  regarded  them  as  belonging  to  one  or  the 
>ther  of  these  distinct  classes,  our  opinion  as  to  their  truth 
¥ould  be  very  diflferent.  Such  an  assertion  belongs  to  one 
thss,  of  course,  by  its  being  a  statement  of  a  particular 
nitness,  or  kind  of  witness ;  it  belongs  to  the  other  by  its 
)eing  a  particular  kind  of  story,  one  of  what  is  called  an 
mprobable  nature.  Its  belonging  to  the  former  class  is  so 
ar  favourable  to  its  truth,  its  belonging  to  the  latter  is  so  far 
lostile  to  its  truth.  It  seems  to  be  assumed,  in  speaking  of 
i  contest  of  opposite  improbabilities,  that  when  these  different 
lources  of  conviction  co-exist  together,  they  would  each  in 
Ome  way  retain  their  probative  force  so  as  to  produce  a 
Contest,  ending  generally  in  a  victory  to  one  or  other  of 
ikem.  Hume,  for  instance,  speaks  of  our  deducting  one 
iJobability  from  the  other,  and  apportioning  our  belief  to 
he  remainder\  Thomson,  in  his  Laws  of  Thought^  speaks 
f  one  probability  as  entirely  superseding  the  other. 

§  14.  It  does  not  appear  to  me  that  the  slightest  philoso- 
phical value  can  be  attached  to  any  such  rules  as  these. 
\ey    doubtless   may,  and   indeed   will,  hold  in  individual 

1    ««Wbezi    therefore    these    two  opinion,  either  on  one  side  or  the 

inds  of  experience  are  contrary,  we  other,   with   that   assurance    which 

^Ye  nothing  to  do  but  subtract  the  arises  from  the  remainder."  (Essay 

ke  from  the  other,  and  embrace  an  on  Miracles.) 
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cases,  but  they  cannot  lay  claim  to  any  generality, 
the  notion  of  a  contest,  as  any  necessary  ingredient  in 
case,  must  be  laid  aside.  For  let  us  refer  again  to  the 
in  which  the  perplexity  arises,  and  we  shall  readily  se 
has  just  been  remarked,  that  it  is  nothing  more  than  a 
ticular  exemplification  of  a  diflBculty  which  has  already 
recognized  as  incapable  of  solution  by  any  general  d  p 
method  of  treatment.  All  that  we  are  supposed  to  have  b 
us  is  a  statement.  On  this  occasion  it  is  made  by  a  wi 
who  lies,  say,  once  in  ten  times  in  the  long  run ;  that  is, 
mostly  tells  the  truth.  But  on  the  other  hand,  it  is  a  s 
ment  which  experience,  derived  from  a  variety  of  witness 
various  occasions,  assures  us  is  mostly  false;  stated  numeri 
it  is  found,  let  us  suppose,  to  be  false  99  times  in  a  hun 
Now,  as  was  shown  in  the  chapter  on  Induction,  W( 
thus  brought  to  a  complete  dead  lock.  Our  science  oflfe 
principles  by  which  we  can  form  an  opinion,  or  attem] 
decide  the  matter  one  way  or  the  other;  for,  as  we  fi 
there  are  an  indefinite  number  of  conclusions  which  ai 
equally  possible.  For  instance,  all  the  witness'  extraord 
assertions  may  be  true,  or  they  may  all  be  false,  or  they 
be  divided  into  the  true  and  the  false  in  any  propo 
whatever.  Having  gone  so  far  in  our  appeal  to  statisti 
to  recognize  that  the  witness  is  generally  right,  but  tha 
story  is  generally  false,  we  cannot  stop  there.  We  ougl 
make  still  further  appeal  to  experience,  and  ascertain  h« 
stands  with  regard  to  his  stories  when  they  are  of 
particular  nature:  or  rather,  for  this  would  be  to  ma 
needlessly  narrow  reference,  how  it  stands  with  regai 
stories  of  that  kind  when  advanced  by  witnesses  ol 
general  character,  position,  sympathies,  and  so  on\ 

^  Considerations  of  this  kind  have      mathematical  treatment  of  th 
indeed    been    introduced   mto   ^\i^     \ect.    The  common  algebraica 
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15.  That  extraordinary  stories  are  in  many. cases,  pro- 
in  a  great  majority  of  cases,  less  trustworthy  than 
s  must  be  fully  admitted.  That  is,  if  we  were  to  make 
distinct  classes  of  such  stories  respectively,  we  should 
:hat  the  same  witness,  or  similar  witnesses,  were  propor- 
Uy  more  often  wrong  when  asserting  the  former  than 
L  asserting  the  latter.  But  it  does  not  by  any  means 
ar  to  me  that  this  must  always  be  the  case.  We  may 
conceive,  for  instance,  that  with  some  people  the  mere 
)f  the  story  being  of  a  very  unusual  character  may  make 
more  careful  in  what  they  state,  so  as  actually  to  add 
leir  veracity.  If  this  were  so  we  might  be  ready  to 
)t  their  extraordinary  stories  with  even  more  readiness 
their  ordinary  ones. 

uch  a  supposition  as  that  just  made  does  not  seem  to  me 
ly  means  forced.  Jfut  such  a  case  as  this  :  let  us  sup- 
that  two  persons,  one  of  them  a  man  of  merely  ordinary 
ty  and  intelligence,  the  other  a  scientific  naturalist, 
i  a  statement  about  some  common  event.     We  believe 


f  the  problem  in  §  5  (to  begin 
;he  simplest  case)  is  of  course 
ows.  Let  p  be  the  antecedent 
3ility  of  the  event,  and  t  the 
j:e  of  the  truthfulness  of  the 
>s ;  then  the  chance  of  his  state- 
being  true  is  -- — ,,  ,... — -r  . 
pt+(l-p)(l-t) 

supposes  him  to  lie  as  much 

the  event  does  not  happen  as 

it   does.     But  we  may  meet 

ises  supposed  in  the  text  by 

ing  that  t'  is  the  measure  of 

iracity  when  the   event    does 

lappen,    so    that    the    above 

pt 
la  becomes     .     ...  ^  ,.., — -^. 
pt-\r{l-p){l-t') 


Here  t'  and  t  measure  respectively 
his  trustworthiness  in  usual  and 
unusual  events.  As  a  formal  solu- 
tion this  certainly  meets  the  objec- 
tions stated  above  in  §§  14  and  15. 
The  determination  however  of  t' 
would  demand,  as  I  have  remarked, 
continually  renewed  appeal  to  ex- 
perience. In  any  case  the  practical 
methods  which  would  be  adopted,  if 
any  plans  of  the  kind  indicated  above 
were  resorted  to,  seem  to  me  to  differ 
very  much  from  that  adopted  by  the 
mathematicians,  in  their  spirit  and 
plan. 
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them  both.  Let  them  now  each  report  some  extraordinaiT 
litsus  natulrcB  or  monstrosity  which  they  profess  to  have  sea 
Most  persons,  we  may  presume,  would  receive  the  statemert 
of  the  naturalist  in  this  latter  case  almost  as  readily  ask 
the  former:  whereas  when  the  same  story  came  from  tk 
unscientific  observer  it  would  be  received  with  eonsidenbk 
hesitation.  Whence  arises  the  diflference  ?  From  the  cob- 
viction  that  the  naturalist  will  be  far  more  careful,  ail 
therefore  to  the  full  as  accurate,  in  matters  of  this  kmdai 
in  those  of  the  most  ordinary  description,  whereas  withtk 
other  man  we  feel  by  no  means  the  same  confidence.  Ewa 
if  any  one  is  not  prepared  to  go  this  length,  he  will  probablf 
admit  that  the  difference  of  credit  which  he  would  attach  H 
the  two  kinds  of  story,  respectively,  when  they  came  6o« 
the  naturalist,  would  be  much  less  than  what  it  wouW  1* 
when  they  came  fi-om  the  other  man. 

§  16.  Whilst  we  are  on  this  part  of  the  subject,  it  miBt 
be  pointed  out  that  there  is  considerable  ambiguity  and 
consequent  confusion  about  the  use  of  the  term  *an  extras- 
dinary  story.'  Within  the  province  of  pure  Probability  i 
ought  to  mean  simply  a  story  which  asserts  an  unusual  event 
At  least  this  is  the  view  which  has  been  adopted  and  maia- 
tained,  it  is  hoped  consistently,  throughout  this  wort  So 
long  as  we  adhere  to  this  sense  we  know  precisely  what  we 
mean  by  the  term.  It  has  a  purely  objective  reference;  it 
simply  connotes  a  very  low  degree  of  relative  statistical 
fi"equency,  actual  or  prospective.  Out  of  a  great  number  of 
events  we  suppose  a  selection  of  some  particular  kind  to  he 
contemplated,  which  occurs  relatively  very  seldom,  and  thi» 
is  termed  an  unusual  or  extraordinary  event.  It  follows,  ai 
was  abundantly  shown  in  a  former  chapter,  that  owing  ^ 
the  rarity  of  the  event  we  are  very  little  disposed  to  exp«i 
Jts  occurrence  in  any  gwe\i  e«»»^^.    ^n«  ^^s&  \S^xsX\t^in  caie 
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thus  anticipated  it,  would  very  seldom  be  justified,  and 

are  therefore  apt  to  be  much  surprised  when  it  does 
;ur.  This,  I  take  it,  is  the  only  legitimate  sense  of  *extra- 
linary'  so  far  as  Probability  is  concerned. 

But  there  is  another  and  very  diflferent  use  of  the  word, 
lieh  belongs  to  Induction,  or  rather  to  the  science  of 
idence  in  general,  more  than  to  that  limited  portion  of  it 
med  Probability.  In  this  sense  the  'extraordinary,*  and 
11  more  the  'improbable,'  event  is  not  merely  one  of 
treme  statistical  rarity,  which  we  could  not  expect  to 
ess  aright,  but  which  on  moderate  evidence  we  may  pretty 
wlily  accept;  it  is  rather  one  which  possesses,  so  to  say,  an 
;ual  evidence-resisting  power.  It  may  be  something  which 
gets  the  credibility  of  the'  witness  at  the  fountain-head, 
ich  makes,  that  is,  his  statements  upon  such  a  subject 
entially  inferior  to  those  on  other  subjects.  This  is  the 
le,  for  instance,  with  anything  which  excites  his  prejudices 
passions  or  superstitions.  In  these  cases  it  would  seem 
reasonable  to  attempt  to  estimate  the  credibility  of  the 
bness  by  calculating  (as  in  §  6)  how  often  his  errors  would 
slead  us  through  his  having  been  wrongly  brought  to  an 
irmation  instead  of  adhering  correctly  to  a  negation.  We 
raid  rather  be  disposed  to  put  our  correction  on  the  wit- 
58*  average  veracity  at  once. 

§  17.  In  true  Probability,  as  has  just  been  remarked, 
iry  event  has  its  own  definitely  recognizable  degree  of 
quency  of  occurrence.  It  may  be  excessively  rare,  rare  to 
r  extreme  we  like  to  postulate,  but  still  every  one  who 
lerstands  and  admits  the  data  upon  which  its  occurrence 
tends  will  be  able  to  appreciate  within  what  range  of 
•erience  it  may  be  expected  to  present  itself  We  do  not 
ect  it  in  any  individual  case,  nor  within  any  brief  range, 
we  do  confidently  expect  it  within  an  adequately  eiL\,eTi.- 
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sive  range.  How  therefore  can  miraculous  stories  be 
larly  taken  account  of,  when  the  disputants,  on  one  i 
least,  are  not  prepared  to  admit  their  actual  occurrenc 
where  or  at  any  time  ?  How  can  any  arrangement  o 
and  balls,  or  other  mechanical  or  numerical  illustrati 
unlikely  events,  be  admitted  as  fairly  illustrative  of  n 
lous  occurrences,  or  indeed  of  many  of  those  which 
under  the  designation  of  *very  extraordinary'  or  * 
improbable '  ?  Those  who  contest  the  occurrence  of 
ticular  miracle,  as  reported  by  this  or  that  narrator,  < 
admit  that  miracles  are  to  be  confidently  expected  so( 
later.  It  is  not  a  question  as  to  whether  what  must  1: 
sometimes  has  happened  some  pgurticular  time,  and  th« 
no  illustration  of  the  kind  can  be  regarded  as  apposite. 
How  unsuitable  these  merely  rare  events,  howev 
cessive  their  rarity  may  be,  are  as  examples  of  mira 
events,  will  be  evident  from  a  single  consideration.  ? 
I  presume,  who  admitted  the  occasional  occurrence  of 
ceedingly  unusual  combination,  would  be  in  much  dc 
he  considered  that  he  had  actually  seen  it  himself*.  ( 
other  hand,  few  men  of  any  really  scientific  turn 
readily  accept  a  miracle  even  if  it  appeared  to  happen 
their  very  eyes.     They  might  be  staggered  at  the  tin 


}  Laplace,  for  instance  (Essai^  ed. 
1825,  p.  149),  says  that  if  we  saw 
100  dies  (known  of  course  to  be  fair 
ones)  all  give  the  same  face,  we 
should  be  bewildered  at  the  time, 
and  need  confirmation  from  others, 
but  that,  after  due  examination,  no 
one  would  feel  obliged  to  postulate 
hallucination  in  the  matter.  But 
the  chance  of  this  occurrence  is 
represented  by  a  fraction  whose 
numerator  is  1,   and   denomm^Xox 


contains  77  figures,  and  is  t 
utterly  inappreciable  by  the 
nation.  It  must  be  admitted, 
that  there  is  something  hype 
about  such  an  example,  for  \ 
not  really  know  that  the  di 
fair  with  a  confidence  even  d 
approaching  such  prodigiou 
In  other  words,  it  is  difficult 
keep  apart  those  different  as 
the  question  discussed  in  Cb 
28—33. 
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key  would  probably  soon  come  to  discredit  it  afterwards, 
r  80  explain  it  as  to  evacuate  it  of  all  that  is  meant  by 
draculous. 

§  18.  It  appears  to  me  therefore,  on  the  whole,  that 
Biy  little  can  be  made  of  these  problems  of  testimony  in 
le  way  in  which  it  is  generally  intended  that  they  should 
D  treaited ;  that  is,  in  obtaining  specific  rules  for  the  esti- 
iation  of  the  testimony  under  any  given  circumstances. 
flBuming  that  the  veracity  of  the  witness  can  be  measured, 
IB  encounter  the  real  difficulty  in  the  utter  impossibility  of 
Mennining  the  limits  within  which  the  failures  of  the  event 
k  question  are  to  be  considered  to  lie,  and  the  degree  of 
tplicitness  with  which  the  witness  is  supposed  to  answer 
le  enquiry  addressed  to  him;  both  of  these  being  charac- 
■istics  of  which  it  is  necessary  to  have  a  numerical  esti- 
kite  before  we  can  consider  ourselves  in  possession  of  the 
iv^uisite  data. 

Since  therefore  the  practical  resource  of  most  persons, 
%.  that  of  putting  a  direct  and  immediate  correction,  of 
i^urse  of  a  somewhat  conjectural  nature,  upon  the  general 
Kistworthiness  of  the  witness,  by  a  consideration  of  the 
icture  of  the  circumstances  under  which  his  statement  is 
Bde,  is  essentially  unscientific  and  irreducible  to  rule;  it 
iftUy  seems  to  me  that  there  is  something  to  be  said  in 
^our  of  the  simple  plan  of  trusting  in  all  cases  alike  to 
he  witness'  general  veracity*.  That  is,  whether  his  story 
ordinary  or  extraordinary,  we  may  resolve  to  put  it  on 
m  same  footing  of  credibility,  provided  of  course  that  the 
tent  is  fully  recognized  as  one  which  does  or  may  occa- 

^  In    the   first   edition   this  was  that  (as  was   shown  in   §  7)  this 

-ted,  aB  it  now  seems  to  me,  in  de-  plan  is  really  the  best  theoretical 

b^oQy  too  nnqnalified  a  manner.  one  which  can  be  adopted  in  certain 

mnst   be   remembered,  however,  cases. 
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sionally  happen.     It  is  true  that  we  shall  thus  go  const 
astray,  and  may  do  so  to  a  great  extent,  so  that  if 
were  any  rational  and   precise  method  of  specializing 
trustworthiness,  according  to  the   nature   of  his  stoiy, 
should  be  on  much  firmer  ground.     But  at  least  we 
thus  know  what  to  expect  on  the  average.     Provided 
have  a  sufficient  number  and  variety  of  statements 
him,  and  always  take  them  at  the  same  constant  rate 
degree  of  trustworthiness,  we  may  succeed  in  bahmdng 
correcting  our  conduct  in  the  long  run  so  as  to  avoid 
ruinous  error. 

§  19.     A  few  words  may  now  be  added  about  the 
nation  of  testimony.     No  new  principles  are  introduced 
though  the  consequent  complication  is  naturally  greater, 
us  suppose  two  witnesses,  the  veracity  of  each  being 
Now  suppose  100  statements  made  by  the  pair ;  according' 
the  plan  of  proceeding  adopted  before,  we  should  have 
both  right  81  times  and  both  wrong  once,  in  the  rem* 
18  cases  one  being  right  and  the  other  wrong.     But 
they  are  both  supposed  to  give  the  same  account,  what 
have  to  compare  together  are  the  number  of  occasions 
which  they  agree  and  are  right,  and  the  total  number  on  wl 
they  agree  whether  right  or  wrong.     The  ratio  of  the  foi 
to  the  latter  is  the  fraction  which  expresses  the  trustwoi 
ness  of  their  combination  of  testimony  in  the  case  in  questic 

In  attempting  to  decide  this  point  the  only  difficulty: 
in  determining  how  often  they  will  be  found  to  agree  wl 
they  are  both  wrong,  for  clearly  they  must  agree  when  the 
are  both  right.     This  enquiry  turns  of  course  upon  the  ni 
ber   of  ways  in  which  they  can  succeed  in  going  wroi 
Suppose  first  the  case  of  a  simple  yes  or  no  (as  in  §  6), 
take  the  same  example,  of  a  bag  with  1000  balls,  in  whic 
one  only  is  white.    Proceeding  as  before,  we  should  find  tl 
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of  100,000  drawings  (the  number  required  in  order  to 
tin  a  complete  cycle  of  all  possible  occurrences,  as  well  as 
ill  possible  reports  about  them)  the  two  witnesses  agree 
a  correct  report  of  the  appearance  of  white  in  81,  and 
ee  in  a  wrong  report  of  it  in  999.  The  Probability  there- 
I  of  the  story  when  so  attested  is  y^ ;  the  fact  therefore 
two  such  witnesses  of  equal  veracity  having  concurred 
kes  the  report  nearly  9  times  as  likely  as  when  it  rested 
m  the  authority  of  only  one  of  them\ 
§  20.  When  however  the  witnesses  have  many  ways  of 
ig  wrong,  the  fact  of  their  agreeing  makes  the  report  far 
le  likely  to  be  true.  For  instance,  in  the  case  of  the  1000 
dbered  balls,  it  is  very  unlikely  that  when  they  both  mis- 
e  the  number  they  should  (without  collusion)  happen  to 
Ke  the  same  misstatement.  Whereas,  in  the  last  case, 
ry  combined  misstatement  necessarily  led  them  both  to 

assertion  that  the  event  in  question  had  happened,  we 
old  now  find  that  only  once  in  999  x  999  times  would 
y  both  be  led  to  assert  that  some  given  number  (say,  as 
yre,  25)  had  been  drawn.     The  odds  in  favour  of  the 


It  is  OD  this  principle  that  the 
Irkable  oondusioD  meDtioned  on 
05  is  based.  Suppose  an  event 
fee  probabilitj  is  p ;  and  that,  of 
tmber  of  witnesses  of  the  same 
Oity  (y)t  *>  assert  that  it  hap- 
4,  and  n  deny  this.  Generaliz- 
ihe  arithmetioal  reasoning  given 
)e  we  see  that  the  chance  of  the 
t  being  asserted  varies  as 

r«{l-yr+(l-p)y'*(l-yr; 
Its   the  chance  that  the  event 
ens,  and  that  in  are  right  and  n 
rrong;  p^  the  chance  that  it 
not   happen,   and  that  n  are 


right  and  m  are  wrong).  And  the 
chance  of  its  being  rightly  asserted 
as  py^  (1  -  y)».  Therefore  the  chance 
that  when  we  have  an  assertion 
before  us  it  is  a  true  one  is 

py^  (1  -i/)»  +  (l  -p)y''{l  -  y) 
which  is  equal  to 


m 


py 


m—n 


py'^-^-^{l-p)  (l-yp-'»* 

But  this  last  expression  represents 
the  probability  of  ah  assertion  which 
is  unanimously  supported  by  in  -  n 
such  witnesses. 
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event  in   fact   now  become   f^f^,  which    are    enoi 
greater  than  when  there  was  only  one  witness. 

It  appears  therefore  that  when  two,  and  of  courses 
more  when  many,  witnesses  agree  in  a  statement  in  a 
about  which  they  might  make  many  and  various  ei 
combination  of  their  favourable  testimony  adds  enoi 
to  the  likelihood  of  the  event;  provided  always  that 
is  no  chance  of  collusion.     And  in  the  extreme  case 
opportunities  for  error  being,  as  they  well  may  be,  pi 
infinite  in  number,  such  combination  would  produce 
perfect  certainty.     But  then  this  condition,  viz.  abs 
collusion,  very  seldom  can  be  secured.     Practically  our 
source  of  error  and  suspicion  is  in  the  possible  e: 
some  kind  of  collusion.     Since  we  can  seldom  entirel] 
rid  of  this  danger,  and  when  it  exists  it  can  never  be  J 
mitted  to  numerical  calculation,  it  appears  to  me  that 
nation  of  testimony,  in  regard  to  detailed  accounts,  ill 
more  unfitted  for  consideration  in  Probability  than  even 
of  single  testimony. 

§  21.     The  impossibility  of  any  adequate  or  even 
priate  consideration  of  the  credibility  of  miraculous 
by  the  rules  of  Probability  has  been  already  noticed  in 
But,  since  the  grounds  of  this  impossibility  are  often 
insufficiently  appreciated,  a  few  pages  may  convenient 
added  here  with  a  view  to  enforcing  this  point.     If 
regarded  as  a  digression,  the  importance  of  the  subject  i 
the  persistency  with  which  various  writers  have  at  one 
or  another  attempted  to  treat  it  by  the  rules  of  our 
must  be  the  excuse  for  entering  upon  it. 

A  necessary  preliminary  will  be  to  decide  upon  some' 
nition  of  a  miracle.     It  will,  we  may  suppose,  be  admil 
most  persons  that  in  calling  a  miracle  *a  suspension  of»l 
of  causation,'  we  are  gvvmg  what,  though  it  may  not 
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an  adequate  definitioD,  is  at  least  true  as  a  description. 
18  true,  though  it  may  not  be  the  whole  truth.  Whatever 
m  the  miracle  may  be,  this  is  its  physical  aspect:  this  is  the 
int  at  which  it  comes  into  contact  with  the  subject-matter 
^acienee.  If  it  were  not  considered  that  any  suspension  of 
■Bation  were  involved,  the  ievent  would  be  regarded  merely 
^an  ordinary  one  to  which  some  special  significance  was 
hached,  that  is,  as  a  type  or  s]m[ibol  rather  than  a  miracle. 
^iB  this  aspect  moreover  of  the  miracle  which  is  now  ex- 
Bed  to  the  main  brunt  of  the  attack,  and  in  support  of 
tich  therefore  the  defence  has  generally  been  carried  on. 
►  Now  it  is  obvious  that  this,  like  most  other  definitions  or 
Bcriptions,  makes  some  assumption  as  to  matters  of  fact, 
d  involves  something  of  a  theory.  The  assumption  clearly 
<that  laws  of  causation  prevail  universally,  or  almost  uni- 
ksally,  throughout  nature,  so  that  infractions  of  them  are 
fedked  and  exceptional.  This  assumption  is  made,  but  it 
QB  not  appear  that  anything  more  than  this  is  necessarily 
quired;  that  is,  there  is  nothing  which  need  necessarily 
dee  us  side  with  either  of  the  two  principal  schools  which 
ft  divided  as  to  the  nature  of  these  laws  of  causation.  The 
£nition  will  serve  equally  well  whether  we  understand  by 
ftp  nothing  more  than  uniformity  of  antecedent  and  conse- 
lent,  or  whether  we  assert  that  there  is  some  deeper  and 
ore  mysterious  tie  between  the  events  than  mere  sequence. 
tie  use  of  the  term  'causation'  in  this  minimum  of  signifi- 
tion  is  common  to  both  schools,  though  the  one  might 
Kisider  it  inadequate;  we  may  speak,  therefore,  of  *suspen- 
>ns  of  causation'  without  committing  ourselves  to  either. 

§  22.     It  should  be  observed  that  the  aspect  of  the  ques- 

m  suggested  by  this  definition  is  one  from  which  we  can 

uxlly  escape.     Attempts  indeed  have  been  sometimes  made 

avoid  the  necessity  of  any  assumption  as  to  the  universal 
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prevalence  of  law  and  order  in  nature,  by  defining  a  m: 

from  a  different  point  of  view.     A  miracle  may  be  calle 

instance,  'an  immediate  exertion  of  creative  power/  *a 

of  a  revelation/  or,  still  more  vaguely,  an   'extraoidi 

event/     But  nothing  would  be  gained  by  adopting  any 

definitions  as  these.     However  they  might  satisfy  the  i 

logian,  the  student  of  physical  science  would  not  rest  coi 

with  them  for  a  moment.     He  would  at  once  assert  his 

belief,  and  that  of  other  scientific  men,  in  the  exists 

imiversal  law,  and  enquire  what  was  the  connection  d 

definition  with  this  doctrine.    An  answer  would  imperati 

be  demanded  to  the  question,  Does  the  miracle,  as  you 

described  it,  imply  an  infraction  of  one  of  these  laws,  or 

it  not?    And  an  answer  must  be  given,  unless  indeec 

reject  his  assumption  by  denying  our  belief  in  the  exist 

of  this  universal  law,  in  which  case  of  course  we.  put 

selves  out  of  the  pale  of  argument  with  him.     The  nece 

of  having  to  recognize  this  fact  is  growing  upon  men  da 

day,  with  the  increased  study  of  physical  science.     And  { 

this  aspect  of  the  question  has  to  be  met  some  time  or  o1 

it  is  as  well  to  place  it  in  the  front.     The  difficulty,  ii 

scientific  form,  is  of  course  a  modern  one,  for  the  doctrine 

of  which  it  arises  is  modem.    But  it  is  only  one  instance, 

of  many  that  might  be  mentioned,  in  which  the  growt 

some   philosophical   conception   has  gradually  affected 

nature  of  the  dispute,  and  at  last  shifted  the  position  of 

battle-ground,  in  some  discussion  with  which  it  might  nc 

first  have  appeared  to  have  any  connection  whatever. 

§  23.     So  far  our  path  is  plain.    Up  to  this  point  disci 
of  very  different  schools  may  advance  together;  for  in  laj 
down  the  above  doctrine  we  have  carefully  abstained  f 
implying  or  admitting  that  it  contains  the  whole  truth. 
from  this  point  two  paths  branch  out  before  us.   patk 
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lerent  ifrom  each  other  in  their  character,  origin,  and 
rection,  as  can  well  be  conceived.  As  this  enquiry  is  only 
digression,  we  may  confine  ourselves  to  stating  briefly  what 
em  to  be  the  characteristics  of  each,  without  attempting  to 
ve  the  arguments  which  might  be  used  in  their  support. 

(I.)  On  the  one  hand,  we  may  assume  that  this  principle 
'  causation  is  the  ultimate  one.  By  so  terming  it,  we  do 
)t  mean  that  it  is  one  from  which  we  consciously  start  in 
IT  investigations,  as  we  do  from  the  axioms  of  geometry, 
it  rather  that  it  is  the  final  result  towards  which  we  find 
irselves  drawn  by  a  study  of  nature.  Finding  that, 
iroughout  the  scope  of  our  enquiries,  event  follows  event  in 
5ver-fidling  uniformity,  and  finding  moreover  (some  might 
Id)  that  this  experience  is  supported  or  even  demanded  by 
tendency  or  law  of  our  nature  (it  does  not  matter  here  how 
B  describe  it),  we  may  come  to  regard  this  as  the  one 
ndamental  principle  on  which  all  our  enquiries  should  rest. 

(IL)  Or,  on  the  other  hand,  we  may  admit  a  class  of 
rinciples  of  a  very  different  kind.  Allowing  that  there  is 
lis  uniformity  so  far  as  our  experience  extends,  we  may  yet 
hnit  what  can  hardly  be  otherwise  described  than  by 
dling  it  a  Superintending  Providence,  that  is,  a  Scheme  or 
rder,  in  reference  to  which  Design  may  be  predicated 
ithout  using  merely  metaphorical  language.  To  adopt  an 
ytly  chosen  distinction,  it  is  not  to  be  understood  as  over- 
ding  events,  but  rather  as  underlying  them. 

§  24.  Now  it  is  quite  clear  that  according  as  we  come  to 
le  discussion  of  any  particular  miracle  or  extraordinary 
ory  under  one  or  other  of  these  prepossessions,  the  ques- 
on  of  its  credibility  will  assume  a  very  diflferent  aspect.     It 

sometimes  overlooked  that  although  a  diflference  about 
\ct8  is  one  of  the  conditions  of  a  bond  fide  argument,  a  dif- 
rence  which  reaches  to  ultimate  principles  is  fatal  to  all 
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argument.  The  possibility  of  present  conflict  is  banishec 
such  a  case  as  absolutely  as  that  of  future  concord.  A  \% 
amount  of  popular  literature  on  the  subject  of  miiw 
seems  to  labour  under  this  defect.  Arguments  are  sti 
and  examined  for  and  against  the  credibility  of  miracal 
stories  without  the  disputants  appearing  to  have  i 
adequate  conception  of  the  chasm  which  separates  one  a 
from  the  other. 

§  25.  The  following  illustration  may  serve  in  so 
degree  to  show  the  sort  of  inconsistency  of  which  wei 
speaking.  A  sailor  reports  that  in  some  remote  coral  isli 
of  the  Pacific,  on  which  he  had  landed  by  himself,  he  1 
found  a  number  of  stones  on  the  beach  disposed  in  the  ei 
form  of  a  cross.  Now  if  we  conceive  a  debate  to  arise  ab 
the  tnith  of  his  story,  in  which  it  is  attempted  to  decide 
matter  simply  by  considerations  about  the  validity  of  te 
mony,  without  introducing  the  question  of  the  existeno 
inhabitants,  and  the  nature  of  their  customs,  we  shall  h 
some  notion  of  the  unsatisfactory  nature  of  many  of 
current  arguments  about  miracles.  All  illustrations  of 
subject  are  imperfect,  but  a  case  like  this,  in  which  a  6 
posed  trace  of  human  agency  is  detected  interfering  with 
orderly  sequence  of  other  and  non-intelligent  natural  cai 
is  as  much  to  the  point  as  any  illustration  can  be.  ' 
thing  omitted  here  from  the  discussion  is  clearly  the  one 
portant  thing.  If  we  suppose  that  there  is  no  inhabitant 
shall  probably  disbelieve  the  story,  or  consider  it  tc 
grossly  exaggerated.  If  we  suppose  that  there  are  inha 
ants,  the  question  is  at  once  resolved  into  a  different 
somewhat  more  intricate  one.  The  credibility  of  the  wit 
is  not  the  only  element,  but  we  should  necessarily  hav" 
take  into  consideration  the  character  of  the  supposed  inl 
itants,  and  the  object  of  such  an  action  on  their  part. 
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26.  Considerations  of  this  character  are  doubtless 
I  introduced  into  the  discussion,  but  it  appears  to  me 
they  are  introduced  to  a  very  inadequate  extent.  It  is 
1  urged,  after  Paley,  '  Once  beUeve  m  a  God,  and  mira- 
are  not  incredible/  Such  an  admission  surely  demands 
3  modification  and  extension.  It  should  rather  be  stated 
;,  Believe  in  a  Qod  whose  working  may  be  traced  through- 
the  whole  moral  and  physical  world.     It  amounts,  in 

to  this ; — ^Admit  that  there  may  be  a  design  which  we 
trace  somehow  or  other  in  the  course  of  things ;  admit 
.  we  are  not  wholly  confined  to  tracing  the  connection  of 
its,  or  following  out  their  effects,  but  that  we  can  form 
B  idea,  feeble  and  imperfect  though  it  be,  of  a  scheme^, 
ij'a  advice  sounds  too  much  like  saying,  Admit  that  there 
fedries,  and  we  can  account  for  our  cups  being  cracked, 
admission  is  not  to  be  made  in  so  off-hand  a  manner. 
any  one  labouring  under  the  difficulty  we  are  speaking 
his  belief  in  a  God  almost  out  of  any  constant  relation  to 
ire,  whom  we  then  imagine  to  occasionally  manifest  him- 
in  a  perhaps  irregular  manner,  is  altogether  impossible. 
only  form  under  which  belief  in  the  Deity  can  gain  en- 
ce  into  his  mind  is  as  the  controlling  Spirit  of  an  infinite 
orderly  system.  In  fact,  it  appears  to  me,  paradoxical 
he  suggestion  may  appear,  that  it  might  even  be  more 
'  for  a  person  thoroughly  imbued  with  the  spirit  of  In- 
dve  science,  though  an  atheist,  to  believe  in  a  miracle 
;h  formed  a  part  of  a  vast  system,  than  for  such  a  person, 
theist,  to  accept  an  isolated  miracle. 
^  27.  It  is  therefore  with  great  prudence  that  Hume, 
others  after  him,  have  practically  insisted  on  commencing 
I  a  discussion  of  the  credibility  of  the  single  miracle, 

lie  stress  which  Butler  lays  upon  this  notion  of  a  scheme  is,  I  think, 
jeat  merit  of  his  Analogy, 
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treating  the  question  as  though  the  Christian  Revel 
could  be  adequately  regarded  as  a  succession  of  such  e^ 
As  well  might  one  consider  the  living  body  to  be  repres 
by  the  aggregate  of  the  limbs  which  compose  it.  What 
be  complained  of  in  so  many  popular  discussions  on  the 
ject  is  the  entire  absence  of  any  recognition  of  the  difl 
ground  on  which  the  attackers  and  defenders  of  mirack 
so  often  really  standing.  Proofe  and  illustrations  are 
duced  in  endless  number,  which  involving,  as  they  almc 
do  in  the  mind  of  the  disputants  on  one  side  at  least, 
very  principle  of  causation,  the  absence  of  which  in  the 
in  question  they  are  intended  to  establish,  they  fail  ii 
single  essential  point.  To  attempt  to  induce  any  one  t< 
believe  in  the  existence  of  physical  causation,  in  a  \ 
instance,  by  means  of  illustrations  which  to  him  seem 
additional  examples  of  the  principle  in  question,  is  lik( 
ing  to  make  a  dam,  in  order  to  stop  the  flow  of  a  riv( 
shovelling  in  snow.  Such  illustrations  are  plentiful  in ' 
of  controversy,  but  being  in  reality  only  modified  fon 
that  which  they  are  applied  to  counteract,  they  change 
shape  at  their  first  contact  with  the  disbeliever  s  mind 
only  help  to  swell  the  flood  which  they  were  intend( 
check. 


CHAPTER  XVin. 


TE  NATURE  AND  USE  OF  AN  AVERAGE,  AND  ON  THE 
DIFFERENT  KINDS  OF  AVERAGES 


We  have  had  such  frequent  occasion  to  refer  to 
38,  and  to  the  kind  of  uniformity  which  they  are  apt 
lay  in  contrast  with  individual  objects  or  events,  that 
now  be  convenient  to  discuss  somewhat  more  minutely 
xe  the  diflferent  kinds  of  available  average,  and  what 
'  are  the  functions  they  perform. 


-e  is  mach  need  of  some  good 
accessible  to  the  ordinary 
reader,  of  the  nature  and 
is  of  the  principal  kinds  of 
The  common  text-books  of 
suggest  that  there  are  only 
3h,  viz.  the  arithmetical,  the 
cal  and  the  harmonical: — 
luding  two  with  which  the 
an  has  little  or  nothing  to 
excluding  two  or  more  with 
i  should  have  a  great  deal  to 
e  best  three  references  I  can 
reader  are  the  following, 
article  Moyenne  in  the  Dic- 
i  des  Sciences  MSdicales,  by 
lion.  This  is  written  some- 
om  the  Quetelet  point  of 
2)  A  paper  by  Fechner  in 


the  Abhandlungen  d.  Math,  phys, 
Classe  d.  Kon.  Sachs,  Gesellschaft  d. 
Wiss,  1878;  pp.  1—76.  This  con- 
tains a  very  interesting  discussion, 
especially  for  the  statistician,  of  a 
number  of  different  kinds  of  mean. 
His  account  of  the  median  is  re- 
markably fuU  and  valuable.  But 
little  mathematical  knowledge  is  de- 
manded. (3)  A  paper  by  Mr  F.  Y. 
Edgeworth  in  the  Camb.  Phil.  Trans. 
for  1885,  entitled  Observations  and 
Statistics,  This  demands  some  ma- 
thematical knowledge.  Instead  of 
dealing,  as  such  investigations  gene- 
rally do,  with  only  one  Law  of  Error 
and  with  only  one  kind  of  mean,  it 
covers  a  wide  field  of  investigation. 
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The  first  vague  notion  of  an  average,  as  we  now  \ 
stand  it,  seems  to  me  to  involve  little  more  than  tha 
something  intermediate  to  a  number  of  objects.  The  o 
must  of  course  resemble  each  other  in  certain  respects,  • 
wise  we  should  not  think  of  classing  them  together 
they  must  also  diflfer  in  certain  respects,  otherwise  we  s 
not  distinguish  between  them.  What  the  average  do 
us,  under  this  primitive  form,  is  to  enable  us  convenieu 
retain  the  group  together  as  a  whole.  That  is,  it  fumi 
sort  of  representative  value  of  the  quantitative  aspect  ( 
things  in  question,  which  will  serve  for  certain  purpoi 
take  the  place  of  any  single  member  of  the  group. 

It  would  seem  then  that  the  first  dawn  of  the  conce 
which  science  reduces  to  accuracy  under  the  designat 
an  average  or  mean,  and  then  proceeds  to  subdivide 
various  distinct  species  of  means,  presents  itself  as 
forming  some  of  the  functions  of  a  general  name.  For 
is  the  main  use  of  a  general  name  ?  It  is  to  reduce  t 
larity  of  objects  to  unity;  to  group  a  number  of  t 
together  by  reference  to  some  qualities  which  they  p 
in  common.  The  ordinary  general  name  rests  upon  a 
siderable  variety  of  attributes,  mostly  of  a  quaU 
character,  whereas  the  average,  in  so  far  as  it  serve 
same  sort  of  purpose,  rests  rather  upon  a  single  quantii 
attribute.  It  directs  attention  to  a  certain  kind  and  d 
of  magnitude.  When  the  grazier  says  of  his  sheep  that 
with  another  they  will  fetch  about  50  shillings,'  oi 
farmer  buys  a  lot  of  poles  which  *  run  to  about  10  feet,' 
true  that  they  are  not  strictly  using  the  equivalent  of  e 
a  general  or  a  collective  name.  But  they  are  coming 
near  to  such  use,  in  picking  out  a  sort  of  type  or  specim' 
the  magnitude  to  which  attention  is  to  be  directed,  an 
classing  the  whole  groirp  by  its  resemblance  to  this  t 
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i^e  grazier  is  thinking  of  his  sheep :  not  in  a  merely  general 
ense,  as  sheep,  and  therefore  under  that  name  or  con- 
seption,  but  as  sheep  of  a  certain  approximate  money  value. 
Some  will  be  more,  some  less,  but  they  are  all  near  enough 
so  the  assigned  value  to  be  conveniently  classed  together  as 
if  by  a  name.  Many  of  our  rough  quantitative  designations 
ie6m  to  be  of  this  kind,  as  when  we  speak  of  'eight-day 
docks '  or  '  twelve-stone  men,'  &c. ;  unless  of  course  we  in- 
tend (as  we  sometimes  do  in  these  cases)  to  assign  a  maximum 
If  minimum  value.  It  is  not  indeed  easy  to  see  how  else  we 
x)uld  readily  convey  a  merely  general  notion  of  the  quanti- 
iative  aspect  of  things,  except  by  selecting  a  type  as  above, 
Mr  by  assigning  certain  limits  within  which  the  things  are 
nipposed  to  lie. 

§  2.  So  far  there  is  not  necessarily  any  idea  introduced 
rf  comparison,— of  comparison,  that  is,  of  one  group  with 
mother, — by  aid  of  such  an  average.  As  soon  as  we  begin 
fio  think  of  this  we  have  to  be  more  precise  in  saying  what 
ire  mean  by  an  average.  We  can  easily  see  that  the  number 
tf  possible  kinds  of  average,  in  the  sense  of  intermediate 
values,  is  very  great ;  is,  in  fact,  indefinitely  great.  Out  of 
she  general  conception  of  an  intermediate  value,  obtained  by 
lome  treatment  of  the  original  magnitudes,  we  can  elicit  as 
Bany  subdivisions  as  we  please,  by  various  modes  of  treat- 
aient.  There  are  however  only  three  or  four  which  for  our 
Mrposes  need  be  taken  into  account. 

(1)  In  the  first  place  there  is  the  arithmetical  average 
MP  mean.  The  rule  for  obtaining  this  is  very  simple :  add 
fcH  the  magnitudes  together,  and  divide  the  sum  by  their 
Mimber.  This  is  the  only  kind  of  average  with  which  the 
Mtecientific  mind  is  thoroughly  familiar.  But  we  must  not 
^  this  simplicity  and  familiarity  blind  us  to  the  fact  that 
«ere  are  definite  reasons  for  the  employment  of  this  average^ 
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and  that  it  is  therefore  appropriate  only  in  definite  ci 
stances.  The  reason  why  it  affords  a  safe  and  ace 
intermediate  value  for  the  actual  divergent  values,  is 
for  many  of  the  ordinary  purposes  of  life,  such  as  pur 
and  sale,  we  come  to  exactly  the  same  result,  wheth( 
take  account  of  those  existent  divergences,  or  suppo 
the  objects  equated  to  their  average.  What  the  g\ 
must  be  understood  to  mean,  if  he  wishes  to  be  accural 
saying  that  the  average  price  of  his  sheep  is  50  shillin; 
that  so  far  as  that  flock  is  concerned  (and  so  far  as 
concerned),  it  comes  to  exactly  the  same  thing,  whether 
are  each  sold  at  different  prices,  or  are  all  sold  at  the  * 
age  '  price.  Accordingly,  when  he  compares  his  sales  c 
year  with  those  of  another ;  when  he  says  that  last  yea 
sheep  averaged  48  shillings  against  the  50  of  this  year 
emplojnnent  of  this  representative  or  average  value  is  a 
simplification,  and  is  perfectly  accurate  for  the  purpo 
question. 

§  3.  (2)  Now  consider  this  case.  A  certain  populat 
found  to  have  doubled  itself  in  100  years :  can  we  talk  < 
*  average  *  increase  here  of  1  per  cent,  annually  ?  The 
cumstances  are  not  quite  the  same  as  in  the  former  case 
the  analogy  is  sufficiently  close  for  our  purpose.  The  ar 
is  decidedly,  No.  If  100  articles  of  any  kind  are  sold  for  i 
we  say  that  the  average  price  is  £1.  By  this  we  mean 
the  total  amount  is  the  same  whether  the  entire  lot  are 
for  £100,  or  whether  we  split  the  lot  up  into  indivic 
and  sell  each  of  these  for  £1.  The  average  price  here 
convenient  fictitious  substitute,  which  can  be  applied 
each  individual  without  altering  the  aggregate  total, 
therefore  the  question  be,  Will  a  supposed  increase  of  1 
in  each  of  the  100  years  be  equivalent  to  a  total  increaa 
double   the  original  amoMTi\)1  vr^  are   proposing  a  clo 
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alogous  question.  And  the  answer,  as  just  remarked,  must 
I  in  the  negative.  An  annual  increase  of  1  p.  e.  continued 
p  100  years  will  more  than  double  the  total;  it  will  multiply 
by  about  27.    The  true  annual  increment  required  is  mea- 

ired  by  ^^1^2";  that  is,  the  population  may  be  said  to  have 
icreased  *  on  the  average '  0*7  p.  c.  annually. 

We  are  thus  directed  to  the  second  kind  of  average  dis- 
used in  the  ordinary  text-books  of  algebra,  viz.  the  geome- 
icaL  When  only  two  quantities  are  concerned,  with  a  single 
itermediate  value  between  them,  the  geometrical  mean  con- 
ituting  this  last  is  best  described  as  the  mean  proportional 
itween  the  two  former.     Thus,  since  3  :  Jib  ::  ^15  :  5, 

Is  is  the  geometrical  mean  between  3  and  5.  When  a 
amber  of  geometrical  means  have  to  be  interposed  between 
ro  quantities,  they  are  to  be  so  chosen  that  every  term  in 
le  entire  succession  shall  bear  the  same  constant  ratio  to 
B  predecessor.  Thus,  in  the  example  in  the  last  paragraph, 
B  intermediate  steps  were  to  be  interposed  between  1  and  2, 
ith  the  condition  that  the  100  ratios  thus  produced  were  to 
B  all  equal. 

It  would  seem  therefore  that  wherever  accurate  quantita- 
.▼e  results  are  concerned,  the  selection  of  the  appropriate 
ind  of  average  must  depend  upon  the  answer  to  the  ques- 
ibn,  What  particular  intermediate  value  may  be  safely 
abstituted  for  the  actual  variety  of  values,  so  far  as  the 
■ecise  object  in  view  is  concerned?  This  is  an  aspect  of 
Se  subject  which  will  have  to  be  more  fully  considered  in 
K  next  chapter.  But  it  may  safely  be  laid  down  that  for 
Urposes  of  general  comparison,  where  accurate  numerical 
^lations  are  not  required,  almost  any  kind  of  intermediate 
■line  will  answer  our  purpose,  provided  we  adhere  to  the 
«ne  throughout.  Thus,  if  we  want  to  compare  the  statures 
^  the  inhabitants  of  different  counties  or  districts  in  Eng- 
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land,  or  of  Englishmen  generally  with  those  of  Frenc 
or  to  ascertain  whether  the  stature  of  some  particula 
or  district  is  increasing  or  diminishing,  it  really  do 
seem  to  matter  what  sort  of  average  we  select  provi< 
course,  that  we  adhere  to  the  same  throughout  our  ii 
gations.  A  very  large  amount  of  the  work  perform 
averages  is  of  this  merely  comparative  or  non-quant: 
description ;  or,  at  any  rate,  nothing  more  than  this  is 
required.  This  being  so,  we  should  naturally  resort 
arithmetical  average ;  partly  because,  having  been  1( 
the  field,  it  is  universally  understood  and  appealed  t 
partly  because  it  happens  to  be  remarkably  simple  an 
to  calculate. 

§  4.  The  arithmetical  mean  is  for  most  ordinar; 
poses  the  simplest  and  best.  Indeed,  when  we  are  d 
with  a  small  number  of  somewhat  artificially  selected  i 
tudes,  it  is  the  only  mean  which  any  one  would  th 
employing.  We  should  not,  for  instance,  apply  any 
method  to  the  results  of  a  few  dozen  measurements  of  1 
or  estimates  of  prices. 

When,  however,  we  come  to  consider  the  results  of 
large  number  of  measurements  of  the  kind  which  ( 
grouped  together  into  some  sort  of  *  probability  cun 
begin  to  find  that  there  is  more  than  one  alternative 
us.  Begin  by  recurring  to  the  familiar  curve  repre 
on  p.  29  ;  or,  better  still,  to  the  initial  form  of  it  repre 
in  the  next  chapter  (p.  476).  We  see  that  there  are 
different  ways  in  which  we  may  describe  the  vertex 
curve.  We  may  call  it  the  position  of  the  maximwn 
nate ;  or  that  of  the  centre  of  the  curve  ;  or  (as  will  b 
hereafter)  the  point  to  which  the  arithmetical  aven 
all  the  different  values  of  the  variable  magnitude  dire 
These  three  are  all  distinct  ways  of  describing  a  p« 
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len  we  are  dealing  with  a  symmetrical  curve  at  all 
ling  the  binomial  or  exponential  form  they  all  three 
e  in  giving  the  same  result :  as  they  obviously  do  in 
e  in  question. 

soon,  however,  as  we  come  to  consider  the  case  of 
etrical,  or  lopf-sided  curves,  the  indications  given  by 
ihree  methods  will  be  as  a  rule  quite  distinct;  and 
re  the  two  former  of  these  deserve  brief  notice  as 
nting  diiFerent  kinds  of  means  from  the  arithmetical 
Qary  one.  We  shall  see  that  there  is  something  about 
*  them  which  recommends  it  to  common  sense  as  being 
3  way  natural  and  appropriate. 

(3)  The  first  of  these  selects  from  amongst  the 
1  different  magnitudes  that  particular  one  which  is 
requently  represented.  ,  It  has  not  acquired  any  tech- 
esignation^  except  in  so  far  as  it  is  referred  to,  by 
tphical  representation,  as  the  "maximum  ordinate" 
I.  But  I  suspect  that  some  appeal  to  such  a  mean 
idard  is  really  far  from  uncommon,  and  that  if  we 
iraw  out  into  clearness  the  conceptions  latent  in  the 
mts  of  the  comparatively  uncultivated,  we  should  find 
lere  were  various  classes  of  cases  in  which  this  mean 
,turally  employed.  Suppose,  for  instance,  that  there 
fishery  in  which  the  fish  varied  very  much  in  size 


kind  of  mean  is  called  by 

and  others  the  ^^dichteste 

The  most  appropriate  ap- 

I;  that  I  have  seen  is  by  Prof. 

lassenerscheinungeiif   p.   42) 

le    shows   that  it  indicates 

I  sort  of  normal  length  of 

life,   of  about  70  years ;    a 

lich  is  almost  entirely  mask- 

we  appeal  to  the  arithme- 


tical average. 

This  mean  ought  to  be  called  the 
'probable'  value  (a  name  however  in 
possession  of  another)  on  the  ground 
that  it  indicates  the  point  of  likeliest 
occurrence ;  i.e.  if  we  compare  aU 
the  indefinitely  small  and  equal  units 
of  variation,  the  one  corresponding 
to  this  will  tend  to  be  most  fre- 
quently represented. 
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but  in  which  the  commonest  size  was  somewhat  near  t 
largest  or  the  smallest.  If  the  men  were  in  the  habit 
selling  their  fish  by  weight,  it  is  probable  that  they  woe 
before  long  begin  to  acquire  some  kind  of  notion  of  wh 
is  meant  by  the  arithmetical  mean  or  average,  and  woa 
perceive  that  this  was  the  most  appropriate  test.  But  ifil 
fish  were  sorted  into  sizes,  and  sold  by  numbers  in  each 
these  sizes,  I  suspect  that  this  appeal  to  a  maximum  oti 
nate  would  begin  to  take  the  place  of  the  other.  That  i 
the  most  numerous  class  would  come  to  be  selected  88 
sort  of  type  by  which  to  compare  the  same  fishery  at  a 
time  and  another,  or  one  fishery  with  others.  There  is  8]| 
as  we  shall  see  in  the  next  chapter,  some  scientific  groin 
for  the  preference  of  this  kind  of  mean  in  peculiar  case 
viz.  where  the  quantities  with  which  we  deal  are  tn 
'  errors,'  in  the  estimate  of  some  magnitude,  and  where  al 
it  is  of  much  more  importance  to  be  exactly  right,  or  vei 
nearly  right,  than  to  have  merely  a  low  average  of  error. 

§  6.  (4)  The  remaining  kind  of  mean  is  that  which 
now  coming  to  be  called  the  "median."  It  is  one  wii 
which  the  writings  of  Mr  Galton  have  done  so  much 
familiarize  statisticians,  and  is  best  described  as  follow 
Conceive  all  the  objects  in  question  to  be  marshalled  in  tl 
order  of  their  magnitude  ;  or,  what  comes  to  the  same  thin 
conceive  them  sorted  into  a  number  of  equally  numeroi 
classes ;  then  the  middle  one  of  the  row,  or  the  middle  oi 
in  the  middle  class,  will  be  the  median,  I  do  not  thin 
that  this  kind  of  mean  is  at  all  generally  recognized  i 
present,  but  if  Mr  Galton's  scheme  of  natural  measuremai 
by  what  he  calls  "  per-centiles "  should  come  to  be  gena 
ally  adopted,  such  a  test  would  become  an  important  on« 
There  are  some  conspicuous  advantages  about  this  kind  o 
mean.     For  one  thing,  in  most  statistical  enquiries,  it  i 
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the  simplest  to  calculate ;  and,  what  is  more,  the  process 
determining  it  serves  also  to  assign  another  important 
lent  to  be  presently  noticed,  viz.  the  'probable  error/ 
again,  as  Fechner  notes,  whereas  in  the  arithmetical 
a  few  exceptional  and  extreme  values  will  often  cause 
)lexity  by  their  comparative  preponderance,  in  the  case 
^the  median  (where  their  number  only  and  not  their  ex- 
le  magnitude  is  taken  into  account)  the  importance  of 
disturbance  is  diminished. 
§  7.  A  simple  illustration  will  serve  to  indicate  how  these 
kindis  of  mean  coalesce  into  one  when  we  are  dealing 
synmietrical  Laws  of  Error,  but  become  quite  distinct 
soon  as  we  come  to  consider  those  which  are  unsym- 
ical. 


B 


DVX 


bppose  that,  in  measuring  a  magnitude  along  OBDC, 
here  the  extreme  limits  are  OB  and  00,  the  law  of  error 
I  represented  by  the  triangle  BAC:  the  length  OD  will 
e  at  once  the  arithmetical  mean,  the  median,  and  the  most 
^uent  length:  its  frequency  being  represented  by  the 
Mudmum  ordinate  AD.  But  now  suppose,  on  the  other 
ttnd,  that  the  extreme  lengths  are  OD  and  OC,  and  that 
be  triangle  ADC  represents  the  law  of  error.  The  most 
?iequent  length  will  be  the  same  as  before,  02>,  marked  by 
he  maximum  ordinate  AD,  But  the  mean  value  will  now 
«  OX,  where  DX  =:^DC;  and  the  median  will  be   OF, 


rtereDF=(l-y.ji)0. 
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Another  example,  taken  from  natural  phenomena 
be  found  in  the  heights  of  the  barometer  as  taken  \ 
same  hour  on  successive  days.  So  far  as  4857  of  thes 
be  regarded  as  furnishing  a  sufficiently  stable  basis 
perience,  it  certainly  seems  that  the  resulting  curve  ( 
quency  is  asymmetrical.  The  mean  height  here  was 
to  be  29*98 :  the  median  was  30*01 :  the  most  fo 
height  was  30*05.  The  close  approximation  amongst 
is  an  indication  that  the  as}nnmetry  is  slight  \ 

§  8.  It  must  be  clearly  understood  that  the  aven 
whatever  kind  it  may  be,  from  the  mere  fact  of  its  b 
single  substitute  for  an  actual  plurality  of  observed  \ 
must  let  slip  a  considerable  amount  of  information.  I 
it  is  only  introduced  for  economy.  It  may  entail  n 
when  used  for  some  one  assigned  purpose,  as  in  oi 
ample  about  the  sheep ;  but  for  purposes  in  gene 
cannot  possibly  take  the  place  of  the  original  diversi 
yielding  all  the  information  which  they  contained, 
this  is  to  be  retained  we  must  resort  to  some  other  m 
Practically  we  generally  do  one  of  two  things :  either 
put  all  the  figures  down  in  statistical  tables,  or  (2)  ^ 
peal  to  a  diagram.  This  last  plan  is  convenient  wh< 
data  are  very  numerous,  or  when  we  wish  to  display 
discover  the  nature  of  the  law  of  facility  under  whicl 
range. 

The  mere  assignment  of  an  average  lets  drop  nea 
of  this,  confining  itself  to  the  indication  of  an  interm 

^  A  diagram  illustrative  of   this  was  noted.     That  is,  29 '9  i 

number    of    results    was    given    in  all  values  between  29 '900  and 

Nature  (Sept.  1,  1887).     In  calculat-  Thus  the  value  most  freque 

ing,  as  above,  the  different  means,  I  tered  in  my  tables  was  30*0, 

may  remark  that  the  original  results  the  usual  principles  of  inter] 

were  given  to  three  decimal  places ;  this  is  reckoned  as  80*05. 
but,  in  classing  them,  onVy  one^lwife 
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It   gives  a  "middle  point"  of  some  kind,  but  says 

whatever  as  to  how  the  original  magnitudes  were 

iped  about  this  point.     For  instance,  whether  two  mag- 

les  had  been  respectively  25  and  27,  or  15  and  37,  they 

Id  yield  the  same  arithmetical  average  of  26. 

§  9.     To  break  oflf  at  this  stage  would  clearly  be  to  leave 

problem  in  a  very  imperfect  condition.     We  therefore 

[y  seek  for  some  simple   test  which   shall  indicate 

closely  the  separate  results  were  grouped  about  their 

I,  so  as  to  recover  some  part  of  the  information  which 

been  let  slip. 

If  any  one  were  approaching  this  problem  entirely  anew, — 
is,  if  he  had  no  knowledge  of  the  mathematical  exi- 
les which  attend  the  theory  of"  Least  Squares,'* — I  ap- 
lend  that  there  is  but  one  way  in  which  he  would  set 
It  the  business.  He  would  say.  The  average  which  we 
ab-eady  obtained  gave  us  a  rough  indication,  by  as- 
an  intermediate  point  amongst  the  original  magni- 
If  we  waat  to  supplement  this  by  a  rough  indica- 
as  to  how  near  together  these  magnitudes  lie,  the 
way  will  be  to  treat  their  departures  from  the  mean 
t  are  technically  called  the  "errors")  in  precisely  the 
ie  way,  viz.  by  assigning  their  average.  Suppose  there 
13  men  whose  heights  vary  by  equal  differences  from 
fieet  to  6  feet,  we  should  say  that  their  average  height 
Mb  66  inches,  and  their  average  departure  from  this  average 
fit  8^  inches. 

Looked  at  from  this  point  of  view  we  should  then  pro- 
fcd  to  try  how  each  of  the  above-named  averages  would 
Inirer  the  purpose.  Two  of  them, — viz.  the  arithmetical 
in  and  the  median, — ^will  answer  perfectly;  and,  as  we 
,,J1  immediately  see,  are  frequently  used  for  the  purpose. 
^  too  we  could,  if  we  pleased,  employ  the  geometrical 
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mean,  though  such  employment  would  be  tedious,  oi 
to  the  difficulty  of  calculation.  The  'maximum  oidiii 
clearly  would  not  answer,  since  it  would  generaUy  (?. 
diagram  on  p.  443)  refer  us  back  again  to  the  am 
already  obtained,  and  therefore  give  no  informatioiL 

The  only  point  here  about  which  any  doubt  could  i 
concerns  what  is  called  in  algebra  the  sign  of  the  en 
Two  equal  and  opposite  errors,  added  aJgebraicdly,  n 
cancel  each  other.  But  when,  as  here,  we  are  r^iri 
the  errors  as  substantive  .quantities,  to  be  consideiel 
their  own  account,  we  attend  only  to  their  real  magmti 
and  then  these  equal  and  opposite  errors  are  to  be  put  ^ 
exactly  the  same  footing. 

§  10.  Of  the  various  means  already  discussed,  tis 
just  remarked,  are  in  common  use.  One  of  these  s 
miliarly  known,  in  astronomical  and  other  calculation! 
the  *  Mean  Error,'  and  is  so  absolutely  an  application  of 
same  principle  of  the  arithmetical  mean  to  the  errors,! 
has  been  already  applied  to  the  original  magnitudes,  th 
needs  no  further  explanation.  Thus  in  the  example  ia 
last  section  the  mean  of  the  heights  was  66  inches, 
mean  of  the  errors  was  3^^  inches. 

The  other  is  the  Median,  though  here  it  is  alwa\*s  b 
under  another  name,  i.e.  as  the  'Probable  Elrror';— at 
nicai  and  decidedly  misleading  term.  It  is  briefly  (W 
as  that  error  which  we  are  as  likely  to  exceed  as  to 
short  of:  otherwise  phrased,  if  we  were  to  arrange  iD 
errors  in  the  order  of  their  magnitude,  it  corresponds  to  i 
one  of  them  which  just  bisects  the  row.  It  is  therefore 
*  median '  error :  or,  if  we  arrange  all  the  magnitudes  ini 
cessive  order,  and  divide  them  into  four  equally  numtf 
classes, — what  Mr  Galton  calls  *  quartiles,' — the  first  i 
third  of  t\ie  coiisec^evi\>  ^\nS&\qv3»&  ^w^l  mark  the  limiB 
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'probable  error'  on  each  side,  whilst  the  middle  one  will 
'k  the  '  median.'  This  median,  as  was  remarked,  coincides, 
symmetrical  curves,  with  the  arithmetical  mean. 
It  is  best  to  stand  by  accepted  nomenclature,  but  the 
[er  must  understand  that  such  an  error  is  not  in  any 
iet  sense  '  probable.'  It  is  indeed  highly  improbable  that 
any  particular  instance  we  should  happen  to  get  just  this 
►r :  in  feet,  if  we  chose  to  be  precise  and  to  regard  it  as 
exact  magnitude  out  of  an  infinite  number,  it  would  be 
itely  unlikely  that  we  should  hit  upon  it.  Nor  can  it  be 
lid  to  be  probable  that  we  shall  be  within  this  limit  of  the 
Lth,  for,  by  definition,  we  are  just  as  likely  to  exceed  as  to 
jUl  short.  As  already  remarked  (see  note  on  p.  441),  the 
^maximum  ordinate '  would  have  the  best  right  to  be  regarded 
pB  indicating  the  really  most  probable  value. . 
\  §  11.  (5)  The  error  of  mean  square.  As  previously 
nggested,  the  plan  which  would  naturally  be  adopted  by 
kny  one  who  had  no  concern  with  the  higher  mathematics  of 
the  subject,  would  be  to  take  the  *  mean  error  *  for  the  pur- 
bose  of  the  indication  in  view.  But  a  very  different  kind  of 
iKverage  is  generally  adopted  in  practice  to  serve  as  a  test  of 
the  amount  of  divergence  or  dispersion.  Suppose  that  we 
fcave  the  magnitudes  a?j,  a?j,...a?^;  their  ordinary  average  is 

1 

-  («j  +  ^8  +  .  +  ^„),  and  their  '  errors '  are  the  differences 

lietween  this  and  a?j,  a?,,. .  ,x^.    Call  these  errors  e^,  e^,. .  .e^,  then 
Ihe  arithmetical  mean  of  these  errors  (irrespective  of  sign)  is 

—  (e^+e, +...+«„)•     The  Error  of  Mean  Square \  on  the  other 
liand,  is  the  square  root  of  -  (e^^  -I-  e/  +. . .+  ej^). 

^  There  is  some  ambiguity  in  the      commonly  uses  the  expression  *  Error 
^ihraseology  in  use  here.     Thus  Airy      of   Mean  Square'  to  represent,   as 
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The  reasons  for  employing  this  latter  kind  of  aven 
preference  to  any  of  the  others  will  be  indicated  in  th 
lowing  chapter.  At  present  we  are  concerned  only  wil 
general  logical  nature  of  an  average,  and  it  is  the 
sufficient  to  point  out  that  any  such  intermediate  valu< 
answer  the  purpose  of  giving  a  rough  and  summary  ii 
tion  of  the  degree  of  closeness  of  approximation  whic 
various  measures  display  to  each  other  and  to  their  coi 
average.  If  we  were  to  speak  respectively  of  the  '  firsi 
the  '  second  average/  we  might  say  that  the  former  of 
assigns  a  rough  single  substitute  for  the  plurality  of  or 
values,  whilst  the  latter  gives  a  similar  rough  estimate 
degree  of  their  departure  from  the  former. 

§  12.  So  far  we  have  only  been  considering  the  g 
nature  of  an  average,  and  the  principal  kinds  of  a^ 
practically  in  use.  We  must  now  enquire  more  partic 
what  are  the  principal  purposes  for  which  averages  an 
ployed. 

In  this  respect  the  first  thing  we  have  to  do  is  to 
doubts  in  the  readers  mind  on  a  subject  on  whi< 
perhaps  has  not  hitherto  felt  the  slightest  doubt, 
one  is  more  or  lest  familiar  with  the  practice  of  appeal 
an  average  in  order  to  secure  accuracy.  But  distinctly 
we  begin  by  doing  is  to  sacrifice  accuracy ;  for  in  pi 
the  plurality  of  actual  results  we  get  a  single  result 

/Se^      ^  „                        ,  and  others,  of  the  expression 

^^^'  V  IT  •    »'^<"'*y  commonly  Error,'  (widely  in  use  in  it 

speaks  of  the  *  Mean  Square  of  the  natural  signification,)  as  the 

Se^  lent  of  this  E.  M.  S. 

Errors'  to  represent    -.    I  shall  ^^^^  i^^^^^i  term  «Fluct 

adhere  to  the  former  usage  and  re-      is  applied  by  Mr  F.  Y.  EdgCTi 

present  it  briefly  by  E.  M.  S.    Still      ..    ,^«^,oo,-««  2S«2 

«    .       .     f.  , .  , .     V      *l^6  expression  . 

more  unfortunate  (to  my  thmking)  n 

is  the  employment,  by  Mi  Meiriman 
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possibly  does  not  agree  with  any  one  of  them.  If  I  find 
temperature  in  different  parts  of  a  room  to  be  different, 
say  that  the  average  temperature  is  61^  there  may  per- 
i  be  but  few  parts  of  the  room  where  this  exact  tempera- 
is  realized.  And  if  I  say  that  the  average  stature  of 
rtain  small  group  of  men  is  68  inches,  it  is  probable  that 
»ne  of  them  will  present  precisely  this  height. 
The  principal  way  in  which  accuracy  can  be  thus  secured 
hen  what  we  are  really  aiming  at  is  not  the  magnitudes 
re  us  but  something  else  of  which  they  are  an  indication, 
hey  are  themselves  *  inaccurate,' — we  shall  see  presently 
this  needs  some  explanation, — then  the  single  average, 
;h  in  itself  agrees  perhaps  with  none  of  them,  may  be 
h  more  nearly  what  we  are  actually  in  want  of.  We  shall 
it  convenient  to  subdivide  this  view  of  the  subject  into 
parts ;  by  considering  first  those  cases  in  which  quantita- 
considerations  enter  but  slightly,  and  in  which  no  deter- 
ition  of  the  particular  Law  of  Error  involved  is  demanded, 
secondly  those  in  which  such  determination  cannot  be 
ded.  The  latter  are  only  noticed  in  passing  here,  as  a 
rate  chapter  is  reserved  for  their  fuller  consideration. 
J 13.  The  process,  as  a  practical  one,  is  familiar  enough 
Imost  everybody  who  has  to  work  with  measures  of  any 
L  Suppose,  for  instance,  that  I  am  measuring  any  object 
I  a  brass  rod  which,  as  we  know,  expands  and  contracts 
rding  to  the  temperature.  The  results  will  vary  slightly, 
g  sometimes  a  little  top  great  and  sometimes  a  little  too 
11.  All  these  variations  are  physical  facts,  and  if  what 
were  concerned  with  was  the  properties  of  brass  they 
Jd  be  the  one  important  fact  for  us.  But  when  we  are 
3emed  with  the  length  of  the  object  measured,  these  facts 
ome  superfluous  and  misleading.  What  we  want  to  do  is 
'scape  their  influence,  and  this  we  are  enabled  to  effect  by 
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taking  their  (arithmetical)  average,  provided  only  th( 
as  often  in  excess  as  in  defect  \  For  this  purpose  all  t 
necessary  is  that  equal  excesses  and  defects  shou. 
equally  prevalent.  It  is  not  necessary  to  know  what 
law  of  variation,  or  even  to  be  assured  that  it  is  of  on 
ticular  kind.  Provided  only  that  it  is  in  the  languj 
the  diagram  on  p.  29,  symmetrical,  then  the  arithn 
average  of  a  suitable  and  suitably  varied  number  of  me 
ments  will  be  free  from  this  source  of  disturbance 
what  holds  good  of  this  cause  of  variation  will  hold  g« 
all  others  which  obey  the  same  general  conditions.  I 
the  equal  prevalence  of  equal  and  opposite  errors  see 
be  the  sole  and  sufficient  justification  of  the  familiar  j 
of  taking  the  average  in  order  to  secure  accuracy. 

§  14.  We  must  now  make  the  distinction  to  whi 
tention  requires  so  often  to  be  drawn  in  these  si: 
between  the  cases  in  which  there  respectively  is,  and 
some  objective  magnitude  aimed  at :  a  distinction  whi( 
common  use  of  the  same  word  "  errors  "  is  so  apt  to  ol 
When  we  talked,  in  the  case  of  the  brass  rod,  of  ej 
and  defects  being  equal,  we  meant  exactly  what  we  sai 
that  for  every  case  in  which  the  *true'  length  (i.e.  th 
termined  by  the  authorized  standard)  is  exceeded  by  a 
fraction  of  an  inch,  there  will  be  a  corresponding  c 
which  there  is  an  equal  defect. 

On  the  other  hand,  when  there  is  no  such  fixed  obj 
standard  of  reference,  it  would  appear  that  all  that  we 
by  equal  excesses  and  defects  is  permanent  symme 
arrangement.      In  the  case  of  the  measuring  rod  we 

^  Practically,  of  course,  we  should  take  this  Tariation  as  a  specJ 

allow  for  the  expansion  or  contrac-  one  of  those  disturbances  whi 

tion.     But  for  purposes  of  logical  be  neutralised  by  resort  "to  i 

explanation    we    may    conveniently  rage. 
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le  to  start  with  something  which  existed,  so  to  say,  before 
variations ;  but  in  many  cases  any  starting  point  which 
can  find  is  solely  determined  by  the  average. 
Suppose,  for  instance,  we  take  a  great  number  of  ob- 
utions  of  the  height  of  the  barometer  at  a  certain  place, 
all  times  and  seasons  and  in  all  weathers,  we  should 
lerally  consider  that  the  average  of  all  these  showed  the 
le '  height  for  that  place.     What  we  really  mean  is  that 
height  at  any  moment  is  determined  partly  (and  prin- 
iy)  by  the  height  of  the  column  of  air  above  it,  but  partly 
by  a  number  of  other  agencies  such  as  local  temperature, 
"6,  wind,  &c.     These  are  sometimes  more  and  some- 
les  less  eflfective,  but   their  range   being  tolerably  con- 
it,    and    their    distribution    through   this   range    being 
tbly  symmetrical,   the   average  of  one  large  batch   of 
jrvations  will  be  almost  exactly  the  same  as  that  of  any 
)T,     This  constancy  of  the  average  is  its  truth.     I  am 
ite  aware  that  we  find  it  difficult  not  to  suppose  that 
must  be  something  more  than  this  constancy,  but  we 
probably  apt  to  be  misled  by  the  analogy  of  the  other 
of  cases,  viz.  those  in  which  we  are  really  aiming  at 
le  sort  of  mark. 

r 

^  §  15.  As  regards  the  practical  methods  available  for 
letermining  the  various  kinds  of  average  there  is  very  little 
o  be  said ;  as  the  arithmetical  rules  are  simple  and  definite, 
M  involve  nothing  more  than  the  inevitable  drudgery 
ttendant  upon  dealing  with  long  rows  of  figures.  Perhaps 
ke  most  important  contribution  to  this  part  of  the  subject  is 
tarnished  by  Mr  Galton's  suggestion  to  substitute  the  median 
ar  the  mean,  and  thus  to  elicit  the  average  with  sufficient 
•curacy  by  the  mere  act  of  grouping  a  number  of  objects 
bgether.  Thus  he  has  given  an  ingenious  suggestion  for 
fctaining  the  average  height  of  a  number  of  men  without 
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the  trouble  and  risk  of  measuring  them  all.  "A  barba 
chief  might  often  be  induced  to  marshall  his  men  in 
order  of  their  heights,  or  in  that  of  the  popular  estimat 
their  skill  in  any  capacity;  but  it  would  requii-e  some 
paratus  and  a  great  deal  of  time  to  measure  each 
separately,  even  supposing  it  possible  to  overcome  the  na 
strong  repugnance  of  uncivilized  people  to  any  such 
ceeding"  {Phil,  Mag,  Jan.  1875).  That  is,  it  being  h 
from  wide  experience  that  the  heights  of  any  tola 
homogeneous  set  of  men  are  apt  to  group  themselves  i 
metrically, — the  condition  for  the  coincidence  of  the  t 
principal  kinds  of  mean, — the  middle  man  of  a  row 
arranged  in  order  will  represent  the  mean  or  average  i 
and  him  we  may  subject  to  measurement.  Moreover,  \ 
the  intermediate  heights  are  much  more  thickly  represe 
than  the  extreme  ones,  a  moderate  error  in  the  seloctk 
the  central  man  of  a  long  row  will  only  entail  a  very  s 
error  in  the  selection  of  the  corresponding  height. 

§  16.  We  can  now  conveniently  recur  to  a  subject  w 
has  been  already  noticed  in  a  former  chapter,  viz,  tht 
tempt  which  is  sometimes  made  to  establish  a  distiw 
between  an  average  and  a  mean.  It  has  been  propcee 
confine  the  former  term  to  the  cases  in  which  we  are  dts 
with  a  fictitious  result  of  our  own  construction,  that  is, 
a  mere  arithmetical  deduction  from  the  obser>'ed  nu 
tudes,  and  to  apply  the  latter  to  cases  in  which  thd 
supposed  to  be  some  objective  magnitude  peculiarlv  n 
sentative  of  the  average. 

Recur  to  the  three  principal  classes,  of  things  appi\)pi 
to  Probability,  which  were  sketched  out  in  Ch.  ii.  §  4. 
first  of  these  comprised  the  results  of  games  of  chanct*. 
a  die  ten  times:  the  total  number  of  pips   on  the  u| 
side   may  vaxy  feom  \)evi  \3l^  \.ci  ^vsty.     Suppose  it  u- 
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jy.     We   then   say  that   the   average  of  this   batch   of 

is  three.     Take  another  set  of  ten  throws,  and  we  may 

another  average,  say   four.     There   is   clearly   nothing 

jeetive    peculiarly  corresponding    in    any  way    to    these 

;es.     No  doubt  if  we   go   on   long   enough  we  shall 

that  the  averages  tend  to  centre  about  3*5 :  we  then 

this  the  average,  or  the  'probable'  number  of  points; 

this   ultimate   average   might   have  been  pretty  con- 

itly  asserted  beforehand  from  our  knowledge  of  the  con- 

ition  of  a  die.     It  has  however  no  other  truth  or  reality 

rat  it  of  the  nature  of  a  type:   it  is  simply  the  limit 

which  the  averages  tend. 

The  next  class  is  that  occupied  by  the  members  of  most 

groups  of  objects,  ^specially  as  regards  the  charac- 

ics  of  natural  species.     Somewhat  similar  remarks  may 

repeated  here.     There  is  very  frequently  a  *  limit'  towards 

ich  the  averages  of  increasing  numbers  of  individuals  tend 

approach ;  and  there  is  certainly  some  temptation  to  re- 

this  limit  as  being  a  sort  of  type  which  all  had  been 

inded  to  resemble  as  closely  as  possible.     But  when  we 

:ed   closer,  we   found  that  this  view  could  scarcely  be 

ied;  all  which  could  be  safely  asserted  was  that  this 

represented,  for  the  time   being,  the   most  numerous 

imens,  or  those  which  under  existing  conditions  could 

easily  be  produced. 
The  remaining  class  stands  on  a  somewhat  different 
id.  When  we  make  a  succession  of  more  or  less  suc- 
kpsfiil  attempts  of  any  kind,  we  get  a  corresponding  series 
K  deviations  from  the  mark  at  which  we  aimed.  These  we 
'•y  treat  arithmetically,  and  obtain  their  averages,  just  as 
the  former  cases.  These  averages  are  fictions,  that  is  to 
they  are  artificial  deductions  of  our  own  which  need 
w  necessarily  have  anything  objective  correspoii'Sixi^  \>o 
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them.     In  fact,  if  they  be  averages  of  a  few  only 
most  probably  will  not  have  anything  thus  correspon 
to  them.     Anything  answering  to  a  type  can  only  be  soi 
in  the  *  limit '  towards  which  they  ultimately  tend,  for 
limit  coincides  with  the  fixed  point  or  object  aimed  at. 

§  17.  Fully  admitting  the  great  value  and  interet 
Quetelet's  work  in  this  direction, — he  was  certainly  the 
to  direct  public  attention  to  the  fact  that  so  many  class< 
natural  objects  display  the  same  characteristic  property, 
nevertheless  does  not  seem  desirable  to  attempt  to  u 
such  a  distinction  by  any  special  use  of  these  techi 
terms.     The  objections  are  principally  the  two  following. 

In  the  first  place,  a  single  antithesis,  like  this  bet^ 
an  average  and  a  jnean,  appears  to  suggest  a  very  n 
simpler  state  of  things  than  is  actually  found  to  exia 
nature.  A  reference  to  the  three  classes  of  things 
mentioned,  and  a  consideration  of  the  wide  range  and 
versity  included  in  each  of  them,  wdll  serve  to  reminc 
not  only  of  the  very  gradual  and  insensible  advance  \ 
what  is  thus  regarded  as  'fictitious'  to  what  is  claime 

*  real ;'  but  also  of  the  important  fact  that  whereas  the  * 
type '  may  be  of  a  fluctuating  and  evanescent  character, 

*  fiction'  may  (as  in  games  of  chance)  be  apparently  f 
for  ever.  Provided  only  that  the  conditions  of  produc 
remain  stable,  averages  of  large  numbers  will  always  p 
tically  present  much  the  same  general  characteristics, 
far  more  important  distinction  lies  between  the  averag 
a  few,  with  its  fluctuating  values  and  very  imperfect 
occasional  attainment  of  its  ultimate  goal,  and  the  avei 
of  many  and  its  gradually  close  approximation  to  its  \ 
mate  value :  i.e.  to  its  objective  point  of  aim  if  there  hap 
to  be  such. 

Then,  again,  the  eoiiS\dex^\ivcycva  adduced  in  this  cha] 
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show  that  within  the  field  of  the  average  itself  there  is 

more  variety  than  Quetelet  seems  to  have  recognized. 

did  not  indeed  quite  ignore  this  variety,  but  he  prac- 

[y  confined  himself  almost  entirely  to  those  symmetrical 

igements  in  which  three  of  the  principal  means  coalesce 

one.     We  should  find  it  difficult  to  carry  out  his  dis- 

ition  in  less  simple  cases.     For  instance,  when  there  is 

le  degree  of  asymmetry,  it  is  the  *  maximum  ordinate* 

jh  would  have   to   be   considered   as   a  *mean'  to  the 

ilosion  of  the  others;  for  no  appeal  to  an  arithmetical 

would  guide  us  to  this  point,  which  however  is  to 

regarded,  if  any  can  be  so  regarded,  as  marking  out  the 

lition  of  the  ultimate  type. 

§  18.  We  have  several  times  pointed  out  that  it  is  a 
jteristic  of  the  things  with  which  Probability  is  con- 
led  to  present,  in  the  long  run,  a  continually  intensifying 
>rmity.  And  this  has  been  frequently  described  as  what 
kppens  'on  the  average.'  Now  an  objection  may  very 
libly  be  raised  against  regarding  an  arrangement  of 
igs  by  virtue  of  which  order  thus  emerges  out  of  disorder 
deserving  any  special  notice,  on  the  ground  that  from  the 
of  the  arithmetical  average  it  could  not  possibly  be 
lerwise.  The  process  by  which  an  average  is  obtained,  it 
ty  be  urged,  insures  this  tendency  to  equalization  amongst 
16  magnitudes  with  which  it  deals.  For  instance,  let  there 
a  party  of  ten  men,  of  whom  four  are  tall  and  four  are 
lort,  and  take  the  average  of  any  five  of  them.  Since  this 
pmber  cannot  be  made  up  of  tall  men  only,  or  of  short  men 
ply,  it  stands  to  reason  that  the  averages  cannot  diflfer  so 
iuch  amongst  themselves  as  the  single  measures  can.  Is 
lot  then  the  equalizing  process,  it  may  be  asked,  which  is 
ibservable  on  increasing  the  range  of  our  observations, 
pe  which  can  be  shown  to  follow  from  necessary  laws  of 


456 


Averages. 


[chap.  XI 


arithmetic,  and  one  therefore  which   might  be   assei 
priori? 

Whatever  force  there  may  be  in  the  above  objection 
principally  from  the  limitations  of  the  example  selecl 
which  the  number  chosen  was  so  large  a  proportion  of 
total  as  to  exclude  the  bare  possibility  of  only  extreme 
being  contained  within  it.  As  much  confusion  is  often 
here  between  what  is  necessary  and  what  is  matter  of 
perience,  it  will  be  well  to  look  at  an  example  somei 
more  closely,  in  order  to  determine  exactly  what  are 
really  necessary  consequences  of  the  averaging  process. 

§  19.  Suppose  then  that  we  take  ten  digits  at  ranc 
from  a  table  (say)  of  logarithms.  Unless  in  the  highly 
likely  case  of  our  having  happened  upon  the  same  digit 
times  running,  the  average  of  the  ten  must  be  interm( 
between  the  possible  extremes.  Every  conception  of 
average  of  any  sort  not  merely  involves,  but  actually  m( 
the  taking  of  something  intermediate  between  the  extrei 
The  average  therefore  of  the  ten  must  lie  closer  to  4*5  (I 
average  of  the  extremes)  than  did  some  of  the  single  digit 

Now  suppose  we  take  1000  such  digits  instead  of  10. 
can  say  nothing  more  about  the  larger  number,  with 
monstrative  certainty,  than  we  could  before  about  the  smj 
If  they  were  unequal  to  begin  with  (i.  e.  if  they  were  not 
the  same)  then  the  average  must  be  intermediate,  but 
than  this  cannot  be  proved  arithmetically.  By  comparison 
such  purely  arithmetical  considerations  there  is  what  may 
called  a  physical  fact  underlying  our  confidence  in  the 
ing  stability  of  the  average  of  the  larger  number.  It  is 
the  constituent  elements  from  which  the  average  is  dedu< 
will  themselves  betray  a  growing  uniformity : — that  the 
portions  in  which  the  different  digits  come  out  will 
more  and  more  nearVy  eojvjiBl  ^e  we  take  larger  numbers 


20.]  Averages.  457 

If  the  proportions  in  which  the   1000  digits  were 

ibuted  were  the  same  as  those  of  the  10  the  averages 

Id  be  the  same.     It  is  obvious  therefore  that  the  arith- 

itieal  process  of  obtaining  an  average  goes  a  very  little 

y  towards  securing  the  striking  kind  of  uniformity  which 

find  to  be  actually  presented. 

§  20.     There  is  another  way  in  which  the  same  thing 
be  put.     It  is  sometimes  said  that  whatever  may  have 
m  the  arrangement  of  the  original  elements  the  process  of 
itinual  averaging  will  necessarily  produce  the  peculiar 
lomial  or  exponential  law  of  arrangement.     This  state- 
it  is  perfectly  true  (with  certain  safeguards)  but  it  is  not 
any  way  opposed  to  what  has  been  said  above.     Let  us 
:e  for  consideration  the  example  above  referred  to.     The 
kngement  of  the  individual  digits  in  the  long  run  is  the 
iplest  possible.     It  would  be  represented,  in  a  diagram, 
>t  by  a  curve  but  by  a  finite  straight  line,  for  each  digit 
about  as  often  as  any  other,  and  this  exhausts  all  the 
^arrangement'  that  can  be  detected.     Now,  when  we  con- 
fer the  results  of  taking  averages  of  ten  such  digits,  we  see 
once  that  there  is  an  opening  for  a  more  extensive  arrange- 
lent.     The  totals  may  range  from  0  up  to  100,  and  there- 
the  average  will  have  100  values  from  0  to  9 ;  and  what 
re  find  is  that  the  frequency  of  these  numbers  is  determined 
)rding  to  the  Binomial^  or  Exponential  Law.     The  most 
[uent  result  is  the  true  mean,  viz.  4*5,  and  from  this  they 
iiminish  in  each  direction  towards  0  and  10,  which  will  each 
but  once  (on  the  average)  in  10*°  occasions. 
The  explanation  here  is  of  the  same  kind  as  in  the  former 
The  resultant  arrangement,  so  far  as  the  averages  are 

L^  ^  More  strictly  multinomial :  the      efficients  of  the  powers  of  x  in  the 

^^dative  frequency  of  the  different      development  of 

r*^ber8  being  indicated  by  the  co-  (l-\'X-\-x^+  ...+afi)^^. 
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concerned,  is  only  *  necessary '  in  the  sense  that  it  is  a  i 
sary  result  of  certain  physical  assumptions  or  experi< 
If  all  the  digits  tend  to  occur  with  equal  frequency,  t 
they  are  '  independent '  (i.e.  if  each  is  associated  indiffei 
with  every  other),  then  it  is  an  arithmetical  conseq 
that  the  averages  when  arranged  in  respect  of  their  bd 
tude  and  prevalence  mil  display  the  Law  of  Facility  \ 
indicated.  Experience,  so  far  as  it  can  be  appealed  to,  \ 
that  the  true  randomness  of  the  selection  of  the  digits, 
their  equally  frequent  recurrence,  and  the  impartial] 
their  combination, — is  very  fairly  secured  in  practice, 
cordingly  the  theoretic  deduction  that  whatever  may 
been  the  original  Law  of  Facility  of  the  individual  r 
we  shall  always  find  the  familiar  Exponential  Law  ass( 
itself  as  the  law  of  the  averages,  is  fairly  justified  b 
perience  in  such  a  case. 

The  further  discussion  of  certain  corrections  and  r 
ments  is  reserved  to  the  following  chapter. 

§  21.  In  regard  to  the  three  kinds  of  average  emp 
to  test  the  amount  of  dispersion, — i.e.  the  mean  erroi 
probable  error,  and  the  error  of  mean  square, — twc 
portant  considerations  must  be  borne  in  mind.  Thei 
both  recur  for  fuller  discussion  and  justification  in  the  c 
of  the  next  chapter,  when  we  come  to  touch  upon  the  M 
of  Least  Squares,  but  their  significance  for  logical  pui 
is  so  great  that  they  ought  not  to  be  entirely  passed 
present. 

(1)  In  the  first  place,  then,  it  must  be  remarked  tl 
order  to  know  what  in  any  case  is  the  real  value  of  an 
we  ought  in  strictness  to  know  what  is  the  position  c 
limit  or  ultimate  average,  for  the  amount  of  an  en 
always  theoretically  measured  from  this  point.  But  t! 
information  which  we  do  not  always  possess.      Recu 
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more  to  the  three  principal  classes  of  events  with  which 
are  concerned,  we  can  readily  see  that  in  the  case  of 
les  of  chance  we  mostly  do  possess  this  knowledge.  In- 
of  appealing  to  experience  to  ascertain  the  limit,  we 
itically  deduce  it  by  simple  mechanical  or  arithmetical 
adorations,  and  then  the  '  error '  in  any  individual  case  or 
ip  of  cases  is  obviously  found  by  comparing  the  results 

obtained  with  that  which  theory  informs  us  would  ulti- 
ktely  be  obtained  in  the  long  run.  In  the  case  of  de- 
irate  eflforts  at  an  aim  (the  third  class)  we  may  or  may 

know  accurately  the  value  or  position  of  this  aim.     In 

inomical  observations  we  do  not  know  it,  and  the  method 
Least  Squares  is  a  method  for  helping  us  to  ascertain  it  as 

as  we  can ;  in  such  experimental  results  as  firing  at  a 
'k  we   do   know  it,  and  may  thus  test  the  nature  and 
lount  of  our  failure  by  direct  experience.     In  the  remain- 
case,  namely  that  of  what  we  have  termed  natural  kinds 
groups  of  things,  not  only  do  we  not  know  the  ultimate 
it,  but  its  existence  is  always  at  least  doubtful,  and  in 
ly  cases  may  be  confidently  denied.     Where  it  does  exist, 

is,  where  the  type  seems  for  all  practical  purposes  per- 

lently  fixed,  we  can  only  ascertain  it  by  a  laborious  resort 

statistics.     Having  done  this,  we  may  then  test  by  it  the 

its  of  observations  on  a  small  scale.     For  instance,  if  we 

that  the  ultimate  proportion  of  male  to  female  births  is 
>ut  106  to  100,  we  may  then  compare  the  statistics  of 
le  particular  district  or  town  and  speak  of  the  consequent 

►r,'  viz.  the  departure,  in  that  particular  and  special 
rict,  from  the  general  average. 

What  we  have  therefore  to  do  in  the  vast  majority  of 
itical  cases  is  to  take  the  average  of  a  finite  number  of 

lurements  or  observations, — of  all  those,  in  fact,  which 
^  have  in  hand, — ^and  take  this  as  our  starting  point  in 


460  Averages.  [chap,  x^ 

order  to  measure  the  errors.  The  errors  in  fact  are 
known  for  certain  but  only  probably  calculated.  This  h 
ever  is  not  so  much  of  a  theoretic  defect  as  it  may  seen 
first  sight ;  for  inasmuch  as  we  seldom  have  to  employ  tl 
methods, — for  purposes  of  calculation,  that  is,  as  distinguifi 
from  mere  illustration, — except  for  the  purpose  of 
covering  what  the  ultimate  average  is,  it  would  be  a  sor 
petitio  principii  to  assume  that  we  had  already  securec 
But  it  is  worth  while  considering  whether  it  is  desirabl 
employ  one  and  the  same  term  for  *  errors'  known  to 
such,  and  whose  amount  can  be  assigned  with  certainty, 
for  *  errors '  which  are  only  probably  such  and  whose  amc 
can  be  only  probably  assigned.  In  fact  it  has  been  propo 
to  employ  the  two  terms  *  error '  and  '  residual '  respecti 
to  distinguish  between  the  magnitudes  thus  determined, 
is,  between  the  (generally  unknown)  actual  error  and  the 
served  error. 

§  22.  (2)    The  other  point  involves  the  question  to  v 
extent  either  of  the  first  two  tests  (pp.  446,  7)  of  the  el 
ness  with  which  the  various  results  have  grouped  themse 
about  their  average  is  trustworthy  or  complete.     The  ans 
is  that  they  are  necessarily  incomplete.     No  single  estin 
or  magnitude  can  possibly  give  us  an  adequate  account  < 
number  of  various  magnitudes.     The  point  is  a  very 
portant  one ;  and  is  not,  I  think,  sufficiently  attended  to, 
consequence  being,  as  we  shall  see  hereafter,  that  it  is 
too   summarily  assumed   that   a   method  which   jdelds 
result  with  the  least  '  error  of  mean  square  *  must  necessa 
be  the  best  result  for  all  purposes.     It  is  not  however  by 
means  clear  that  a  test  which  answers  best  for  one  purj 
must  do  so  for  all. 

It  must  be  clearly  understood  that  each  of  these  test 

^  By  Mr  MertVniaii,  m  Ivvs  work  on  Least  Squares, 
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D  'average,'  and  that  every  average  necessarily  rejects  a 
^ass  of  varied  detail  by  substituting  for  it  a  single  result. 
Ife  had,  say,  a  lot  of  statures:  so  many  of  60  inches,  so 
ly  of  61,  &c.  We  replace  these  by  an  '  average '  of  68, 
thereby  drop  a  mass  of  information.  A  portion  of  this 
then  seek  to  recover  by  reconsidering  the  *  errors'  or 
iures  of  these  statures  from  their  average.  As  before, 
rever,  instead  of  giving  the  full  details  we  substitute  an 
rerage  of  the  errors.  The  only  diflference  is  that  instead  of 
ig  the  same  kind  of  average  (i.e.  the  arithmetical)  we 
m  prefer  to  adopt  the  one  called   the  *  error  of  mean 

re.' 
§  23.  A  question  may  be  raised  here  which  is  of  suflBcient 
iportance  to  deserve  a  short  consideration.  When  we  have 
a  set  of  measurements  before  us,  why  is  it  generally 
Id  to  be  suflSicient  simply  to  assign :  (1)  the  mean  value ; 
id  (2)  the  mean  departure  from  this  mean  ?  The  answer 
of  course,  partly  given  by  the  fact  that  we  are  only  sup- 
to  be  in  want  of  a  rough  approximation :  but  there  is 
to  be  said  than  this.  A  further  justification  is  to  be 
id  in  the  fact  that  we  assume  that  we  need  only  con- 
iplate  the  possibility  of  a  single  Law  of  Error,  or  at  any 
that  the  departures  from  the  familiar  Law  will  be  but 
ig.  In  other  words,  if  we  recur  to  the  figure  on  p.  29, 
assume  that  there  are  only  two  unknown  quantities  or 
)osable  constants  to  be  assigned  ;  viz.  first,  the  position  of 
te  centre,  and,  secondly,  the  degree  of  eccentricity,  if  one 
^y  so  term  it,  of  the  curve.  The  determination  of  the 
&an  value  directly  and  at  once  assigns  the  former,  and  the 
termination  of  the  mean  error  (in  either  of  the  ways  re- 
>ed  to  already)  indirectly  assigns  the  latter  by  confining  us 
one  alone  of  the  possible  curves  indicated  in  the  figure. 
Except  for  the  assumption  of  one  such  Law  of  Error  the 


462  Averages,  [chap.  : 

determination  of  the  mean  error  would  give  but  a  s 
intimation  of  the  sort  of  outline  of  our  Curve  of  Fa( 
We  might  then  have  found  it  convenient  to  adopt  some 
of  successive  approximation,  by  adding  a  third  or  f 
'mean/  Just  as  we  assign  the  mean  value  of  the  m 
tude,  and  its  mean  departure  from  this  mean ;  so  we  i 
take  this  mean  error  (however  determined)  as  a  fresh  stj 
point,  and  assign  the  mean  departure  from  it.  If  the 
were  worth  further  discussion  we  might  easily  illustra 
means  of  a  diagram  the  sort  of  successive  approximj 
which  such  indications  would  jdeld  as  to  the  ultimate 
of  the  Curve  of  Facility  or  Law  of  Error. 


As  this  volume  is  written  mainly  for  those  who  take  an  interest 
logical  questions  involved,  rather  than  as  an  introduction  to  the 
processes  of  calculation,  mathematical  details  have  been  throughout  a 
as  much  as  possible.    For  this  reason  comparatively  few  reference: 
been  made  to   the  exponential   equation   of  the  Law  of  Error,  or 
corresponding   'Probability  integral,'  tables  of  which  are  given  in  i 
handbooks  ou  the  subject.     There  are  two   points  however  in  com 
with  these  particular  topics  as  to  which  difficulties  are,  or  should  be, 
so  many  students  that  some  notice  may  be  taken  of  them  here 

(1)     In  regard  to  the  ordinary  algebraical  expression  for  the  law  of 

viz.  y  =— p  g-'^**',  it  will  have  been  observed  that  I  have  always  spoke 
sjir 

as  being  proportional  to  the  number  of  errors  of  the  particular  magnit 

It  would  hardly  be  correct  to  say,  absolutely,  that  y  represents  that  nn 

because  of  course  the  actual  number  of  errors  of  any  precise  magn 

where  continuity  of  possibility  is  assumed,  must  be  indefinitely  sma) 

therefore  we  want  to  pass  from  the  continuous  to  the  discrete,  by  ascerta 

the  actual  number  of  errors  between  two  consecutive  divisions  of  our 

when,  as  usual  in  measurements,  all  within  certain  limits  are  referr 

some  one  precise  point,  we  must  modify  our  formula.    In  accordance 

the  usual  differential  notation,  we  must  say  that  the  number  of  errors  fii 

into  one  subdivision  (dx)  of  our  scale  is  dx    ._:  e  "****,  where  (ix  is  a  (s 
unit  o£  length,  in  which  both  h~^  and  x  must  be  measured. 
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difficulty  felt  by  most  students  is  in  applying  the  formnla  to  actual 
:s,  in  other  words  in  putting  in  the  correct  units.  To  take  an  actual 
3al  example,  suppose  that  1460  men  have  been  measured  in  regard  to 
eight  '*true  to  the  nearest  inch,"  and  let  it  be  known  that  the 
:s   here   is  3*6  inches.     Then  dx=l  (inch);    fe"'^  =  3'6  inches.    Now 

e-^^^dx  —  1 ;  that  is,  the  sum  of  all  the  consecutive  possible  values 

1  to  unity.    When  therefore  we  want  the  sum,  as  here,  to  be  1460,  we 

1460       -/'^-V  ~(^Y 

spress  the  formula  thus; — y=  -, e    Vs-e/   ,  or  2/  =  228  e     Vs*/  , 

Jw  X  3-6 
stands  for  the  number  of  inches  measured  from  the  central  or  mean 
and  y  stands  for  the  number  of  men  referred  to  that  height  in  our 

cal  table.     (The  values  of  e~'*  for  successive  values  of  t  are  given  in 

idbooks.) 
illustration  I  give  the  calculated  numbers  by  this  formula  for  values 

)m  0  to  8  inches,  with  the  actual  numbers  observed  in  the  Cambridge 

ements  recently  set  on  foot  by  Mr  Galton. 


inches 

calculated 

observed 

x=Q 

i/  =  228 

=  231 

x  =  l 

2/ =  212 

=  218 

x=2 

y  =  166 

=  170 

x  =  3 

2/ =  111 

=  110 

a:  =  4 

y=  82 

=  66 

x  =  5 

y=  32 

=   31 

x=6 

y=  11 

=  10 

x  =  7 

y=    4 

=     6 

x  =  S 

y=    1 

=     3 

-e   the  average  height  was  69  inches :    dx,  as  stated,  =  1  inch.     By 

,  *  put  X  =  0,'  we  mean,  calculate  the  number  of  men  who  are  assigned 

nches ;   i.e.  who  fall  between  68*5  and  69*6.    By  saying,  *putx  =  4,' 

m,  calculate  the  number  who  are  assigned  to  65  or  to  73 ;   i.e.  who  Ue 

a  64*5  and  65  "6,  or  between  72*5  and  73*5.     The  observed  results,  it 

seen,  keep  pretty  close  to  the  calculated :   in  the  case  of  the  former 

1718  of  equal  and  opposite  divergences  from  the  mean  have  been  taken, 

ual  results  not  being  always  the  same  in  opposite  directions. 

The  other  point  concerns  the  interpretation   of  the  familiar  pro- 

2    /*« 
^   integral,  — pj  e'^dt.    Every  one  who  has  calculated  the  chance 

event,  by  the  help  of  the  tables  of  this  integral  given  in  so  many 
>ok8,  knows  that  if  we  assign  any  numerical  value  to  t,  the 
>onding  value  of  the  above  expression  assigns  the  chance  that  an 
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error  taken  at  random  shall  lie  within  that  same  limit,  viz.  u  Thm 
t  =  1*5,  and  we  have  the  result  '96 ;  that  is,  only  4  per  cent,  of  the  erron 
exceed  'one  and  a  half.'  But  when  we  ask,  *one  and  a  half  whati 
answer  would  not  always  be  very  ready.  As  usual,  the  main  difficu] 
the  beginner  is  not  to  manipulate  the  formulae,  but  to  be  quite  clear  a 
his  units. 

It  will  be  seen  at  once  that  this  case  differs  from  the  preceding  in 
we  cannot  now  choose  our  unit  as  we  please.  Where,  as  here,  there  is 
one  variable  (t),  if  we  were  allowed  to  select  our  own  unit,  the  inch,  foo 
whatever  it  might  be,  we  might  get  quite  different  results.  Accordi 
some  comparatively  natural  unit  must  have  been  chosen  for  us  in  whid 
are  bound  to  reckon,  just  as  in  the  circular  measurement  of  an  angl 
distinguished  from  that  by  degrees. 

The  answer  is  that  the  unit  here  is  the  modulus ,  and  that  to  put  *t= 
is  to  say,  'suppose  the  error  half  as  great  again  as  the  modulus'; 
modulus  itself  being  an  error  of  a  certain  assignable  magnitude  depen 
upon  the  nature  of  the  measurements  or.  observations  in  question.    We  i 

precisely  equivalent,  since  the  value  of  a  definite  integral  is  independei 
the  particular  variable  employed.    Here  hx  is  the  same  as  x  :  - ;  i.e. 

the  ratio  of  a;  to  t  »  or  x  measured  in  terms  of  -  .    But  -z-  is  the  modulus  ii 
ti  h  h 

equation  f  i/  =   —  g-ft'^^  J    for  the  law  of  error.     In  other  words  the 

merical  value  of  an  error  in  this  formula,  is  the  number  of  times,  whol 
fractional,  which  it  contains  the  modulus. 


2    /■** 
see  this  better  if  we  put  the  integral  in  the  form  -p  I    «"***•  d(/ur) ;  whi 


CHAPTER  XIX. 

THE    THEORY  OF  THE  AVERAGE  AS  A   MEANS  OF 
APPROXIMATION  TO   THE   TRUTH. 

jL    In  the  last  chapter  we  were  occupied  with  the  Average 

ly  under  its  qualitative  rather  than  its   quantitative 

it.     That  is,  we  discussed  its  general  nature,  its  principal 

leties,  and  the  main  uses  to  which  it  could  be  put  in 

lary  life  or  in  reasoning  processes  which  did  not  claim  to 

very  exact.     It  is  now  time  to  enter  more  minutely  into 

specific  question  of  the  employment  of  the  average  in 

way  peculiarly  appropriate  to  Probability.     That  is,  we 

be   supposed   to  have  a  certain  number  of  measure- 

ints, — in  the  widest  sense  of  that  term, — placed  before  us, 

to  be  prepared  to  answer  such  questions  as ;  Why  do  we 

:e   their  average  ?     With   what    degree    of   confidence  ? 

lUst  we  in  all  cases  take  the  average,  and,  if  so,  one  always 

the  same  kind  ? 

The  subject  upon  which  we  are  thus  entering  is  one 
Irhich,  under  its  most  general  theoretic  treatment,  has  per- 
haps given  rise  to  more  profound  investigation,  to  a  greater 
rariety  of  opinion,  and  in  consequence  to  a  more  extensive 
iistory  and  literature,  than  any  other  single  problem  within 
he  range  of  mathematics*.     But,  in  spite  of  this,  the  main 

^  Mr  Mansfield  Merriman   pub-      necticut  Acad.)  a  list  of  408  writings 
bhed  in  1877  {Trans,  of  the  Con-      on  the  subject  of  Least  Squares. 

V.  30 
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logical  principles  underlying  the  methods  and  process 
question  are  not,  I  apprehend,  particularly  difficult  to  g 
though,  owing  to  the  extremely  technical  style  of  treat 
adopted  even  in  comparatively  elementary  discussions  ol 
subject,  it  is  far  from  easy  for  those  who  have  but  a  modi 
command  of  mathematical  resources  to  disentangle  \ 
principles  from  the  symbols  in  which  they  are  clothed, 
present  chapter  contains  an  attempt  to  remove  these  difl 
ties,  so  far  as  a  general  comprehension  of  the  subject  is 
cemed.  As  the  treatment  thus  adopted  involves  a 
siderable  number  of  subdivisions,  the  reader  will  prol 
find  it  convenient  to  refer  back  occasionally  to  the  tabl 
contents  at  the  commencement  of  this  volume. 

§  2.  The  subject,  in  the  form  in  which  we  shall  di 
it,  will  be  narrowed  to  the  consideration  of  the  averagt 
account  of  the  comparative  simplicity  and  very  wide  pi 
lence  of  this  aspect  of  the  problem.  The  problem  is  ho^ 
very  commonly  referred  to,  even  in  non-mathematical  treal 
as  the  Rule  or  Method  of  Least  Squares ;  the  fact  h 
that,  in  such  cases  as  we  shall  be  concerned  with,  the " 
of  Least  Squares  resolves  itself  into  the  simpler  and  i 
familiar  process  of  taking  the  arithmetical  average.  A 
simple  example, — one  given  by  Herschel, — will  explain 
general  nature  of  the  task  under  a  slightly  wider  treatii 
and  will  serve  to  justify  the  familiar  designation. 

Suppose  that  a  man  had  been  firing  for  some  time  w: 
pistol  at  a  small  mark,  say  a  wafer  on  a  wall.  We  may 
it  for  granted  that  the  shot-marks  would  tend  to  g 
themselves  about  the  wafer  as  a  centre,  with  a  density  \ 
ing  in  some  way  inversely  with  the  distance  from  the  cei 
But  now  suppose  that  the  wafer  which  marked  the  ce 
was  removed,  so  that  we  could  see  nothing  but  the  surfiw 
the  wall  spotted  with  the  shot-marks;  and  that  we  y 
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guess  the  position  of  the  wafer.  Had  there  been 
shot,  common  sense  would  suggest  our  assuming 
3  very  precariously)  that  this  marked  the  real  centre, 
re  been  two,  common  sense  would  suggest  our  taking 
-point  between  them.  But  if  three  or  more  were 
,  common  sense  would  be  at  a  loss.  It  would  feel 
ne  intermediate  point  ought  to  be  selected,  but 
ot  see  its  way  to  a  more  precise  determination,  be- 
;  familiar  reliance, — the  arithmetical  average, — does 
I  at  hand  here.  The  rule  in  question  tells  us  how  to 
It  directs  us  to  select  that  point  which  will  render 
.  of  the  squares  of  all  the  distances  of  the  various 
*ks  from  it  the  least  possible  \ 

is  merely  by  way  of  illustration,  and  to  justify  the 
designation  of  the  rule.  The  sort  of  cases  with 
e  shall  be  exclusively  occupied  are  those  compara- 
mple  ones  in  which  only  linear  magnitude,  or  some 
;v^hich  can  be  adequately  represented  by  linear  mag- 
s  the  object  under  consideration.  In  respect  of  these 
e  of  Least  Squares  reduces  itself  to  the  process  of 
he  average,  in  the  most  familiar  sense  of  that  term, 
arithmetical  mean ;  and  a  single  Law  of  Error,  or  its 
\  equivalent,  a  Curve  of  Facility,  will  suffice  accu- 
>  indicate  the  comparative  frequency  of  the  different 
;  of  the  one  variable  magnitude  involved. 

ler  words,  we  are  to  take  when  we  are  dealing  with  such  cases 

re  of  gravity  "  of  the  shot-  as  occur  in  Mensuration,  where  we 

arding  them  all  as  of  equal  have  to  combine  or  reconcile  three  or 

his  is,  in  reality,  the  '  aver-  more   inconsistent  equations,  some 

the  marks,  as  the  elemen-  such  rule  as  that  of  Least  Squares 

aetrical    construction    for  becomes  imperative.    No  taking  of 

the  centre  of  gravity  of  a  an  average  will  get  us  out  of  the 

points  will  show ;  but  it  is  difficulty, 
arly  so  regarded.  Of  course, 
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§  3.  We  may  conveniently  here  again  call  attention 
misconception  or  confusion  which  has  been  already  no 
in  a  former  chapter.  It  is  that  of  confounding  the  La 
Error  with  the  Method  of  Least  Squares.  These  are  tl 
of  an  entirely  distinct  kind.  The  former  is  of  the  natuj 
a  physical  fact,  and  its  production  is  one  which  in  n 
cases  is  entirely  beyond  our  control.  The  latter, — or 
simplified  application  of  it,  such  as  the  arithmetical  averag 
is  no  law  whatever  in  the  physical  sense.  It  is  rath 
precept  or  rule  for  our  guidance.  The  Law  states,  in 
given  case,  how  the  errors  tend  to  occur  in  respect  of  1 
magnitude  and  frequency.  The  Method  directs  us  ho^ 
treat  these  errors  when  any  number  of  them  are  prese 
to  us.  No  doubt  there  is  a  relation  between  the  two,  as 
be  pointed  out  in  the  course  of  the  following  pages; 
there  is  nothing  really  to  prevent  us  from  using  the  s 
method  for  different  laws  of  error,  or  different  method* 
the  same  law.  In  so  doing,  the  question  of  distinct  i 
and  wrong  would  seldom  be  involved,  but  rather  one  of  i 
or  less  propriety. 

§  4.  The  reader  must  understand, — as  was  implie 
the  illustration  about  the  pistol  shots, — that  the  ultii 
problem  before  us  is  an  inverse  one.  That  is,  we  are 
posed  to  have  a  moderate  number  of  *  errors '  before  us 
we  are  to  undertake  to  say  whereabouts  is  the  centre  1 
which  they  diverge.  This  resembles  the  determination 
cause  from  the  observation  of  an  effect.  But,  as  m( 
happens  in  inverse  problems,  we  must  commence  with 
consideration  of  the  direct  problem.  In  other  words,  so 
as  concerns  the  case  before  us,  we  shall  have  to  begii 
supposing  that  the  ultimate  object  of  our  aim, — that  is, 
true  centre  of  our  curve  of  frequency, — is  already  knowi 
us ;  in  which  case  a\\  \.\i3b\i  Te,T£va.ms  to  be  done  is  to  study 
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nsequences  of  taking  averages  of  the  magnitudes  which 
nstitute  the  errors. 

§  5.  We  shall,  for  the  present,  confine  our  remarks  to 
hat  must  be  regarded  as  the  typical  case  where  con- 
derations  of  Probability  are  concerned ;  viz.  that  in  which 
16  law  of  arrangement  or  development  is  of  the  Binomial 
ind.  The  nature  of  this  law  was  explained  in  Chap.  II., 
'here  it  was  shown  that  the  frequency  of  the  respective 
umbers  of  occurrences  was  regulated  in  accordance  with 
lie  magnitude  of  the  successive  terms  of  the  expansion  of 
lie  binomial  (1  + 1)^  It  was  also  pointed  out  that  when  n 
ecomes  very  great,  that  is,  when  the  number  of  influencing 
ireurastances  is  very  large,  and  their  relative  individual 
ifluence  correspondingly  small,  the  form  assumed  by  a 
irve  drawn  through  the  summits  of  ordinates  representing 
lese  successive  terms  of  the  binomial  tends  towards  that 
ssigned  by  the  equation 

y  =  Ae'^'^, 

For  all  practical  purposes  therefore  we  may  talk  in- 
iiferently  of  the  Binomial  or  Exponential  law ;  if  only  on 
le  ground  that  the  arrangement  of  the  actual  phenomena 
n  one  or  other  of  these  two  schemes  would  soon  become 
^distinguishable  *  when  the  numbers  involved  are  large. 
•ut  there  is  another  ground  than  this.  Even  when  the 
benomena  themselves  represent  a  continuous  magnitude, 
ar  measurements  of  them, — which  are  all  with  which  we 
lai  deal, — are  discontinuous.  Suppose  we  had  before  us  the 
icurate  heights  of  a  million  adult  men.  For  all  practical 
;irposes  these  would  represent  the  variations  of  a  con- 
tiuous  magnitude,  for  the  differences  between  two  suc- 
issive  magnitudes,  especially  near  the  mean,  would  be 
lappreciably  small.     But  our  tables  will  probably  represent 
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them  only  to  the  nearest  inch.  We  have  so  many  assig 
as  69  inches;  so  many  as  70;  and  so  on.  The  tab 
statement  in  fact  is  of  much  the  same  character  as  if 
were  assigning  the  number  of  *  heads '  in  a  toss  of  a  hant 
of  pence ;  that  is,  as  if  we  were  dealing  with  discontini 
numbers  on  the  binomial,  rather  than  with  a  contini; 
magnitude  on  the  exponential  arrangement. 

§  6.     Confining  ourselves  then,  for  the  present,  to 
general  head,  of  the  binomial  or  exponential  law,  we  n 
distinguish  two  separate  cases  in  respect  of  the  knowle 
we  may  possess  as  to  the  generating  circumstances  of 
variable  magnitudes. 

(1)  There  is,  first,  the  case  in  which  the  condition) 
the  problem  are  determinable  k  priori :  that  is,  where  we 
able  to  say,  prior  to  specific  experience,  how  frequently  e 
combination  will  occur  in  the  long  run.  In  this  case 
main  or  ultimate  object  for  which  we  are  supposing  that 
average  is  employed, — i.  e.  that  of  discovering  the  true  m 
value, — is  superseded.  We  are  able  to  say  what  the  m 
or  central  value  in  the  long  run  will  be ;  and  therefore  tl 
is  no  occasion  to  set  about  determining  it,  with  some  troi 
and  uncertainty,  from  a  small  number  of  observations.  S 
it  is  necessary  to  discuss  this  case  carefully,  because 
assumption  is  a  necessary  link  in  the  reasoning  in  o1 
cases. 

This  comparatively  k  priori  knowledge  may  present  it 
in  two  different  degrees  as  respects  its  completeness.  In 
first  place  it  may,  so  far  as  the  circumstances  in  quest 
are  concerned,  be  absolutely  complete.  Consider  the  resi 
when  a  handful  of  ten  pence  is  repeatedly  tossed  up. 
know  precisely  what  the  mean  value  is  here,  viz.  eq 
division  of  heads  and  tails :  we  know  also  the  chance  of 
heads  and  four  tails,  and  so  on.     That  is,  if  we  had  to  { 
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fc  a  diagram  showing  the  relative  jfrequency  of  each  com- 
lation,  we  could  do  so  without  appealing  to  experience. 
3  could  draw  the  appropriate  binomial  curve  from  the 
lerating  conditions  given  in  the  statement  of  the  problem. 

But  now  consider  the  results  of  firing  at  a  target  con- 
iing  of  a  long  and  narrow  strip,  of  which  one  point  is 
rked  as  the  centre  of  aim*.     Here  (assuming  that  there 

no  causes  at  work  to  produce  permanent  bias)  we  know 
t  this  centre  will  correspond  to  the  mean  value.  And  we 
)w  also,  in  a  general  way,  that  the  dispersion  on  each  side 
this  will  follow  a  binomial  law.  But  if  we  attempted  to 
t  out  the  proportions,  as  in  the  preceding  case,  by  erecting 
bates  which  should  represent  each  degree  of  frequency 
^e  receded  further  from  the  mean,  we  should  find  that 
could  not  do  so.  Fresh  data  must  be  given  or  inferred, 
ood  marksman  and  a  bad  marksman  will  both  distribute 
r  shot  according  to  the  same  general  law;  but  the 
dity  with  which  the  shots  thin  oflf  as  we  recede  from  the 
;re  will  be  diflferent  in  the  two  cases.  Another  '  constant ' 
jnianded  before  the  curve  of  frequency  could  be  correctly 
ed  out. 

J  7.  (2)  The  second  division,  to  be  next  considered, 
esponds  for  all  logical  purposes  to  the  fust.  It  com- 
3S  the  cases  in  which  though  we  have  no  h.  priori  know- 
e  as  to  the  situation  about  which  the  values  will  tend  to 
ter  in  the  long  run,  yet  we  have  sufficient  experience  at 
i  to  assign  it  with  practical  certainty.  Consider  for 
gtnee  the  tables  of  human  stature.  These  are  often  very 
jDsive,  including  tens  or  hundreds  of  thousands.  In  such 
8  the  mean  or  central  value  is  determinable  with  just  as 

The  only  reason  for  supposing  ing  errors  in  two  dimensions,  wonld 
txoeptional  shapeis  to  secure  sim-  yield  slightly  more  complicated  re- 
\y.     The  ordinary  target,  allow-      suits. 
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great  certainty  a«  by  any  i  priori  rule.  That  is.  if  m 
another  hundred  thousand  measurements  from  the 
class  of  population,  we  should  feel  secure  that  the  a 
would  not  be  altered  by  any  magnitude  which  our  me« 
instruments  could  practically  appreciate. 

§  8.  But  the  mere  assignment  of  the  mean  or  ' 
value  does  not  here,  any  more  than  in  the  precedin, 
give  us  all  that  we  want  to  know.  It  might  so  happe 
the  mean  height  of  two  populations  was  the  same,  bi 
the  law  of  dispersion  about  that  mean  was  very  dif 
so  that  a  man  who  in  one  series  was  an  exceptional  g 
dwarf  should,  in  the  other,  be  in  no  wise  remarkable. 

To  explain  the  process  of  thus  determining  the 
magnitude  of  the  dispersion  would  demand  too  much  i 
matical  detail;  but  some  indication  may  be  given, 
we  have  to  do  is  to  determine  the  constant  h  in  the  eqx 

3/=-pe"^*^.     In  technical  language,  what  we  have  t( 

to  determine  the  modulus  of  this  equation.     The  quai 

in  the  above  expression  is  called  the  modulus.     It  me 
the   degree   of  contraction   or   dispersion   about   the 
indicated  by  this  equation.     When  it  is  large  the  disf 
is   considerable;    that    is    the    magnitudes   are   not  < 


^  When  first  referred  to,  the  general 

form  of  this  equation  was  given  (v.  p. 

29).    The  special  form  here  assigned, 
ij 

in  which  -=  is  substituted  for  A^  is 
a/it 

commonly  employed  in  Probability, 

because  the  integral  of  ydx,  between 

+  00  and  -  oo ,  becomes  equal  to  unity. 

That  is,  the  sum  of  all  the  mutually 

ezciusive  possibilities  is  xepieaeii\.ftA., 


as  usual,  by  unity.  In  this 
expression  h  is  a  quantity 
order  x-^ ;  for  hx  is  to  be  a  nu 
quantity,  standing  as  it  doei 
index.  The  modulus,  being  i 
procal  of  this,  is  of  the  sam 
of  quantities  as  the  errors  then 
In  fact,  if  we  multiply  it  by  * 
we  have  the  so-called  'pi 
error.' 
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rded  up  towards  the  centre,  when  it  is  small  they  are 

crowded  up.     The  smaller  the  modulus  in  the  curve 

jnting    the    thickness    with    which    the    shot-marks 

jred  about  the  centre  of  the   target,  the  better  the 

rksman. 

§  9.    There  are  several  ways  of  determining  the  modulus. 

the  first  of  the  cases  discussed  above,  where  our  theo- 

knowledge  is  complete,  we  are  able  to  calculate  it  k 

from   our    knowledge   of   the    chances.     We    should 

ly  adopt  this  plan  if  we  were  tossing   up   a   large 

idfiil  of  pence. 

The  usual  a  posteriori  plan,  when  we  have  the  measure- 
its  of  the  magnitudes  or  observations  before  us,  is  this : — 
[e  the  mean  square  of  the  errors,  and  double  this;  the  re- 
gives  the  square  of  the  modulus.     Suppose,  for  instance, 
It  we  had  the  five  magnitudes,  4,  5,  6,  7,  8.     The  mean  of 
je  is  6 :  the  'errors'  are  respectively  2,  1,  0,  1,  2.     There- 

the  *  modulus  squared'  is  equal  to  — ;  Le.  the  modulus  is 

§.     Had  the  magnitudes  been  2,  4,  6,  8,  10;  representing 

le  same  mean  (6)  as  before,  but  displaying  a  greater  disper- 

Qn  about  it,  the  modulus  would  have  been  larger,  viz.  ^8 

stead  of  s/2. 

Mr  Galton's  method  is  more  of  a  graphical  nature.  It 
described  in  a  paper  on  Statistics  by  Intercomparison 
^hiL  Mag,  1875),  and  elsewhere.  It  may  be  indicated  as 
Hows.  Suppose  that  we  were  dealing  with  a  large  number 
measurements  of  human  stature,  and  conceive  that  all  the 
arsons  in  question  were  marshalled  in  the  order  of  their 
iight.  Select  the  average  height,  as  marked  by  the  central 
an  of  the  row.  Suppose  him  to  be  69  inches.  Then  raise 
r  depress)  the  scale  from  this  point  until  it  stands  at  such 
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a  height  as  just  to  include  one  half  of  the  men  above 
below)  the  mean.  (In  practice  this  would  be  found  tc 
quire  about  1*71  inches:  that  is,  one  quarter  of  any  1 
group  of  such  men  will  fall  between  69  and  70*71  inci 
Divide  this  number  by  '4769  and  we  have  the  modulus, 
the  case  in  question  it  would  be  equal  to  about  3*6  inche 

Under  the  assumption  with  which  we  start,  viz.  that 
law  of  error  displays  itself  in  the  familiar  binomial  fern 
in  some  form  approximating  to  this,  the  three  methods  i 
cated  above  will  coincide  in  their  result.  Where  thei 
any  doubt  on  this  head,  or  where  we  do  not  feel  able  to 
culate  beforehand  what  will  be  the  rate  of  dispersion 
must  adopt  the  second  plan  of  determining  the  modi 
This  is  the  only  universally  applicable  mode  of  calculai 
in  facb  that  it  should  yield  the  modulus  is  a  truth  of  de 
tion;  for  in  determining  the  error  of  mean  square  we 
really  doing  nothing  else  than  determining  the  modulu 
was  pointed  out  in  the  last  chapter. 

§  10.  The  position  then  which  we  have  now  reach( 
this.     Taking  it  for  granted  that  the  Law  of  Error  wil 

into  the  sjrmbolic  form  expressed  by  the  equation  y  =  -j-^  e 

we  have  rules  at  hand  by  which  h  may  be  determined, 
therefore,  for  the  purposes  in  question,  know  all  about 
curve  of  frequency:  we  can  trace  it  out  on  paper:  j 
one  value, — say  the  central  one, — we  can  determine 
other  value  at  any  distance  from  this.  That  is,  kno 
how  many  men  in  a  million,  say,  are  69  inches  high,  we 
determine  without  direct  observation  how  many  will  be 
68,  70,  71,  and  so  on. 

We  can  now  adequately  discuss  the  principal  questic 
logical  interest  before  us;  viz.  why  do  we  take  average 
means?     What  is  the  exact  nature  and  amount  of  the 


T.  10.]  Theory  of  the  Average.  475 

itage  gained  by  so  doing?  The  advanced  student  would 
course  prefer  to  work  out  the  answers  to  these  questions 
appealing  at  once  to  the  Law  of  Error  in  its  ultimate  or 
ponential  form.  But  I  feel  convinced  that  the  best 
lithod  for  those  who  wish  to  gain  a  clear  conception  of  the 
{ical  nature  of  the  process  involved,  is  to  begin  by  treating 
fts  a  question  of  combinations  such  as  we  are  familiar  with 
elementary  algebra;  in  other  words  to  take  a  finite  number 
errors  and  to  see  what  comes  of  averaging  these.  We  can 
an  proceed  to  work  out  arithmetically  the  results  of  com- 
ling  two  or  more  of  the  errors  together  so  as  to  get  a  new 
ies,  not  contenting  ourselves  with  the  general  character 
H^ly  of  the  new  law  of  error,  but  actually  calculating  what 
is  in  the  given  case.  For  the  sake  of  simplicity  we  will 
fe  take  a  series  with  a  very  large  number  of  terms  in  it,  but 
inll  be  well  to  have  enough  of  them  to  secure  that  our  law 
Jrror  shall  roughly  approximate  in  its  form  to  the  standard 
exponential  law. 

For  this  purpose  the  law  of  error  or  divergence  given  by 
^posing  our  effort  to  be  aflfected  by  ten  causes,  each  of 
ich  produces  an  equal  error,  but  which  error  is  equally 
ily  to  be  positive  and  negative  (or,  as  it  might  perhaps 

expressed,  'ten  equal  and  indiflferently  additive  and 
►tractive  causes')  will  suffice.  This  is  the  lowest  number 
oaed  according  to  the  Binomial  law,  which  will  furnish  to 

eye  a  fedr  indication  of  the  limiting  or  Exponential  law*. 
^  whole  number  of  possible  cases  here  is  2*®  or  1024;  that 
this  is  the  number  required  to  exhibit  not  only  all  the 
es  which  can  occur  (for  there  are  but  eleven  really  dis- 
at  cases),  but  also  the  relative  frequency  with  which  each 
ihese  cases  occurs  in  the  long  run.     Of  this  total,  252  will 

Bee,  for  the  explanation  of  this,  and  of  the  graphical  method  of  illos- 
Ing  it,  the  note  on  p.  29. 
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be  situated  at  the  mean,  representing  the  'true' b 
or  that  given  when  five  of  the  causes  of  disturlniKe 
neutralize  the  other  five.  Again,  210  will  be  at  wbi 
will  call  one  unit's  distance  from  the  mean,  or  that  gin 
six  causes  combining  against  four ;  and  so  on ;  until  • 
extreme  distance  of  five  places  from  the  mean  we  ge 
one  result,  since  in  only  one  case  out  of  the  1024  willi 
causes  combine  together  in  the  same  direction.  The ! 
1024  efforts  is  therefore  a  feir  representation  of  the  i 
bution  of  an  infinite  number  of  such  efforts.  A  gt^ 
representation  of  the  arrangement  is  given  here. 


§  11.  This  representing  a  complete  set  of  sinpii 
servations  or  efforts,  what  will  be  the  number  and  arr 
ment  in  the  corresponding  set  of  combined  or  w 
observations,  say  of  two  together  ?  With  regard  ii 
number  we  must  bear  in  mind  that  this  is  not  a  case  t 
combinations  of  things  which  cannot  be  repeated;  fm 
given  error,  say  the  extreme  one  at  F,  can  obviaui 
repeated  twice  running.  Such  a  repetition  would  bo  a 
of  very  bad  luck  no  doubt,  but  being  possible  it  niuji 
its  place  in  the  set.  Now  the  possible  number  of  »i 
combining  1024  things  two  together,  where  the  sanii' 
may  be  repeated  tmc^  T\ni.ti.\n%,  \s  1024  x  1024  or  IW 
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18  then  is  the  number  in  a  complete  cycle  of  the  results 
ben  two  and  two  together. 
§  12.  So  much  for  their  number ;  now  for  their  arrange- 
imt  or  distribution.  What  we  have  to  ascertain  is,  firstly, 
w  many  times  each  possible  pair  of  observations  will  present 
jelf ;  and,  secondly,  where  the  new  results,  obtained  from 
b  combination  of  each  pair,  are  to  be  placed.  With  regard 
the  first  of  these  enquiries ; — it  will  be  readily  seen  that 
one  occasion  we  shall  have  F  repeated  twice ;  on  20  ocea- 
ns we  shall  have  F  combined  with  E  (for  F  coming  first 
t  may  have  it  followed  by  any  one  of  the  10  at  j&,  or  any 
B  of  these  may  be  followed  by  ^) ;  E  can  be  repeated  in 
X  10,  or  100  ways,  and  so  on. 

Now  for  the  position  of  each  of  these  reduced  observations, 
5  relative  jfrequency  of  whose  component  elements  has  thus 
5n  pointed  out.  This  is  easy  to  determine,  for  when  we 
ce  two  errors  there  is  (as  was  seen)  scarcely  any  other 
Kie  of  treatment  than  that  of  selecting  the  mid-point  be- 
een  them;  this  mid-point  of  course  becoming  identical 
th  each  of  them  when  the  two  happen  to  coincide.  It  will 
seen  therefore  that  F  will  recur  once  on  the  new  arrange- 
snt,  viz.  by  its  being  repeated  twice  on  the  old  one.  (?, 
dway  between  E  and  F,  will  be  given  20  times.  .  E,  on 
r  new  arrangement,  can  be  got  at  in  two  ways,  viz.  by  its 
ing  repeated  twice  (which  will  happen  100  times),  and  by 
being  obtained  as  the  mid-point  between  D  and  F  (which 
11  happen  90  times).     Hence  E  will  occur  190  times  alto- 

ther. 

The  reader  who  chooses  to  take  the  trouble  may  work  out 
B  firequency  of  all  possible  occurrences  in  this  way,  and  if 
3  object  were  simply  to  illustrate  the  principle  in  accord- 
ce  with  which  they  occur,  this  might  be  the  best  way  of 
oceeding.     But  as  he  may  soon  be  able  to  observe,  and  as 
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the  mathematician  would  at  once  be  able  to  prove,  the  i 
'  law  of  facility  of  error '  can  be  got  at  more  quickly  dd 
tively,  viz.  by  taking  the  successive  terms  of  the  expansioj 
(1  + 1)*®.  They  are  given,  below  the  line,  in  the  figure  on  p.  ^ 

§  13.  There  are  two  apparent  obstacles  to  any  dii 
comparison  between  the  distribution  of  the  old  set  of  sin 
observations,  and  the  new  set  of  combined  or  reduced  oi 
In  the  first  place,  the  number  of  the  latter  is  much  grea 
This,  however,  is  readily  met  by  reducing  them  both  to 
same  scale,  that  is  by  making  the  same  total  number  of  « 
In  the  second  place,  half  of  the  new  positions  have  no  re] 
sentatives  amongst  the  old,  viz.  those  which  occur  mid 
between  F  and  E,  E  and  i),  and  so  on.  This  can  be  me 
the  usual  plan  of  interpolation,  viz.  by  filling  in  such  j 
by  estimating  what  would  have  been  the  number  at 
missing  points,  on  the  same  scale,  had  they  been  occu{ 
Draw  a  curve  through  the  vertices  of  the  ordinates 
A,  By  Gy  &c.,  and  the  lengths  of  the  ordinates  at  the 
termediate  points  will  very  fairly  represent  the  correspon( 
jfrequency  of  the  errors  of  those  magnitudes  respecti^ 
When  the  gaps  are  thus  filled  up,  and  the  numbers  1 
reduced  to  the  same  scale,  we  have  a  perfectly  fair  basi 
comparison.     (See  figure  on  next  page.) 

Similarly  we  might  proceed  to  group  or  '  reduce  *  tl 
observations,  or  any  greater  number.  The  number  of  poss 
groupings  naturally  becomes  very  much  larger,  being  (10 
when  they  are  taken  three  together.  As  soon  as  we  gei 
three  or  more  observations,  we  have  (as  already  pointed  ( 
a  variety  of  possible  modes  of  treatment  or  reduction 
which  that  of  taking  the  arithmetical  mean  is  but  one. 

§  14.     The  following  figure  is  intended  to  illustrate 
nature  of  the  advantage  secured  by  thus  taking  the  aii 
metical  mean  of  several  observations. 
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The  curve  ABGD  represents  the  arrangement  of  a  given 

iber  of  '  errors '  supposed  to  be  disposed  according  to  the 

lomial  law  ab-eady  mentioned,  when  the  angles  have  been 

»thed  off  by  drawing  a  curve  through  them.     A' CD' 

jnts  the   similar  arrangement   of  the   same   number 

len  given  not  as  simple  errors,  but  as  averages  of  pairs  of 

)r8.     A"Biy\  again,  represents  the  similar  arrangement 

led  as  averages  of  errors  taken  three  together.     They 

drawn  as  carefully  to  scale  as  the  small  size  of  the  figure 

its. 


§  16.  A  glance  at  the  above  figure  will  explain  to  the 
luler,  better  than  any  verbal  description,  the  full  signi- 
scuice  of  the  statement  that  the  result  of  combining  two  or 
Ore  measurements  or  observations  together  and  taking  the 
'erage  of  them,  instead  of  stopping  short  at  the  single 
^ments,  is  to  make  large  errors  comparatively  more  scarce. 
\e  advantage  is  of  the  same  general  description  as  that  of 
hing  in  a  lake  where,  of  the  same  number  of  fish,  there 
Bfc  more  big  and  fewer  little  ones  than  in  another  water :  of 
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dipping  in  a  bag  where  of  the  same  number  of  coins 
are  more  sovereigns  and  fewer  shillings;   and  so  on. 
extreme  importance,  however,  of  obtaining  a  perfectly 
conception  of  the  subject  may  render  it  desirable  to 
this  out  a  little  more  fully  in  detail. 

For  one  thing,  then,  it  must  be  clearly  understood 
the  result  of  a  set  of  *  averages'  of  errors  is  nothing 
than  another  set  of  'errors.'  No  device  can  make  th 
tainment  of  the  true  result  certain, — to  suppose  the 
trary  would  be  to  misconceive  the  very  foundations  of 
bability, — no  device  even  can  obviate  the  possibility  of  1 
actually  worse  off  as  the  result  of  our  labour.  The  av( 
of  two,  three,  or  any  larger  number  of  single  results, 
give  a  worse  result,  i.e.  one  further  from  the  ultimate  ave 
than  was  given  by  the  first  observation  we  made.  We  i 
simply  fall  back  upon  the  justification  that  big  devia 
are  rendered  scarcer  in  the  long  run. 

Again ;  it  may  be  pointed  out  that  though,  in  the  a 
investigation,  we  have  spoken  only  of  the  arithmetical  ave 
as  commonly  understood  and  employed,  the  same  gei 
results  would  be  obtained  by  resorting  to  almost  any  i 
metrical  and  regular  mode  of  combining  our  observatioi 
errors.  The  two  main  features  of  the  regularity  displ 
by  the  Binomial  Law  of  facility  were  (1)  ultimate  symm 
about  the  central  or  true  result,  and  (2)  increasing  relt 
frequency  as  this  centre  was  approached.  A  very  little 
sideration  will  show  that  it  is  no  peculiar  prerogative  of 
arithmetical  mean  to  retain  the  former  of  these  and  U 
crease  the  latter.  In  saying  this,  however,  a  distinction  i 
be  attended  to  for  which  it  will  be  convenient  to  refer 
figure. 

§  16.     Suppose  that  0,  in  the  line  D'OD,  was  the  p 
aimed  at  by  any  series  of  measurements ;  or,  what  comei 
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e  same  thing  for  our  present  purpose,  was  the  ultimate 
erage  of  all  the  measurements  made.     What  we  mean  by 


JD^C^     B' 


jB     O    J} 


Bymmetrical  arrangement  of  the  values  in  regard  to  0,  is 
at  for  every  error  05,  there  shall  be  in  the  long  run  a  pre- 
lely  corresponding  opposite  one  OE ;  so  that  when  we  erect 
e  ordinate  JBQ,  indicating  the  frequency  with  which  B  is 
dlded,  we  must  erect  an  equal  one  SQ.  Accordingly  the 
X)  halves  of  the  curve  on  each  side  of  P,  viz.  PQ  and  PQ' 
d  precisely  alike. 

It  then  readily  follows  that  the  secondary  curve,  viz. 
%t  marking  the  law  of  jfrequency  of  the  averages  of  two  or 
Eire  siniple  errors,  will  also  be  symmetrical.  Consider  any 
^ee  points  B,  C,  D:  to  these  correspond  another  three 
>  C,  Jy»  It  is  obvious  therefore  that  any  regular  and  sjrm- 
Madcal  mode  of  dealing  with  all  the  groups,  of  which  BCD 
A  sample,  will  result  in  symmetrical  arrangement  about 
ft  centre  0.  The  ordinary  familiar  arithmetical  average  is 
t  one  out  of  many  such  modes.  One  way  of  describing  it  is 
saying  that  the  average  of  5,  C,  D,  is  assigned  by  choosing 
toint  such  that  the  sum  of  the  squares  of  its  distances  from 
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J8,  (7,  D,  is  a  minimum.  But  we  might  have  selected 
such  that  the  cubes,  or  the  fourth  powers,  or  any 
powers  should  be  a  minimum.  These  would  all  yield 
resembling  in  a  general  way  the  dotted  line  in  our 
Of  course  there  would  be  insuperable  practical  object 
any  such  courses  as  these;  for  the  labour  of  calc 
would  be  enormous,  and  the  results  so  far  from  being 
would  be  worse  than  those  afforded  by  the  employi 
the  ordinary  average.  But  so  far  as  concerns  the  : 
principle  of  dealing  with  discordant  and  erroneous  ret 
must  be  remembered  that  the  familiar  average  is  I 
out  of  innumerable  possible  resources,  all  of  which 
yield  the  same  sort  of  help. 

§  17.  Once  more.  We  saw  that  a  resort  to  the  i 
had  the  effect  of  'humping  up'  our  curve  more  towa 
centre,  expressive  of  the  fact  that  the  errors  of  avera 
of  a  better,  i.e.  smaller  kind.  But  it  must  be  notice 
exactly  the  same  characteristics  will  follow,  as  a  gener 
from  any  other  such  mode  of  dealing  with  the  ind 
errors.  No  strict  proof  of  this  fact  can  be  given  hen 
reference  to  one  of  the  familiar  results  of  taking  cc 
tions  of  things  will  show  whence  this  tendency  arise 
treme  results,  as  yielded  by  an  average  of  any  kind,  c 
be  got  in  one  way,  viz.  by  repetitions  of  extremes 
individuals  from  which  the  averages  were  obtaine( 
intermediate  results  can  be  got  at  in  two  ways,  viz.  ei 
intermediate  individuals,  or  by  combinations  of  indi 
in  opposite  directions.  In  the  case  of  the  Binomi; 
of  Error  this  tendency  to  thicken  towards  the  cem 
already  strongly  predominant  in  the  individual  values 
we  took  them  in  hand  for  our  average ;  but  owing 
characteristic  of  combinations  we  may  lay  it  down  ( 
speaking)  that  any  sort  of  average  applied  to  any  sort 
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:ribution  will  give  a  result  which  bears  the  same 
1  relation  to  the  individual  values  that  the  dotted  lines 
bear  to  the  black  line\ 

8.  This  being  so,  the  speculative  advantages  of  one 
i  of  combining,  or  averaging,  or  reducing,  our  observa- 
over  another  method, — irrespective,  that  is,  of  the 
al  conveniences  in  carrying  them  out, — will  consist 
in  the  degree  of  rapidity  with  which  it  tends  thus  to 

the  result  about  the  centre.  We  shall  have  to  subject 
3rit  to  a  somewhat  further  analysis,  but  for  the  present 
e  it  will  suflfice  to  say  that  if  one  kind  of  average  gave 
yher  dotted  line  in  the  figure  on  p.  479  and  another 
he  lower  dotted  line,  we  should  say  that  the  former 
e  better  one.  The  advantage  is  of  the  same  general 
$  that  which  is  furnished  in  algebraical  calculation,  by 
s  ^hich  converges  rapidly  towards  the  true  value  as 
•ed  with  one  which  converges  slowly.  We  can  do 
»rk  sooner  or  later  by  the  aid  of  either;  but  we  get 

the  truth  by  the  same  amount  of  labour,  or  get  as 
y  a  less  amount  of  labour,  on  one  plan  than  on  the 


we  are  here  considering  the  case  in  which  the  indi- 
observations  are  supposed  to  be  grouped  in  accordance 


dly  speaking,  we  may  say 
above  remarks  hold  good  of 
of  frequency  of  error  in 
lere  are  actual  limits,  how- 
9,  to  the  possible  magnitude 
or.  If  there  are  no  limits  to 
ble  errors,  this  characteristic 
erage  to  heap  its  results  up 
the  centre  will  depend  upon 
auces.  When,  as  in  the  ex- 
1  curve,  the  approximation 
ise,  as  asymptote,  is  exceed- 


ingly rapid, — that  is,  when  the  ex- 
treme errors  are  relatively  very  few, — 
it  still  holds  good.  But  if  we  were 
to  take  as  our  law  of  facility  such  un 

equationa3j,  =  j^„'(a8  hinted  by 

De  Morgan  and  noted  by  Mr  Edge- 
worth  :  Camh.  Phil.  Tram.  vol.  x. 
p.  184,  and  vol.  xiv.  p.  160)  it  does 
not  hold  good.  The  result  of  aver- 
aging is  to  diminish  the  tendency  to 
cluster  towards  the  centre. 
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with  the  Binomial  Law,  it  will  suflSce  to  say  that  in  this* 
there  is  no  doubt  that  the  arithmetical  average  is  not  \ 
the  simplest  and  easiest  to  deal  with,  but  is  also  the  ba 
the  above  sense  of  the  term.  And  since  this  Binomial  1 
or  something  approximating  to  it,  is  of  very  wide  preTak 
a  strong  prima  facie  case  is  made  out  for  the  general  emp 
ment  of  the  familiar  average. 

§  19.  The  analysis  of  a  few  pages  back  carried 
results  of  the  averaging  process  as  far  as  could  be  ( 
veniently  done  by  the  help  of  mere  arithmetic  To 
further  we  must  appeal  to  higher  mathematics,  bnt 
following  indication  of  the  sort  of  results  obtained 
suffice  for  our  present  purpose.  After  all,  the  succes 
steps,  though  demanding  intricate  reasoning  for  their  p 
are  nothing  more  than  generalizations  of  processes  wl 
could  be  established  by  simple  arithmetic  ^  Briefly,  whai 
do  is  this : — 

(1)  We  first  extend  the  proof  from  the  binomial  ft 
with  its  finite  number  of  elements,  to  the  limiting  t>r 
ponential  form.  Instead  of  confining  ourselves  to  a  a 
number  of  discrete  errors,  we  then  recognize  the  possibi 
of  any  number  of  errors  of  any  magnitude  whatever. 

(2)  In  the  next  place,  instead  of  confining  ourselves 
the  consideration  of  an  average  of  two  or  three  onlj 
already,  as  we  have  seen,  a  tedious  piece  of  arithmetic- 
calculate  the  result  of  an  average  of  any  number,  n.  1 
actual  result  is  extremely  simple.  If  the  modulus  i»f 
single  errors  is  c,  that  of  the  average  of  n  of  these  will 

c-¥  Jn. 

(3)  Finally  we  draw  similar  conclusions  in  refervDoe 
the  sum  or  difference  of  two  averages  of  any  numbers.    S 

^  The  reader  "wWi  ^.tid.  1\\q  -^xoofe      va.  GaUoway  on  ProbaMitf,  •» 
of  these  and  other  aiimVat  loxmxjJ^a      t^irj  om^TTtm. 
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ose,  for  instance,  that  m  errors  were  first  taken  and  aver- 
ged,  and  then  n  similarly  taken  and  averaged  These 
verages  will  be  nearly,  but  not  quite,  equal.  Their  sum  or 
ifference, — these,  of  course,  are  indistinguishable  in  the  end, 
tnce  positive  and  negative  errors  are  supposed  to  be  equal 
Dd  opposite, — will  itself  be  an  'error',  every  magnitude  of 
'liich  will  have  a  certain  assignable  probability  or  facility  of 
Bcurrence.  What  we  do  is  to  assign  the  modulus  of  these 
rrors.  The  actual  result  again  is  simple.  If  c  had  been 
16  modulus  of  the  single  errors,  that  of  the  sum  or  dif- 
irence  of  the  averages  of  m  and  n  of  them  will  be 


yli 


1 

+-. 

m     n 


§  20.  So  far,  the  problem  under  investigation  has  been 
F  a  direct  kind.  We  have  supposed  that  the  ultimate  mean 
Bdue  or  central  position  has  been  given  to  us;  either  k 
riori  (as^  in  many  games  of  chance),  or  from  more  immediate 
hysical  considerations  (as  in  aiming  at  a  mark),  or  from  ex- 
Snsive  statistics  (as  in  tables  of  human  stature).  In  all 
»ch  cases  therefore  the  main  desideratum  is  already  taken 
►r  granted,  and  it  may  reasonably  be  asked  what  remains  to 
e  done.  The  answers  are  various.  For  one  thing  we  may 
«nt  to  estimate  the  value  of  an  average  of  many  when  com- 
Gired  with  an  average  of  a  few.  Suppose  that  one  man  has 
^Uected  statistics  including  1000  instances,  and  another  has 
>llected  4000  similar  instances.  Common  sense  can  recog- 
ize  that  the  latter  are  better  than  the  former;  but  it  has  no 
lea  how  much  better  they  are.  Here,  as  elsewhere,  quanti- 
^tive  precision  is  the  privilege  of  science.  The  answer  we 
^ceive  from  this  quarter  is  that,  in  the  long  run,  the 
Modulus, — and  with  this  the  probable  error,  the  mean  error, 
nd  the  error  of  mean  square,  which  all  vary  in  proportion, — 
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diminishes  inversely  as  the  square  root  of  the  numb 
measurements  or  observations.  (This  follows  from  the  S€ 
of  the  above  formulae.)  Accordingly  the  probable  err 
the  more  extensive  statistics  here  is  one  half  that  of  the 
extensive.  Take  another  instance.  Observation  shows 
*'the  mean  height  of  2,315  criminals  differs  from  the  i 
height  of  8,585  members  of  the  general  adult  populatio 
about  two  inches"  (v.  Edgeworth,  Methods  of  Statii 
Stat,  Soc,  Joum,  1885).  As  before,  common  sense  would 
little  doubt  that  such  a  difference  was  significant,  bt 
could  give  no  numerical  estimate  of  the  significance, 
pealing  to  science,  we  see  that  this  is  an  illustration  oi 
third  of  the  above  formulae.  What  we  really  want  to  1 
is  the  odds  against  the  averages  of  two  large  batches  diff( 
by  an  assigned  amount:  in  this  case  by  an  amount  equa 
twenty-five  times  the  modulus  of  the  variable  quae 
The  odds  against  this  are  many  billions  to  one. 

§  21.  The  number  of  direct  problems  which  will 
admit  of  solution  is  very  great,  but  we  must  confine  ours< 
here  to  the  main  inverse  problem  to  which  the  foreg 
discussion  is  a  preliminary.  It  is  this.  Given  a  few  oiu 
one  of  tho^e  groups  of  measurements  or  observations;  ^ 
can  we  do  with  these,  in  the  way  of  determining  that  n 
about  which  they  would  ultimately  be  found  to  clus 
Given  a  large  number  of  them,  they  would  betray  the  ] 
tion  of  their  ultimate  centre  with  constantly  increa 
certainty:  but  we  are  now  supposing  that  there  are  on 
few  of  them  at  hand,  say  half  a  dozen,  and  that  we  hav< 
power  at  present  to  add  to  the  number. 

In  other  words, — expressing  ourselves  by  the  aid 
graphical  illustration,  which  is  perhaps  the  best  met 
for  the  novice  and  for  the  logical  student, — in  the  di 
problem  we  merely  have  to  draw  the  curve  of  frequency  i 
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knowledge  of  its  determining  elements;  viz.  the  position 
t  the  centre,  and  the  numerical  value  of  the  modulus.  In 
be  inverse  problem,  on  the  other  hand,  we  have  three  ele- 
lents  at  least,  to  determine.  For  not  only  must  we,  (1),  as 
lefore,  determine  whereabouts  the  centre  may  be  assumed  to 
lie;  and  (2),  as  before,  determine  the  value  of  the  modulus 
t  degree  of  dispersion  about  this  centre.  This  does  not 
Dmplete  our  knowledge.  Since  neither  of  these  two  ele- 
Hents  is  assigned  with  certainty,  we  want  what  is  always 
Quired  in  the  Theory  of  Chances,  viz.  some  estimate  of  their 
Kobable  truth.  That  is,  after  making  the  best  assignment 
fe  can  as  to  the  value  of  these  elements,  we  want  also  to 
^gn  numerically  the  'probable  error'  committed  in  such 
iBignment.  Nothing  more  than  this  can  be  attained  in  Pro- 
pj[)ility,  but  nothing  less  than  this  should  be  set  before  us. 

§  22.  (1)  As  regards  the  first  of  these  questions,  the 
nswer  is  very  simple.  Whether  the  number  of  measure- 
ments or  observations  be  few  or  many,  we  must  make  the 
Beumption  that  their  average  is  the  point  we  want;  that  is, 
bat  the  average  of  the  few  will  coincide  with  the  ultimate 
^erage.  This  is  the  best,  in  fact  the  only  assumption  we 
an  make.  We  should  adopt  this  plan,  of  course,  in  the 
Ktreme  case  of  there  being  only  one  value  before  us,  by  just 
iddng  that  one;  and  our  confidence  increases  slowly  with 
be  number  of  values  before  us.  The  only  difference  there- 
mte  here  between  knowledge  resting  upon  such  data,  and 
nowledge  resting  upon  complete  data,  lies  not  in  the  result 
btained  but  in  the  confidence  with  which  we  entertain  it. 

§  23.  (2)  As  regards  the  second  question,  viz.  the  deter- 
mination of  the  modulus  or  degree  of  dispersion  about  the 
lean,  much  the  same  may  be  said.  That  is,  we  adopt  the 
^me  rule  for  the  determination  of  the  E.M.S.  (error  of  mean 
qaare)   by  which   the   modulus  is  assigned,  as  we  should 
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adopt  if  we  .possessed  full  information.  Or  rather  w 
confined  to  one  of  the  rules  given  on  p.  473,  viz.  the  s( 
for  by  supposition  we  have  neither  the  k  priori  know 
which  would  be  able  to  supply  the  first,  nor  a  sufi 
number  of  observations  to  justify  the  third.  That  i 
reckon  the  errors,  measured  firom  the  average,  and  cal( 
their  mean  square:  twice  this  is  equal  to  the  square  c 
modulus  of  the  probable  curve  of  facility  \ 

§  24.  (3)  The  third  question  demands  for  its  sol 
somewhat  advanced  mathematics;  but  the  results  a 
indicated  without  much  difficulty.  A  popular  way  of  si 
our  requirement  would  be  to  say  that  we  want  to  knov 
likely  it  is  that  the  mean  of  the  few,  which  we  have 
accepted,  shall  coincide  with  the  true  mean.  But  this 
be  to  speak  loosely,  for  the  chances  are  of  course  indefi 
great  against  such  precise  coincidence.  What  we  rea 
is  to  assign  the  *  probable  error';  that  is,  to  assign  a 
which  it  is  as  likely  as  not  that  the  discrepancy  be 
the  inferred  mean  and  the  true  mean  should  exceed* 
take  a  numerical  example:   suppose  we  had  made  S( 


1  The  formula  commonly  used  for 


71^ 


aud 


the  E.M.S.  in  this  case  is 

not  — .    The   difference  is  trifliug, 
n 

unless  n  be  small;  the  justification 
has  been  offered  for  it  that  since  the 
sum  of  the  squares  measured  from 
the  true  centre  is  a  minimum  (that 
centre  being  the  ultimate  arithmeti- 
cal mean)  the  sum  of  the  squares  mea- 
sured from  the  somewhat  incorrectly 
assigned  centre  will  be  somewhat 
larger. 

^  It  appears  to  me  that  in  strict 


logical  propriety  we  should 
know  the  probable  error  comm 
holh  the  assignments  of  the  pn 
two  sections.  But  the  profou 
thematicians  who  have  discuss 
question,  and  who  alone  are  ' 
tent  to  treat  it,  have  mostlv 
with  the  practical  wants  of  Astr 
in  view;  and  for  this  purpos 
sufficient  to  take  account  of  t 
great  desideratum,  viz.  the  true 
sought.  Accordingly  the  onl; 
commonly  given  refer  to  the  pi 
error  of  the  mean. 
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Bftsurements  of  a  wall  with  a  tape,  and  that  the  average  of 
Ifase  was  150  feet.  The  scrupulous  surveyor  would  give  us 
ii  result,  with  some  such  correction  as  this  added, — 'prc- 
jble  error  3  inches'.  All  that  this  means  is  that  wo  may 
(jKune  that  the  true  value  is  150  feet,  with  a  confidence  that 
».  half  the  cases  (of  this  description)  in  which  we  did  so,  wo 
Mmld  really  be  within  three  inches  of  the  truth. 

The  expression  for  this  probable  error  is  a  simple  multiple 
^  the  modulus:  it  is  the  modulus  multiplied  by  •47G9... 
bat  it  should  be  some  function  of  the  modulus,  or  E.M.S., 
pms  plausible  enough;  for  the  greater  the  errors, — in  other 
llvds  the  wider  the  observed  discrepancy  amongst  our 
Basurements, — the  less  must  be  the  confidence  we  can  feel 
\  the  accuracy  of  our  determination  of  the  mean.  But,  of 
|Use,  without  mathematics  we  should  be  quite  unable  to 
tempt  any  numerical  assignment. 

§  25.  The  general  conclusion  therefore  is  that  the  de- 
rmination  of  the  curve  of  facility, — and  therefore  ultimately 

every  conclusion  which  rests  upon  a  knowledge  of  this 
BTve, — where  only  a  few  observations  are  available,  is  of 
Bt  the  same  kind  as  where  an  infinity  are  available.  The 
les  for  obtaining  it  are  the  same,  but  the  confidence  with 
bich  it  can  be  accepted  is  less. 

The  knowledge,  therefore,  obtainable  by  an  average  of  a 
kail  number  of  measurements  of  any  kind,  hardly  differs 
oept  in  degree  frora  that  w^hich  would  be  attainable  by  an 
flefinitely  extensive  series  of  them.  We  know  the  same 
tt  of  facts,  only  we  are  less  certain  about  them.  But,  on 
e  other  hand,  the  knowledge  yielded  by  an  average  even 
a  small  number  differs  in  kind  from  that  which  is  yielded 
"  a  single  measurement.  Revert  to  our  marksman,  whose 
Jlseye  is  supposed  to  have  been  afterwards  removed.     If 

had  fired  only  a.  single  shot,  not  only  should  we  be  less 
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certain  of  the  point  he  had  aimed  at,  but  we  should  have 
means  whatever  of  guessing  at  the  quality  of  his  shooting 
of  inferring  in  consequence  anything  about  the  proba 
remoteness  of  the  next  shot  from  that  which  had  gone  beS 
But  directly  we  have  a  plurality  of  shots  before  us,  we : 
merely  feel  more  confident  as  to  whereabouts  the  centK 
aim  was,  but  we  also  gain  some  knowledge  as  to  how  * 
future  shots  will  cluster  about  the  spot  thus  indicated.  1 
quality  of  his  shooting  begins  at  once  to  be  betrayed  by 
results. 

§  26.  Thus  far  we  have  been  supposing  the  La¥f 
Facility  to  be  of  the  Binomial  type.  There  are  sevi 
reasons  for  discussing  this  at  such  comparative  length, 
one  thing  it  is  the  only  type  which, — or  something  appn 
mately  resembling  which, — is  actually  prevalent  over  a  ii 
range  of  phenomena.  Then  again,  in  spite  of  its  appai 
intricacy,  it  is  really  one  of  the  simplest  to  deal  with ;  ow 
to  the  fact  that  every  curve  of  facility  derived  from  it 
taking  averages  simply  repeats  the  same  type  again.  ' 
curve  of  the  average  only  differs  from  that  of  the  sii 
elements  in  having  a  smaller  modulus ;  and  its  raodului 
smaller  in  a  ratio  which  is  exceedingly  easy  to  give.  If  t 
of  the  one  is  c,  that  of  the  other  (derived  by  averag 

n  single  elements)  is  -p . 

But  for  understanding  the  theory  of  averages  we  m 
consider  other  cases  as  well.  Take  then  one  which  is  inti 
sically  as  simple  as  it  possibly  can  be,  viz.  that  in  which 
values  within  certain  assigned  limits  are  equally  probal 
This  is  a  case  familiar  enough  in  abstract  Probability,  thou 
as  just  remarked,  not  so  common  in  natural  phenomena. 
is  the  state  of  things  when  we  act  at  random  directly  u| 
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objects  of  choice* ;  as  when,  for  instance,  we  choose  digits 
random  out  of  a  table  of  logarithms. 
The  reader  who  likes  to  do  so  can  without  much  labour 
out  the  result  of  taking  an  average  of  two  or  three 
its  by  proceeding  in  exactly  the  same  way  which  we 
»pted  on  p.  476.  The  'curve  of  facility'  with  which  we 
^e  to  start  in  this  case  has  become  of  course  simply  a 
straight  line.  Treating  the  question  as  one  of  simple 
ibinations,  we  may  divide  the  line  into  a  number  of  equal 
Ikrts,  by  equidistant  points ;  and  then  proceed  to  take  these 
po  and  two  together  in  every  possible  way,  as  we  did  in  the 
■K  discussed  some  pages  back. 

^  If  we  did  so,  what  we  should  find  would  be  this.  When 
average  of  two  is  taken,  the  'curve  of  facility'  of  the 
tge  becomes  a  triangle  with  the  initial  straight  line  for 
;  so  that  the  ultimate  mean  or  central  point  becomes 
likeliest  result  even  with  this  commencement  of  the 
"erasing  process.  If  we  were  to  take  averages  of  three, 
and  so  on,  what  we  should  find  would  be  that  the 
»niial  law  begins  to  display  itself  here.  The  familiar  bell 
i,pe  of  the  exponential  curve  would  be  more  and  more 
Osely  approximated  to,  until  we  obtained  something  quite 
iKKstinguishable  from  it. 

§  27.  The  conclusion  therefore  is  that  when  we  are 
baling  with  averages  involving  a  considerable  number  it  is 
M  necessary,  in  general,  to  presuppose  the  binomial  law  of 
Mribution  in  our  original  data.  The  law  of  arrangement  of 
kat  we  may  call  the  derived  curve,  viz.  that  corresponding 
^  the  averages,  will  not  be  appreciably  affected  thereby. 
►rdingly  we  seem  to  be  justified  in  bringing  to  bear  all 


i.  e.  as  distinguished  from  acting      ter  on  Randomness,  may  result  in 
them  indirectly.     This  latter      giving  a  non-uniform  distribution. 
Qeeeding,  as  explained  in  the  chap- 
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the  same  apparatus  of  calculation  as  in  the  former  cas( 
take  the  initial  average  as  the  probable  position  of  th 
centre  or  ultimate  average  :  we  estimate  the  probabilil 
we  are  within  an  assignable  distance  of  the  truth  in  so 
by  calculating  the  'error  of  mean  square';  and  we 
to  this  same  element  to  determine  the  modulus,  i. 
amount  of  contraction  or  dispersion,  of  our  derived  ci 
facility. 

The  same  general  considerations  will  apply  to  mosi 
kinds  of  Law  of  Facility.  Broadly  speaking, — we  shal 
to  the  examination  of  certain  exceptions  immedial 
whatever  may  have  been  the  primitive  arrangemen 
that  of  the  single  results)  the  arrangement  of  the  d 
results  (i.e.  that  of  the  averages)  will  be  more  crowd 
towards  the  centre.  This  follows  from  the  character! 
combinations  already  noticed,  viz.  that  extreme  valu« 
only  be  got  at  by  a  repetition  of  several  extremes,  w 
intermediate  values  can  be  got  at  either  by  repetit 
intermediates  or  through  the  counteraction  of  opposi 
tremes.  Provided  the  original  distribution  be  symm( 
about  the  centre,  and  provided  the  limits  of  possible  er 
finite,  or  if  infinite,  that  the  falling  off  of  frequency 
recede  from  the  mean  be  very  rapid,  then  the  resu 
taking  averages  will  be  better  than  those  of  trusti 
single  results. 

§  28.  We  will  now  take  notice  of  an  exceptional 
We  shall  do  so,  not  because  it  is  one  which  can 
actually  occur,  but  because  the  consideration  of  it  will 
us  to  ask  ourselves  with  some  minuteness  what  we  mi 
the  above  instances  by  calling  the  results  of  the  av( 
'  better '  than  those  of  the  individual  values.  A  diagrai 
bring  home  to  us  the  point  of  the  difficulty  better  tha 
verbal  or  symbolic  description. 
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The  black  Kne  represents  a  Law  of  Error  eaSil}-  stated  in 
>rds,  and  one  which,  as  we  shall  subsequentl}*  see,  can  be 


LZ 


.*:L 


Ji^ 


;3ii 


Lceived  as  occurring  in  practice.     It  represents  a  state  of 

Lgs  under  which  up  to  a  certain  distance  from  0,  on  each 
le,  viz.  to  A  and  J8,  the  probability  of  an  error  diminishes 

Formly  with  the  distance  from  0;  whilst  beyond  these 
^ints,  up  to  E  and  F,  the  probability  of  error  remains  con- 

tt.  The  dotted  line  represents  the  resultant  Law  of  Error 
wtained  by  taking  the  average  of  the  former  two  and  two 
taogether.  Now  is  the  latter  'better'  than  the  former? 
Cinder  it,  certainly,  great  errors  are  less  frequent  and  inter- 
■bediate  ones  more  frequent;  but  then  on  the  other  hand 
mie  amaU  errors  are  less  frequent :  is  this  state  of  things  on 
3ie  whole  an  improvement  or  not  ?  This  requires  us  to  re- 
^nsider  the  whole  question. 

§  29.  In  all  the  cases  discussed  in  the  previous  sections 
•le  superiority  of  the  curve  of  averages  over  that  of  the 
Sngle  results  showed  itself  at  every  point.  The  big  errors 
%eTe  scarcer  and  the  small  errors  were  commoner;  it  was 
isnly  just  at  one  intermediate  point  that  the  two  were  on 
^rms  of  equality,  and  this  point  was  not  supposed  to  possess 
fcaiy  particular  significance  or  importance.  Accordingly  we 
i^ad  no  occasion  to  analyse  the  various  cases  included  under 
s3ie  general  relation.  It  was  enough  to  say  that  one  was 
::^tter  than  the  other,  and  it  was  sufl&cient  for  all  purposes  to 
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take  the  *  modulus '  as  the  measure  of  this  superiorii 
fact  we  are  quite  safe  in  simply  sajdng  that  the  ave 
those  average  results  is  better  than  that  of  the  ind 
ones. 

When  however  we  proceed  in  what  Hume  calb 
sifting  humour,"  and  enquire  why  it  is  suflScient  t 
trust  to  the  average ;  we  find,  in  addition  to  the  con 
tions  hitherto  advanced,  that  some  postulate  was  requ 
to  the  consequences  of  the  errors  we  incur.  It  invoh 
estimate  of  what  is  sometimes  called  the  'detriment' 
error.  It  seemed  to  take  for  granted  that  large  and 
errors  all  stand  upon  the  same  general  footing  of  bein 
chievous  in  their  consequences,  but  that  their  evil  effe 
crease  in  a  greater  ratio  than  that  of  their  own  magnit 

§  30.  Suppose,  for  comparison,  a  case  in  which  tl 
portance  of  an  error  is  directly  proportional  to  its  mag 
(of  course  we  suppose  positive  and  negative  errors  to  b 
each  other  in  the  long  run):  it  does  not  appear  thf 
advantage  would  be  gained  by  taking  averages.  Som 
of  this  sort  may  be  considered  to  prevail  in  cases  of 
purchase  and  sale.  Suppose  that  any  one  had  to  buy 
large  number  of  yards  of  cloth  at  a  constant  price  per 
that  he  had  to  do  this,  say,  five  times  a  day  for  many  d 
succession.  And  conceive  that  the  measurement  o 
cloth  was  roughly  estimated  on  each  separate  occasion 
resultant  errors  which  are  as  likely  to  be  in  excess 
defect.  Would  it  make  the  slightest  difference  t< 
whether  he  paid  separately  for  each  piece ;  or  wl 
the  five  estimated  lengths  were  added  together,  their  a^ 
taken,  and  he  were  charged  with  this  average  price  foi 
piece  ?  In  the  latter  case  the  errors  which  will  be  ma 
the  estimation  of  each  piece  will  of  course  be  less  in  th( 
run  than  they  would  be  in  the  former :  will  this  be  o 
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lequence  ?     The  answer  surely  is  that  it  will  not  make 
le  slightest  difference  to  either  party  in  the  bargain.     In 
long  run,  since  the  same  parties  are  concerned,  it  will  not 
Batter  whether  the  intermediate  errors  have  been  small  or 

r  Of  course  nothing  of  this  sort  can  be  regarded  as  the 
|^neral  rule.  In  almost  every  case  in  which  we  have  to 
jptfike  measurements  we  shall  find  that  large  errors  are  much 
pore  mischievous  than  small  ones,  that  is,  mischievous  in  a 

,ter  ratio  than  that  of  their  mere  magnitude.     Even  in 

shase  and  sale,  where  different  purchasers  are  concerned, 
must  be  so,  for  the  pleasure  of  him  who  is  overserved 
ilill  hardly  equal  the  pain  of  him  who  is  underserved.  And 
tx  many  cases  of  scientific  measurement  large  errors  may  be 
punply  fatal,  in  the  sense  that  if  there  were  no  reasonable 
IIKOspect  of  avoiding  them  we  should  not  care  to  undertake 
ftie  measurement  at  all. 

§  31.  If  we  were  only  concerned  with  practical  con- 
Bderations  we  might  stop  at  this  point ;  but  if  we  want  to 
i^alize  the  full  logical  import  of  average-taking  as  a  means 
iO  this  particular  end,  viz,  of  estimating  some  assigned 
Kiagnitude,  we  must  look  more  closely  into  such  an  ex- 
ceptional case  as  that  which  was  indicated  in  the  figure  on 
i|u  493.  What  we  there  assumed  was  a  state  of  things  in 
Inference  to  which  extremely  small  errors  were  very  fre- 
iTient,  but  that  when  once  we  got  beyond  a  certain  small 
annge  all  other  errors,  within  considerable  limits,  were  equally 
Kkely. 

It  is  not  difficult  to  imagine  an  example  which  will  aptly 
llustrate  the  case  in  point:  at  worst  it  may  seem  a  little  far- 
etched.  Conceive  then  that  some  firm  in  England  received 
L  hurried  order  to  supply  a  portion  of  a  machine,  say  a 
Kteam-engine,  to  customers  at  a  distant  place;  and  that  it 
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was  absolutely  essential  that  the  work  should  be  true 
tenth  of  an  inch  for  it  to  be  of  any  use.  But  coneer 
that  two  specifications  had  been  sent,  resting  on  di: 
measurements,  in  one  of  which  the  length  of  the  rec 
piece  was  described  as  sixty  and  in  the  other  six 
inches.  On  the  assumption  of  any  ordinary  law  of 
whether  of  the  binomial  type  or  not,  there  can  be  no 
that  the  firm  would  make  the  best  of  a  very  bad  job  b 
structing  a  piece  of  60  inches  and  a  half:  i.e.  they 
have  a  better  chance  of  being  within  the  requisite  te 
an  inch  by  so  doing,  than  by  taking  either  of  the  two  s 
cations  at  random  and  constructing  it  accurately  t( 
But  if  the  law  were  of  the  kind  indicated  in  our  dia 
then  it  seems  equally  certain  that  they  would  be  less 
to  be  within  the  requisite  narrow  margin  by  so  doing, 
mere  question  of  probability, — that  is,  if  such  estimate 
acted  upon  again  and  again, — there  would  be  fewer  fi 
encountered  by  simply  choosing  one  of  the  conf 
measurements  at  random  and  working  exactly  to  this 
by  trusting  to  the  average  of  the  two. 

This  suggests  some  further  reflections  as  to  the  tai 
averages.  We  will  turn  now  to  another  exceptional 
but  one  involving  somewhat  different  considerations 
those  which  have  been  just  discussed.  As  before,  it  n 
most  conveniently  introduced  by  commencing  with  i 
ample. 


^  There  is  no  difficulty  in  conceiv- 
ing circumstances  under  which  a 
law  very  closely  resembling  this 
would  prevail.  Suppose,  e.g.,  that 
one  of  the  two  measurements  had 
been  made  by  a  careful  and  skilled 
mechanic,  and  the  other  by  a  man 
who  to  save  himself  trouble  had  put 


in  the  estimate  at  random 
certain  limits), — the  firm  h 
knowledge  of  this  fact  but  t 
course  unable  to  assign  the 
their  authors, — we  should  g 
much  such  a  Law  of  Error  as 
posed  above. 
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§  32.     Suppose  then  that  two  scouts  were  sent  to  take 

calibre  of  a  gun  in  a  hostile  fort, — ^we  may  conceive  that 

fort  was  to  be  occupied  next  day,  and  used  against  the 

ly,  and  that  it  was  important  to  have  a  supply  of  shot  or 

1, — ^and  that  the  result  is  that  one  of  them  reports  the 

Ibre  to  be  8  inches  and  the  other  9.     Would  it  be  wise  to 

ime  that  the  mean  of  these  two,  viz.  8|  inches,  was  a 

jlier  value  than  either  separately? 

•The  answer  seems  to  be  thia  If  we  have  reason  to 
►se  that  the  possible  calibres  partake  of  the  nature  of  a 
'nuous  magnitude, — Le.  that  all  values,  with  certain 
its,  are  to  be  considered  as  admissible,  (an  assumption 
ih  we  always  make  in  our  ordinary  inverse  step  from  an 
jrvation  or  magnitude  to  the  thing  observed  or  measured) 
len  we  should  be  justified  in  selecting  the  average  as  the 
ilier  value.  But  if,  on  the  other  hand,  we  had  reason  to 
»pose  that  whole  inches  are  always  or  generally  preferred, 
i  is  in  fact  the  case  now  with  heavy  guns,  we  should  do 
Utter  to  take,  even  at  hazard,  one  of  the  two  estimates  set 
erfbre  us,  and  trust  this  alone  instead  of  taking  an  average 
^the  two. 

, .  §  33.  The  principle  upon  which  we  act  here  may  be 
^Kted  thus.  Just  as  in  the  direct  process  of  calculating  or 
ivplaying  the  'errors',  whether  in  an  algebraic  formula  or  in 
.^diagram,  we  generally  assume  that  their  possibility  is 
mtinuous,  ie.  that  all  intermediate  values  are  possible;  so, 
L  the  inverse  process  of  determining  the  probable  position  of 
te  original  from  the  known  value  of  two  or  more  errors,  we 
^mine  that  that  position  is  capable  of  falling  at  any  point 
Kiatever  between  certain  limits.  In  such  an  example  as  the 
!lK>ve,  where  we  know  or  suspect  a  discontinuity  of  that 
raesibility  of  position,  the  value  of  the  average  may  be 
:^tirely  destroyed. 

V.  39 
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In  the  above  example  we  were  supposed  to  know 
the  calibre  of  the  guns  was  likely  to  run  in  English  inct 
in  some  other  recognized  units.  But  if  the  battery  we 
China  or  Japan,  and  we  knew  nothing  of  the  standar 
length  in  use  there,  we  could  no  longer  appeal  to 
principle.  It  is  doubtless  highly  probable  that  those  cal 
are  not  of  the  nature  of  continuously  varying  magniti 
but  in  an  entire  ignorance  of  the  standards  actually  ado 
we  are  to  all  intents  and  purposes  in  the  same  position 
they  were  of  that  continuous  nature.  When  this  is  so 
objections  to  trusting  to  the  average  would  no  longer 
good,  and  if  we  had  only  one  opportunity,  or  a  very 
opportunities,  we  should  do  best  to  adhere  to  the  custoi 
practice. 

§  34.  When  however  we  are  able  to  collect  and  com 
a  large  number  of  measurements  of  various  objects, 
consideration  of  the  probable  discontinuity  of  the  object 
thus  measure, — that  is,  their  tendency  to  assume  some  oi 
other  of  a  finite  number  of  distinct  magnitudes,  instea 
showing  an  equal  readiness  to  adapt  themselves  to  all  ii 
mediate  values, — again  assumes  importance.  In  fact,  g 
a  sufficient  number  of  measurable  objects,  we  can  acti 
deduce  with  much  probability  the  standard  accordinj 
which  the  things  in  question  were  made. 

This  is  the  problem  which  Mr  Flinders  Petrie  has 
tacked  with  so  much  acuteness  and  industry  in  his  worl 
Inductive  Metrology ^  a  work  which,  merely  on  the  groun« 
its  speculative  interest,  may  well  be  commended  to 
student  of  Probability.  The  main  principles  on  which 
reasoning  is  based  are  these  two: — (1)  that  all  artificers 
prone  to  construct  their  works  according  to  round  numl 
or  simple  fractions,  of  their  units  of  measurement;  and 
that,  aiming  to  secure  this,  they  will  stray  from  it  in  to 
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accordance  with  the  law  of  error.  The  result  of  these 
assumptions  is  that  if  we  collect  a  very  large  number  of 
iments  of  the  diBFerent  parts  and  proportions  of  some 
ient  building, — say  an  Egyptian  temple, — whilst  no  as- 
^ble  length  is  likely  to  be  permanently  unrepresented, 
we  find  a  marked  tendency  for  the  measurements  to 
;er  about  certain  determinate  points  in  our  own,  or  any 
ler  standard  scale  of  measurement.  These  points  mark  the 
;h  of  the  standard,  or  of  some  multiple  or  submultiple  of 
standard,  employed  by  the  old  builders.  It  need  hardly 
said  that  there  are  a  multitude  of  practical  considerations 
ibe  taken  into  account  before  this  method  can  be  expected 
give  trustworthy  results,  but  the  leading  principles  upon 
Lch  it  rests  are  comparatively  simple. 
§  35.  The  case  just  considered  is  really  nothing  else 
the  recurrence,  under  a  different  application,  of  one 
ich  occupied  our  attention  at  a  very  early  stage.  We 
bticed  (Chap.  II.)  the  possibility  of  a  curve  of  facility  which 
prtead  of  having  a  single  vertex  like  that  corresponding  to 
^  common  law  of  error,  should  display  two  humps  or 
■rtices.  It  can  readily  be  shown  that  this  problem  of  the 
Iwsurements  of  ancient  buildings,  is  nothing  more  than  the 
hopening  of  the  same  question,  in  a  slightly  more  complex 
■fm,  in  reference  to  the  question  of  the  functiojis  of  an 
feerage. 

Take  a  simple  example.  Suppose  an  instance  in  which 
feeat  errors,  of  a  certain  approximate  magnitude,  are  dis- 
Kictly  more  likely  to  be  committed  than  small  ones,  so  that 
lie  curve  of  facility,  instead  of  rising  into  one  peak  towards 
He  centre,  as  in  that  of  the  familiar  law  of  error,  shows  a 
l^ression  or  valley  there.  Imagine,  in  fact,  two  binomial 
lurves,  with  a  short  interval  between  their  centres.  Now  if 
m  were  to  calculate  the  result  of  taking  averages  here  we 
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should  find  that  this  at  once  tends  to  fill  up  the  valley 
if  we  went  on  long  enough,  that  is,  if  we  kept  on  t 
averages  of  sufficiently  large  numbers,  a  peak  would  be] 
arise  in  the  centre.  In  fact  the  familiar  single  bin 
curve  would  begin  to  make  its  appearance. 

§  36.  The  question  then  at  once  suggests  itself,  oug 
to  do  this?  Shall  we  give  the  average  fi:ee  play  to  pe 
its  allotted  function  of  thus  crowding  things  up  towarc 
centre?  To  answer  this  question  we  must  introduce  i 
tinction.  If  that  peculiar  double-peaked  curve  had  be 
it  conceivably  might,  a  true  error-curve, — that  is,  if  i 
represented  the  divergences  actually  made  in  aiming  \ 
real  centre, — the  result  would  be  just  what  we  should 
It  would  furnish  an  instance  of  the  advantages  to  be  g 
by  taking  averages  even  in  circumstances  which  were  o 
ally  unfavourable.  It  is  not  difficult  to  suggest  an  a 
priate  illustration.  Suppose  a  man  firing  at  a  mark 
some  sheltered  spot,  but  such  that  the  range  crossed  a 
exposed  valley  up  or  down  which  a  strong  wind  was  gen 
blowing.  If  the  shotmarks  were  observed  we  should 
them  clustering  about  two  centres  to  the  right  and  I 
the  buUseye.  And  if  the  results  were  plotted  out  in  a 
they  would  peld  such  a  double-peaked  curve  as  we 
described.  But  if  the  winds  were  equally  strong  and  j 
lent  in  opposite  directions,  we  should  find  that  the  aver 
process  redressed  the  consequent  disturbance. 

If  however  the  curve  represented,  as  it  is  decidedly 
likely  to  do,  some  outcome  of  natural  phenomena  in 
there  was,  so  to  say,  a  real  double  aim  on  the  part  of  n 
it  would  be  otherwise.  Take,  for  instance,  the  resu 
measuring  a  large  number  of  people  who  belonged  t< 
very  heterogeneous  races.  The  curve  of  facility  would 
be  of  the  kind  indicated  on  p.  45,  and  if  the  numbers  ( 
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Iro  commingled  races  were  equal  it  would  display  u  pair  of 
fm  peaks.  Again  the  question  arises,  'ought'  we  to  in- 
Dlve  the  whole  range  within  the  scope  of  a  single  average  ? 
he  answer  is  that  the  obligation  depends  upon  the  purpose 
re  have  in  view.  If  we  want  to  compare  that  heterogeneous 
ice,  as  a  whole,  with  some  other,  or  with  itself  at  some 
liher  time,  we  shall  do  well  to  average  without  analysis. 
Ul  statistics  of  population,  as  we  have  already  seen  (v.  p.  47)^ 
te  forced  to  neglect  a  multitude  of  discriminating  charac- 
eristics  of  the  kind  in  question.  But  if  our  object  were  to 
Iterpret  the  causes  of  this  abnormal  error-curve  we  should 
b  well  to  break  up  the  statistics  into  corresponding  parts,. 
nd  subject  these  to  analysis  separately. 

Similarly  with  the  measurements  of  the  ancient  buildings. 
in  this  case  if  all  our  various  *  errors '  were  thrown  together 
hto  one  group  of  statistics  we  should  find  that  the  resultant 
fcirve  of  facility  displayed,  not  two  peaks  only,  but  a  sue- 
IBBsion  of  them;  and  these  of  various  magnitudes,  corre- 
jponding  to  the  frequency  of  occurrence  of  each  particular 
iieasurement.  We  might  take  an  average  of  the  whole,  but 
tturdly  any  rational  purpose  could  be  subserved  in  so  doing ; 
rhereas  each  separate  point  of  maximum  frequency  of  oc- 
tirrence  has  something  significant  to  teach  us. 

§  37.  One  other  peculiar  case  may  be.  noticed  in  con- 
lusibn.  Suppose  a  distinctly  asymmetrical,  or  lopsided  curve 
f  facility,  such  as  this : — 
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Laws  of  error,  of  which  this  is  a  graphical  representat 
are,  I  apprehend,  far  from  uncommon.  The  curve  in  quest 
is,  in  fact,  but  a  slight  exaggeration  of  that  of  barometi 
heights  as  referred  to  in  the  last  chapter;  when  it 
explained  that  in  such  cases  the  mean,  the  median,  and 
maximum  ordinate  would  show  a  mutual  divergence.  ' 
doubt  here  is  not,  as  in  the  preceding  instances,  whethe: 
not  a  single  average  should  be  taken,  but  rather  what  1 
of  average  should  be  selected.  As  before,  the  answer  n 
depend  upon  the  special  purpose  we  have  in  view.  For 
ordinary  purposes  of  comparison  between  one  time  or  p 
and  another,  any  average  will  answer,  and  we  should  th 
fore  naturally  take  the  arithmetical,  as  the  most  familial 
the  median,  as  the  simplest. 

§  38.  Cases  might  however  arise  under  which  oi 
kinds  of  average  could  justify  themselves,  with  a  momen 
notice  of  which  we  may  now  conclude.  Suppose,  for  insta 
that  the  question  involved  here  were  one  of  desirabilit 
climate.  The  ordinary  mean,  depending  as  it  does  so  lar) 
upon  the  number  and  magnitude  of  extreme  values,  in: 
very  reasonably  be  considered  a  less  appropriate  test  t 
that  of  judging  simply  by  the  relatively  most  frequent  va 
in  other  words,  by  the  maximum  ordinate.  And  var 
other  points  of  view  can  be  suggested  in  respect  of  wl 
this  particular  value  would  be  the  most  suitable  and 
nificant. 

In  the  foregoing  case,  viz.  that  of  the  weather  ci 
there  was  no  objective  or  'true*  value  aimed  at.  Bi 
curve  closely  resembling  this  would  be  representative 
that  particular  class  of  estimates  indicated  by  Mr  Ga 
and  for  which,  as  he  has  pointed  out,  the  geometrical  n 
becomes  the  only  appropriate  one.  In  this  case  the  cu^^ 
facility  ends  abruptly  at  0 :  it  resembles  a  much  foreshort^ 
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iification  of  the  common  exponential  form.     Its  charac- 

;tics  have  been  discussed  in  the  paper  by  Dr  Macalister 

lady  referred  to,  but  any  attempt  to  examine  its  properties 

would  lead  us  into  far  too  intricate  details. 

§  39.     The  general  conclusion  from  all  this  seems  quite 

accordance  with  the  nature  and  functions  of  an  average  as 

minted  out  in  the  last  chapter.    Every  average,  it  was  urged, 

but  a  single  representative  intermediate  value  substituted 

a  plurality  of  actual  values.   It  must  accordingly  let  slip  the 

ik  of  the  information  involved  in  these  latter.   Occasionally, 

in  most  ordinary  measurements,  the  one  thing  which  it 

►resents  is  obviously  the  thing  we  are  in  want  of;   and 

len  the  only  question  can  be,  which  mean  will  most  accord 

ith  the  '  true '  value  we  are  seeking.     But  when,  as  may 

^ppen  in  most  of  the  common  applications  of  statistics, 
ere  is  really  no  '  true  value '  of  an  objective  kind  behind 
liie  phenomena,  the  problem  may  branch  out  in  various 
ifarections.  We  may  have  a  variety  of  purposes  to  work  out, 
Hbd  these  may  demand  some  discrimination  as  regards  the 
rihrerage  most  appropriate  for  them.  Whenever  therefore  we 
htove  any  doubt  whether  the  familiar  arithmetical  average  is 
ftnitable  for  the  purpose  in  hand  we  must  first  decide  pre- 
Ifeely  what  that  purpose  is. 
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